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PREFACE 


T he preface to the first edition, reprinted on the succeeding pages, excused 
this book’s deficiencies on grounds that can hardly be justified now that 
these “notes” truly have become a book. 

At one time I had optimistically planned to completely revise all this material 
for the momentous occasion, but I soon realized the futility of such an under- 
taking. As I examined these five volumes, written so many years ago, I could 
scarcely believe that I had once had the energy to learn so much material, or 
even recall how I had unearthed some of it. 

So I have contented myself with the correction of errors brought to my atten- 
tion by diligent readers, together with a few expository ameliorations; among 
these is the inclusion of a translation of Gauss’ paper in Volume 2 . 

Aside from that, this third and final edition differs from the previous ones only 
in being typeset, and with figures redrawn. I have merely endeavored to typeset 
these books in a manner befitting a subject of such importance and beauty 
As a final note, it should be pointed out that since the first volumes of this 
series made their appearance in 1970, references in the text to “recent” results 
should be placed in context 
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HOW THESE NOTES CAME TO BE 
and how they did not come to be a book 

For many years I have wanted to write the Great American Differential 
Geometry book. Today a dilemma confronts any one intent on penetrat- 
ing the mysteries of differential geometry. On the one hand, one can 
consult numerous classical treatments of the subject in an attempt to 
form some idea how the concepts within it developed. Unfortunately, 
a modern mathematical education tends to make classical mathematical 
works inaccessible, particularly those in differential geometry. On the 
other hand, one can now find texts as modern in spirit, and as clean in 
exposition, as Bourbaki's Algebra. But a thorough study of these books 
usually leaves one unprepared to consult classical works, and entirely 
ignorant of the relationship between elegant modern constructions and 
their classical counterparts. Most students eventually find that this 
ignorance of the roots of the subject has its price — no one denies that 
modern definitions are clear, elegant, and precise; it's just that it's 
impossible to comprehend how any one ever thought of them. And even after 
one does master a modern treatment of differential geometry, other modern 
treatments often appear simply to be about totally different subjects. 

Of course, these remarks merely mean that no matter how well some of the 
present day texts achieve their objective, I nevertheless feel that an 
introduction to differential geometry ought to have quite different aims. 
There are two main premises on which these notes are based. The first 
premise is that it is absurdly inefficient to eschew the modern language 
of manifolds, bundles, forms, etc. , which was developed precisely in 
order to rigorize the concepts of classical differential geometry. 
Rephrasing everything in more elementary terms involves incredible 
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contortions which are not only unnecessary , but misleading. The work 
of Gauss, for example, which uses infinitesimals throughout, is most 
naturally rephrased in terms of differentials, even if it is possible 
to rewrite it in terms of derivatives. For this reason, the entire 
first volume of these notes is devoted to the theory of differentiable 
manifolds, the basic language of modern differential geometry. This 
language is compared whenever possible with the classical language, so 
that classical works can then be read. 

The second premise for these notes is that in order for an introduction 
to differential geometry to expose the geometric aspect of the subject, 
an historical approach is necessary; there is no point in introducing 
the curvature tensor without explaining how it was invented and what it 
has to do with curvature. I personally felt that I could never acquire 
a satisfactory understanding of differentiable geometry until I read 
the original works. The second volume of these notes gives a detailed 
exposition of the fundamental papers of Gauss and Riemann. Gauss' work 
is now available in English (General Investigations of Curved Surfaces; 
Raven Press) . There are also two English translations of Riemann 's work, 
but I have provided a (very free) translation in the second volume. 

Of course, I do not think that one should follow all the intricacies of 
the historical process, with its inevitable duplications and false leads 
What is intended, rather, is a presentation of the subject along the 
lines which its development might have followed; as Bernard Morin said 
to me, there is no reason, in mathematics any more than in biology, why 
ontogeny must recapitulate phylogeny. When modern terminology finally 
is introduced, it should be as an outgrowth of this (mythical) historical 
development. And all the major approaches have to be presented, for they 
were all related to each other, and all still play an important role. 
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At this point I am reminded of a paper described in Littlewood's 
Mathematician ' s Miscellany . The paper began "The aim of this paper is 
to prove ..." and it transpired only much later that this aim was not 
achieved (the author hadn't claimed that it was) . What I have outlined 
above is the content of a book the realization of whose basic plan and the 
incorporation of whose details would perhaps be impossible; what I have 
written is a second or third draft of a preliminary version of this book. 

I have had to restrict myself to what I could write and learn about within 
the present academic year, and all revisions and corrections have had to 
be made within this same period of time. Although I may some day be able 
to devote to its completion the time which such an undertaking deserves, 
at present I have no plans for this. Consequently, I would like to make 
these notes available now, despite their deficiencies, and with all the 
compromises I learned to make in the early hours of the morning. 

These notes were written while I was teaching a year course in dif- 
ferential geometry at Brandeis University, during the academic year 
1969-70. The course was taken by six juniors and seniors, and audited by 
a few graduate students . Most of them were familiar with the material in 
Calculus on Manifolds , which is essentially regarded as a prerequisite. 
More precisely, the complete prerequisites are advanced calculus using 
linear algebra and a basic knowledge of metric spaces. An acquaintance 
with topological spaces is even better, since it allows one to avoid the 
technical troubles which are sometimes relegated to the Problems, but I 
tried hard to make everything work without it. 

The material in the present volume was covered in the first term, except 
for Chapter 10, which occupied the first couple of weeks of the second 
term, and Chapter 11, which was not covered in class at all. We found it 
necessary to take rest cures of nearly a week after completing Chapters 2, 
3, and 7. The same material could easily be expanded to a full year course 
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in manifold theory with a pace that few would describe as excessively 
leisurely. I am grateful to the class for keeping up with my accelerated 
pace, for otherwise the second half of these notes would not have been 
written. I am also extremely grateful to Richard Palais, whose expert 
knowledge saved me innumerable hours of labor. 


omsLJ. 

wo 
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CHAPTER 1 
MANIFOLDS 


T he nicest example of a metric space is Euclidean «-space R”, consisting of 
all « -tuples x = (x 1 , . . . ,x n ) with each x l 6 R, where R is the set of real 
numbers. Whenever we speak of M" as a metric space, we shall assume that it 
has the “usual metric” 

d(x,y) = 

unless another metric is explicitly suggested. For n = 0 we will interpret R° as 
the single point 0 € R. 

A manifold is supposed to be “locally” like one of these exemplary metric 
spaces R". To be precise, a manifold is a metric space M with the following 
property: 

If x 6 M, then there is some neighborhood U of x and some integer 
n > 0 such that U is homeomorphic to R". 

The simplest example of a manifold is, of course, just R" itself; for each 
x 6 R" we can take U to be all of R”. Clearly, R" supplied with an equiva- 
lent metric (one which makes it homeomorphic to R” with the usual metric), 
is also a manifold. Indeed, a hasty recollection of the definition shows that 
anything homeomorphic to a manifold is also a manifold — the specific met- 
ric with which M is endowed plays almost no role, and we shall almost never 
mention it. 

[If you know anything about topological spaces, you can replace “metric 
space” by “topological space” in our definition; this new definition allows some 
pathological creatures which are not metrizable and which fail to have other 
properties one might carelessly assume must be possessed by spaces which are 
locally so nice. Appendix A contains remarks, supplementing various chapters, 
which should be consulted if one allows a manifold to be non-metrizable.] 

The second simplest example of a manifold is an open ball in R”; in this 
case we can take U to be the entire open ball since an open ball in R rt is 
homeomorphic to R”. This example immediately suggests the next: any open 
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subset V of M” is a manifold— for each xe7we can choose U to be some open 
ball with xeU CV. Exercising a mathematician’s penchant for generalization, 



we immediately announce a proposition whose proof is left to the reader: An 
open subset of a manifold is also a manifold (called, quite naturally an open 
submanifold of the original manifold). 

The open subsets of M” already provide many different examples of manifolds 
(just how many is the subject of Problem 24), though by no means all. Before 
proceeding to examine other examples, which constitute most of this chapter, 
some preliminary remarks need to be made. 

If x is a point of a manifold M, and U is a neighborhood of x ( U contains 
some open set V with x € V) which is homeomorphic to M" by a homeomor- 
phism (p: U — » M", then <f>(V) C M” is an open set containing <p(x). Conse- 



quently, there is an open ball W with <p(x) e W C <f>{V). Thus x 6 C 

V C U. Since <p: V — > M" is continuous, the set 0 -1 (lT) is open in V, and thus 
open in M; it is, of course, homeomorphic to W, and thus to M”. This compli- 
cated little argument just shows that we can always choose the neighborhood U 
in our definition to be an open neighborhood. 
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With a little thought, it begins to appear that, in fact, U must be open. But 
to prove this, we need the following theorem, stated here without proof* 

1. THEOREM. If U C is open and / : U M" is one-one and continu- 
ous, then /(£/) c M” is open. (It follows that f(V) is open for any open V c U, 
so f~ l is continuous, and / is a homeomorphism.) 

Theorem 1 is called “Invariance of Domain”, for it implies that the property of 
being a “domain” (a connected open set) is invariant under one-one continuous 
maps into M”. The proof that the neighborhood U in our definition must be 
open is a simple deduction from Invariance of Domain, left to the reader as an 
easy exercise (it is also easy to see that if Theorem 1 were false, then there would 
be an example where the U in our definition was not open). 

We next turn our attention to the integer ?i appearing in our definition. Notice 
that n may depend on the point x. For example, if M C M 3 is 

M = {(x, y,z): z = 0} U {(x, y, z) : x = 0 and 2 = 1} 

= M\ U M 2 , 

then we can choose n = 2 for points in M\ and n = 1 for points in M 2 . This 



example, by the way, is an unnecessarily complicated device for producing one 
manifold from two. In general, given M\ and M 2 , with metrics d\ and d%, we 
can first replace each d, with an equivalent metric di such that di (x , y) < 1 for 
all x,y € Mi; for example, we can define 



dj 

1 + di 


or d t = m'm(di, 1). 


* All proofs require some amount of machinery. The quickest routes arc probably pro- 
vided by Vick, Homology Theory and Massey, Singular Homology Theory. An old-fashioned, 
but pleasantly geometric, treatment may be found in Newman, Topology of Plane Sets. 
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Then we can define a metric d on M = M\ U M 2 by 


d{x,y) 


dj(x, y ) if there is some l such that x, y € M : ) 
1 otherwise 


(we assume that M\ and M 2 are disjoint; if not, they can be replaced by new sets 
which are). In the new space M, both M\ and M 2 are open sets. If M\ and M 2 
are manifolds, M is clearly a manifold also. This construction can be applied 
to any number of spaces — even uncountably many; the resulting metric space is 
called the disjoint union of the metric spaces Mi. A disjoint union of manifolds 
is a manifold. In particular, since a space with one point is a manifold, so is any 
discrete space M, defined by the metric 


d(x,y) 


0 i fx = y 

1 if A" ^ y. 


Although different n’s may be required at different points of a manifold M, 
it would seem that only one n can work at a given point x 6 M. For the proof 
of this intuitively obvious assertion we have recourse once again to Invariance 
of Domain. As a first step, we note that M" is not homeomorphic to when 
n ^ m, for if n > in, then there is a one-one continuous map from into 
a non-open subset of M rt . The further deduction, that the n of our definition 
is unique at each x 6 M, is left to the reader. This unique n is called the 
dimension of M at x. A manifold has dimension n or is 77 -dimensional or is an 
n-manifold if it has dimension n at each point. It is convenient to refer to the 
manifold M as M n when we want to indicate that M has dimension n. 

Consider once more a discrete space, which is a O-dimensional manifold. 
The only compact subsets of such a space are finite subsets. Consequently, an 
uncountable discrete space is not a -compact (it cannot be written as a countable 
union of compact subsets). The same phenomenon occurs with higher-dimen- 
sional manifolds, as we see by taking a disjoint union of uncountably many 
manifolds homeomorphic to M". In these examples, however, the manifold is 
not connected. We will often need to know that this is the only way in which 
a -compactness can fail to hold. 


2. THEOREM. If A' is a connected, locally compact metric space, then X is 
a -compact. 

PROOF. For each x e X consider those numbers / > 0 such that the closed 
ball 


{y e X : d(x,y) < /■} 
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is a compact set (there is at least one such /■ > 0, since X is locally compact). 
The set of all such /• > 0 is an interval. If, for some x, this set includes all r > 0, 
then X is o-compact, since 

oo 

X = \J{yzX ■.d(x,y)<n}. 

n=\ 

If not, then for each x & X define r{x) to be one-half the least upper bound of 
all such /\ 

The triangle inequality implies that 

{y 6 X : d(x u y) < r} c {y € X : d(x 2 ,y ) < r + d(xi,x 2 )} t 


so that 


{y e X : d(x u y) <r- d{x u x 2 )} C {y e X : d(x 2 > y) < r}, 
which implies that 

(1) K*i) > r(x 2 ) ~ l -d{x\ i x 1 ). 

Interchanging a'j and x 2 gives 

(2) \r(x\) - r(x 2 ) \ < ^d(x u x 2 ) t 

so the function r:X -> M is continuous. This has the following important 
consequence. Suppose A C X is compact. Let A } be the union of all closed 
balls of radius r(y) and center y , for all y e A. Then A r is also compact. The 
proof is as follows. 

Let Z\ , Z2j 23, . . . be a sequence in A For each / there is a y,- 6 A such 
that Zi is in the ball of radius r(yt) with center y,. Since A is compact, some 
subsequence of the )>{, which we might as well assume is the sequence itself, 
converges to some point y e A. Now the closed ball B of radius |r(y) and 
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center y is compact. Since >7 — > y and since the function r is continuous, 
eventually the closed balls 


{y e X : d(y,yi) < rfy,-)} 

are contained in B. So the sequence Zi is eventually in the compact set B , and 
consequently some subsequence converges. Moreover, the limit point is actually 
in the closed ball of radius r(j ; ) and center y (Problem 10 ). Thus A r is compact. 
Now let A'o 6 X and consider the compact sets 


A 1 = {a'o} 

An+\ — A n . 

Their union A is clearly open. It is also closed. To see this, suppose that a is 
a point in the closure of A. 


By (1), 

r(;0 > 

> 

> 

This shows that if y e A„, then a 6 A„' } so x e A. 

Since X is connected, and A ^ 0 is open and closed, it must be that X = A, 
which is o-compact. ♦♦♦ 

After this hassle with point- set topology, we present the long-promised exam- 
ples of manifolds. The only connected 1 -manifolds are the line M and the circle, 
or 1 -dimensional sphere, S 1 , defined by 


Then there is some y 6 A with d(x, y) < ^r(A). 



r(A) - ] -d(x,y) 

, , 1 2 

j • yix) 

d(x,y). 


2 

5 rlx > 


S l = {a g M 2 : d( a, 0) = I}. 
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The function /: (0,2jt) — > S 1 defined by f{6) = (cos0,sin0) is a home- 
omorphism; it is even continuous, though not one-one, on [0,2jt]. We will 
often denote the point (cos 0, sin 6) e S ] simply by 6 e [0,2jt]. (Of course, it 
is always necessary to check that use of this notation is valid.) The function 
g: ( — jt, jt) -> S 1 , defined by the same formula, is also a homeomorphism; 
together with f it shows that S l is indeed a manifold. 

There is another way to prove this, better suited to generalization. The pro- 
jection P from the point (0, 1) onto the line R x {-1} C M x R, illustrated in 



the above diagram, is a homeomorphism of S 1 — {(0, 1)} onto M x {—1}: this is 
proved most simply by calculating P: S ] — {(0, 1)} M x {— 1} explicitly The 
point (0, 1) may be taken care of similarly, by projecting onto M x {1 }, or it suf- 
fices to note that S 1 is “homogeneous” — there is a homeomorphism taking any 
point into any other (namely, an appropriate rotation of M 2 ). Considerations 
similar to these now show that the «- sphere 

S n = {xeU n+] :d(x, 0) = 1} 

is an ^-manifold. The 2 -sphere S' 2 , commonly known as “the sphere”, is our 
first example of a compact 2-manifold or surface. 

From these few manifolds we can already construct many others by noting 
that if Mi are manifolds of dimension /i; (/ = 1,2), then M\ x Mi is an (nj +ni)~ 
manifold. In particular 


S 1 


x x S\ 

n times 


is called the n -torus, while S 1 x S 1 is commonly called “the torus”. It is ob- 
viously homeomorphic to a subset of M 4 , and it is also homeomorphic to a 
certain subset of M 3 which is what most people have in mind when they speak of 
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“the torus”: This subset may be obtained by revolving the circle 

{(0, y,z) e IK 3 : (y- 1 ) 2 + z 2 = 1/4} 

around the z-axis. The same construction may be applied to any 1 -manifold 



contained in {(0, j’,r) 6 M 3 : > 0}. The resulting surface, called a surface of 

revolution, has components homeomorphic either to the torus or to the cylinder 
S 1 x M. the latter of which is also homeomorphic to the annulus, the region of 
the plane contained between two concentric circles. 



The next simplest compact 2-manifold is the 2-holed torus. To provide a more 



explicit description of the 2-holed torus, it is easiest to begin with a “handle”, a 
space homeomorphic to a torus with a hole cut out; more precisely, we throw 
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away all the points on one side of a certain circle, which remains in our handle, 
and which will be referred to as the boundary of the handle. The 2-holed 



torus may be obtained by piecing two of these together; it is also described as 



the disjoint union of two handles with corresponding points on the boundaries 
“identified”. 

The n-holed torus may be obtained by repeated applications of this proce- 
dure. It is homeomorphic to the space obtained by starting with the disjoint 



union of n handles and a sphere with n holes, and then identifying points on 
the boundary of the / th handle with corresponding points on the / th boundary 
piece of the sphere. 



There is one 2-manifold of which most budding mathematicians make the 
acquaintance when they still know more about paper and paste than about 
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metric spaces— the famous Mobius strip , which you “make” by giving a strip 
of paper a half twist before pasting its ends together. This can be described 



analytically as the image in IK 3 of the function / : [0,2 tt] x (—1, 1) IK 3 defined 
by 

f(6j) = ^2 cos 8 + i cos | cos0, 2 sin 6? + t cos | sin£?, i sin . 



2 cos 9 


If we define / on [0, 2jt] x [—1,1] instead, we obtain the Mobius strip with 
a boundary; as investigation of the paper model will show, this boundary is 
homeomorphic to a circle, not to two disjoint circles. With our recently intro- 
duced terminology, the Mobius strip can also be described as [0, 1] x (—1, 1) 
with (0, /) and (1, -/) “identified”. 



We have not yet had to make precise this notion of “identification”, but our 
next example will force the issue. We wish to identify each point x 6 5 2 with 
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its antipodal point — x 6 S 2 . The space which results, the projective plane, P 2 , 
is a lot harder to visualize than previous examples; indeed, there is no subset 
of M 3 which represents it adequately. 



The precise definition of P 2 uses the same trick that mathematicians always 
use when they want two things which are not equal to be equal. The points 
of P 2 are defined to be the sets {p,—p} for p e S 2 . We will denote this set 
by [p] 6 P 2 , so that [— p] = [/?]. We thus have a map / : S 2 — > P 2 given 
by f(p) — [p\ f° r which f{p) — f{q) implies p = ±q. We will postpone 
for a while the problem of defining the metric giving the distance between two 
points [ p ] and [q], but we can easily say what the open sets will turn out to be 
(and this is all you need to know in order to check that P 2 is a surface). A subset 
U C P 2 will be open if and only if / -1 (U) C S 2 is open. This just means that 
the open sets of P 2 are of the form f(V) where K C S 2 is an open set with 
the additional important property that if it contains p it also contains —p. 
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In exactly the same way, we could have defined the points of the Mobius 
strip M to be 


together with 


all points (s y t) e (0,1) x (—1, 1) 


all sets {(0 , Oj (1) — 0}? denoted by [(0, /)] or [(!,—/)]. 


There is a map / : [0, 1] x (— 1, 1) M given by 


/((*>')) 


(^, 0 if s ^ 0, 1 
[($, 0] if s = 0 or 1, 


and U C M is open if and only if /“'(£/) C [0, 1] x (—1, 1) is open, so that 
the open sets of M are of the form f(V) where V is open and contains (s, — t) 
whenever it contains (s, t) for s = 0 or 1. 



To get an idea of what P 2 looks like, we can make things easier for ourselves 
by first throwing away all points of S 2 below the (x, y) -plane, since they are 
identified with points above the (x, y)-plane anyway. This leaves the upper 
hemisphere (including the bounding circle), which is homeomorphic to the disc 

D 2 = {x 6 M 2 : rf(x, 0) < 1 }, 

and wc must identify each p e S 1 with —p e S l . Squaring things off a 
bit, this is the same as identifying points on the sides of a square according 
to the scheme shown below (points on sides with the same label are identified 
in such a way that the heads of the arrows are identified with each other). The 
dotted lines in this picture are the key to understanding P 2 . If we distort the 


B 
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region between them a bit we see that the front part of B followed by the 
back part of A, at the upper left, is to be identified with the same thing at the 
lower right, in reverse direction; in other words, we obtain a Mobius strip with 

A 
jf 

B 

\ 

\ 

\ 

\ 

\ 

A 

a boundary (namely, the dotted line, which is a single circle). If this Mobius 
strip is removed, we are left with two pieces which can be rearranged to form 
something homeomorphic to a disc. The projective plane is thus obtained from 





the disjoint union of a disc and a Mobius strip with a boundary, by identifying 
points on the boundary and points on the boundary of the disc, both of which 
are circles. Thus to make a model of P 2 we just have to sew a circular piece of 
cloth and a doth Mobius strip together along their edges. Unfortunately, a little 
experimentation will convince you that this cannot be done (without having the 
two pieces of doth pass through each other). 

The subset of IK 3 obtained as the union of the Mobius strip and a disc, al- 
though not homeomorphic to P 2 , can still be described mathematically in terms 



of P 2 . There is dearly a continuous function /: P 2 — > M 3 whose image is this 
subset; moreover, although f is not one-one, it is locally one-one, that is, every 
point p € P 2 has a neighborhood U on which / is one-one. Such a function f 
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is called a topological immersion (the single word “immersion” has a more spe- 
cialized meaning, explained in Chapter 2). We can thus say that P 2 can be 
topologically immersed in M 3 , although not topologically imbedded (there is no 
homeomorphism f from P 2 to a subset of M 3 ). In M 4 , however, with an extra 
dimension to play around with, the disc can be added so as not to intersect the 
Mobius strip. 

Another topological immersion of P 2 in M 3 can be obtained by first immers- 
ing the Mobius strip so that its boundary circle lies in a plane; this can be done 
in the following way The figures below show that the Mobius strip may be ob- 
tained from an annulus by identifying opposite points of the inner circle. (This 
is also obvious from the fact that the Mobius strip is the projective plane with a 
disc removed.) This inner circle can be replaced by a quadrilateral. When the 



resulting figure is drawn up into 3-space and the appropriate identifications are 
made we obtain the “cross-cap”. The cross-cap together with the disc at the 
bottom is a topologically immersed P 2 . 
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The one gap in the preceding discussion is the definition of a metric for P 2 . 
The missing metric can be supplied by an appeal to Problem 3-1, which will 
later be used quite often, and which the reader should peruse sometime before 
reading Chapter 3. Roughly speaking, it shows that things like P 2 , which ought 
to be manifolds, are. (Those who know about topological spaces will recognize 
it as a disguised case of the Urysohn Metrization Theorem.) For die present, 
however, we will obtain our metric by a trick that simultaneously provides an 
imbedding of P 2 in M 4 . Consider the function / : 5 2 -» M 4 defined by 

f(x,y,z) = (yz,xz,xy,x 2 +2 y 2 + 3 z 2 ). 

Clearly /(/?) = /(—/?). We maintain that f{p) = f{q) implies that p = ±q. 
To prove this, suppose that f(x,y,z) = f(a,b,c). We have, first of all 

yz = be 

(1) xz = ac 

xy = ab. 

If a, b,c f 0, this leads to 

y 

V) 

Now 

(x + y + z) 2 = x 2 +y 2 + z 2 + 2 (xy + xz + yz) 

— 1 + 2 (xy + xz + yz), 

so we also have 

(x‘ + y + z) 2 = {u + b + c) , 

hence 

(3) a b c = i(x ’p y "f z). 

Using (2), this gives 

a b c 



bx 

a 

cx 

a 
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so x = ±tf. Similarly, we obtain y = ±6, z = ±6, with the same sign (which 
comes from (3}) holding for all three equations. In this case we have proved our 
contention without even using the fourth coordinate of f. Now suppose a = 0. 
If x 7^ 0. then (1) would immediately give y = z = 0, so that 


(*> y , z ) — (±1,0,0). 


But y = z = 0 implies (by (1) again) that be = 0, so b = 0 or c = 0 and 

(flAO = (0 ,±l, 0) or (0,0 , ± 1). 

These equations clearly contradict 

x 2 + 2 y 2 + 3 z 2 = a 2 + 2 b 2 + 3c 2 . 

Thus A' = 0 also, and we have 

(4) yz = be y 2 + z 2 = 1 

(5) 2 y 1 + 3 z 2 = 2 b 2 + 3 c 2 b 2 + c 2 = l. 

But (6) implies that 

2r 2 + 3z 2 = 2y 2 + 3(1 — y 2 ) 

— 3 — y 2 , 

and similarly for b and c, so (5) gives 

3 - y 2 = 3 - b 2 

(7) y = ±b. 

Now (4) gives 

(8) z = ±c 

(this holds even if y = b = 0 } since then z,c = ±1). Clearly, (4) also shows that 
the same sign holds in (7) and (8). which completes the proof. 

Since f(p) = precisely when p = ±<7, we can define f : P 2 — > M 4 by 

f([p]) = Ap). 

This map is one-one and we can use it to define the metric in P 2 : 

d([p}M) = rf(/([rf), /([?])) = d(Rp)J(q)). 
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Then one can check that the open sets are indeed the ones described above. 
By the way, the map g : P 2 — > M 3 defined by the first 3 components of j\ 

g([x,y>z]) = (yz,xz,xy) 

is a topological immersion of P 2 in M 3 . The image in M 3 is Steiner’s “Roman 
surface”. 





With the new surface P 2 at our disposal, we can create other surfaces in 
the same way as the «-holed torus. For example, to a handle we can attach 
a projective space with a hole cut out, or, what amounts to the same thing, a 
Mobius strip. The closest we can come to picturing this is by drawing a cross- 
cap sticking on a torus. We can also join together a pair of projective planes 
with holes cut out, which amounts to sewing two Mobius strips together along 
their boundary. Although this can be pictured as two cross-caps joined together, 
it has a nicer, and famous, representation. Consider the surface obtained from 
(lie square with identifications indicated below; it may also be obtained from 
the cylinder [0, 1] x S 1 by identifying (0,x) 6 [0, 1] x S 1 with (1, x'), where x‘ 
is the reflection of a' through a fixed diameter of the circle. Notice that the 
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identifications on the square force P\, P2, P-3, and P4 to be identified, so that 
the set { P\ , Pi, P-3, P4} is a single point of our new space. The dotted lines 



( 0 ,*) 



o,*o 


{p\,Pi) 


{Pi,p*} 


below, dividing the sides into thirds, form a single circle, which separates the 
surface into two parts, one of which is shaded. 



Rearrangement of the two parts shows that this surface is precisely two 
Mobius strips with corresponding points on their boundary identified. The 
description in terms of [0, 1] x S’ immediately suggests an immersion of the 
surface. Turning one end of the cylinder around and pushing it through itself 
orients the left-hand boundary so that (0,x) is directly opposite (1, x ; ), to which 
it can then be joined, forming the “Klein bottle”. 
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Examples of higher-dimensional manifolds will not be treated in nearly such 
detail, but, in addition to the family of « -manifolds S n , we will mention the 
related family of “projective spaces”. Projective H-space P” is defined as the 
collection of all sets {p, — p) for p 6 S n . The description of the open sets in P" 
is precisely analogous to the description for P 2 . Although these spaces seem to 
Ibrin a family as regular as the family S", we wall see later that the spaces P" 
for even n differ in a very important way from the same spaces for odd n. 

One further definition is needed to complete this introduction to manifolds. 
We have already discussed some spaces which are not manifolds only because 
they have a “boundary'”, for example, the Mobius strip and the disc. Points 
on these “boundaries” do not have neighborhoods homeomorphic to M”, but 
they do have neighborhoods homeomorphic to an important subset of M". The 
(closed) half-space H” is defined by 

H" = {(a- 1 , . 6 M" : a” > 0}. 

A manifold-with-boundary is a metric space M with the following property: 

If a 6 M, then there is some neighborhood U of a and some integer 
n > 0 such that U is homeomorphic to either M” or H". 

A point in a manifold-with-boundary' cannot have a neighborhood homeo- 
morphic to both M” and H" (Invariance of Domain again); we can therefore 
distinguish those points x e M having a neighborhood homeomorphic to H n . 
The set of all such a is called the boundary of M and is denoted by BM. If M is 
actually a manifold, then BM = 0. Notice that if M is a subset of M n , then BM 
is not necessarily the same as the boundary of M in the old sense (defined for 
tiny subset of M"); indeed, if M is a manifold-with-boundary of dimension < n , 
then all points of M will be boundary points of M. 

If manifolds-with-boundary are studied as frequently as manifolds, it becomes 
bothersome to use this long designation. Often, the word “manifold” is used 
lor “manifold-with-boundary”. A manifold in our sense is then called “non- 
bounded”; a n on-bounded compact manifold is called a “closed manifold”. We 
will stick to the other terminology, but will sometimes use “bounded manifold” 
instead of “manifold-with-boundary'”. 
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PROBLEMS 

1. Show that if d is a metric on A, then both d = d /(l + d) and d ~ 
min(l,d) are also metrics and that they are equivalent to d (i.e. } the identity 
map 1 : (A', d) -> (A', d) is a homeomorphism). 

2. If (A ), dj ) are metric spaces, for i e /, with metrics dj < 1, and X ,• Pi Ay = 0 
for / 7^ j, then (A ,d) is a metric space, where A = {J t X /, and d(x,y) = 
di(x,y) if A',y* 6 A/ for some /. while d(x, y) — 1 otherwise. Each A ,• is an 
open subset of A, and Y is homeomorphic to A if and only if Y = [_J; L 
where the Y) are disjoint open sets and Y,- is homeomorphic to A ,• for each i. 
The space (A, d) (or any space homeomorphic to it) is called the disjoint union 
of the spaces A, . 

3. (a) Every manifold is locally compact. 

(b) Every manifold is locally pathwise connected, and a connected manifold is 
pathwise connected. 

(c) A connected manifold is arcwise connected. (A path is a continuous image 
of [0, 1]. but an arc is a one-one continuous image. A difficult theorem states 
that every' path contains an arc between its end points, but a direct proof of 
arcwise-connecledness can be given for manifolds.) 

4. A space A is called locally connected if for each a 6 A it is the case that 
every neighborhood of a' contains a connected neighborhood. 

(a) Connectedness does not imply local connectedness. 

(Id) An open subset of a locally connected space is locally connected. 

(c) A is locally connected if and only if components of open sets are open, so 
every neighborhood of a point in a locally connected space contains an open 
connected neighborhood. 

(d) A locally connected space is homeomorphic to the disjoint union of its com- 
ponents. 

(e) Every' manifold is locally connected, and consequently homeomorphic to 
the disjoint union of its components, which are open submanifolds. 

5. (a) The neighborhood U in our definition of a manifold is always open. 

(b) The integer n in our definition is unique for each x. 

6. (a) A subset of an /r-manifold is an «-manifold if and only if it is open. 

(b) If M is connected, then the dimension of M at a is the same for all x e M. 

7. (a) If U C M is an interval and / : U —> M is continuous and one-one, 
then / is either increasing or decreasing. 
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(b) The image f(U) is open. 

(r) The map f is a homeomorphism. 

8. For this problem, assume 

(1) (The Generalized Jordan Curve Theorem) If A c M" is homeomorphic 
to5 B “ , ,thenM w -i4 has 2 components, and A is the boundary of each. 

(2) If S C M" is homeomorphic to D n — {x 6 : d( a‘,0) < 1 }, then 

M" — B is connected. 

(a) One component of M” — A (the “outside of A”) is unbounded, and the other 
(the “inside of A ”) is bounded. 

(b) If U C is open, A c U is homeomorphic to 5”" 1 and / : U -» 
IR" is one-one and continuous (so that / is a homeomorphism on A), then 
/(inside of A) = inside of f(A). (First prove c.) 

(c) Prove Invariance of Domain, 

9. (a) Give an elementary proof that M 1 is not homeomorphic to M” for n > 1. 
(b) Prove directly from the Generalized Jordan Cuive Theorem that is not 
homeomorphic to M” for m ^ n. 

10. In the proof of Theorem 2, show that the limit of a convergent subsequence 
oi the z t ‘ is actually in the closed ball of radius r(j) and center y. 

11. Every connected manifold (which is a metr ic space) has a countable base 
for its topology, and a countable dense subset. 


12. (a) Compute the composition f = S 1 ~ {(0,1)} — > M 1 x { — 1} — > M 1 
explicitly for the map P on page 7, and show that it is a homeomorphism. 

(b) Do the same for /: S n ~ l ~ {(0, . . . ,0, 1)} ^ 

13. (a) The text describes the open subsets of P 2 as sets of the form /(F). 
where V c S 2 is open and contains ~p whenever it contains p. Show that this 
last condition is actually unnecessary. 

(la) The analogous condition is necessary for the Mobius strip, which is discussed 
immediately afterwards. Explain how the two cases differ. 

14. (a) Check that the metric defined for P 2 gives the open sets described in 
(he text. 

(Id) Check that P 2 is a surface. 
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15. (a) Show that P 1 is homeomorphic to S*. 

(b) Since we can consider S n ~ l C S n , and since antipodal points in S"“* are 
sti33 antipodal when considered as points in S n , we can consider P” _I c P" in 
an obvious way. Show that P rt — p"- 1 homeomorphic to interior D n ~ {x 6 
M" : d(x,0) < I}. 

16. A classical theorem of topology states that every compact surface other 
than S 2 is obtained by gluing together a certain number of tori and projective 
spaces, and that all compact surfaces-with- bound ary are obtained from these 
by cutting out a finite number of discs. To which of these “standard” surfaces 
are the following homeomorphic? 



17. Let C C 1 C M 2 be the Cantor set. Show that M 2 — C is homeomorphic 
to the surface shown at the top of the next page. 
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] 8. A locally compact (but non-compact) space X “has one end” if for every 
compact C C X there is a compact K such that C c K c X and X — K is 
connected. 

(a) M” has one end if n > 1 , but not if n — 1 . 

(b) M" — {0} does not “have one end” so M” — {0} is not homeomorphic to M m . 

1 9. This problem is a sequel to the previous one; it will be used in Problem 24. 
An end of X is a function e which assigns to each compact subset C C X a 
non-empty component e{C ) of A ' — C, in such a way that C\ c C 2 implies 
e(C2) C e(Ci)- 

(a) If C c M is compact, then M — C has exactly 2 unbounded components, the 
“left” component containing all numbers < some N, the “right” one containing 
all numbers > some N. If e is an end of M, show that e(C) is either always the 
“left” component of M — C, or always the “right” one. Thus M has 2 ends. 

(b) Show that M” has only one end e for n > 1. More generally, X has exactly 
one end e if and only if X “has one end” in the sense of Problem 18. 

(c) This part requires some knowledge of topological spaces. Let S(X) be the 
set of all ends of a connected, locally connected, locally compact Hausdorfif 
space X. Define a topology on XU 8(X) by choosing as neighborhoods Nc(£o) 
of an end £0 the sets 

Nc (e<j) = eo(C) U {ends e : £(C) = eo(^)}» 

for all compact C. Show that X U S(X) is a compact Hausdorfif space. What 
is M U 6(M), and U g(R") for n > 1? 

20. Consider the following three surfaces. 

(A) The infinite-holed torus: * * • 
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21- (a) The three open subsets of M 2 shown below are homeomorphic. 


» • • • 



infinite swiss cheese 



(b) The points inside the three surfaces of Problem 20 are homeomorphic. 

22. (a) Every open subset of IK is homeomorphic to the disjoint union of inter- 
vals. 

(b) There are only countably many non-homeomorphic open subsets of IK. 

23. For the purposes of this problem we will use a consequence of the Urysohn 
Metrization Theorem, that for any connected manifold M , there is a homeo- 
morphism f from M to a subset of the countable product M x M x ■ ■ - . 

(a) If M is a connected non-compact manifold, then there is a continuous 
function f : M — > IK such that f “goes to oo at oo”, i.e., if {x w } is a sequence 
which is eventually in the complement of every compact set, then f{x n ) -> oo. 
(Compare with Problem 2-30.) 

(b) Given a homeomorphism / : M IK x IK x • • • and a g : M — > IK which 
goes to oo at oo, define f:M-> Kx(R xl x---)by f(x) — (#(*),/(*)). 
Show that f(M) is closed. 

(c) There are at most c non-homeomorphic connected manifolds (where c = 2 1 * 0 
is the cardinality of IK). 

24. (a) It is possible for IK 2 — ^4 and IK 2 — B to be homeomorphic even though A 
and B are non-homeomorphic closed subsets. 

(b) If A C M 2 is closed and totally disconnected (the only components of A are 
points), then 6 (IK 2 — A) is homeomorphic to A. Hence IK 2 — ^4 and IK 2 — B are 
non-homeomorphic if A and B are non-homeomorphic closed totally discon- 
nected sets. 

(c) The derived set A 1 of A is the set of all non-isolated points. We define A ^ 
inductively by A ^ = A' and A^ n+ ^ = (^4^/. For each « there is a subset A n 
of IK such that Af”^ consists of one point. 
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*(d) There are c non-homeomorphic closed totally disconnected subsets of M 2 . 
Hint : Let C be the Cantor set, and c\ < c 2 < C3 < • - * a sequence of points 
in C. For each sequence n \ < nj < ■ ■ ■ , one can add a set A nj such that its 
«, th derived set is {c/}. 

(e) There are c non-homeomorphic connected open subsets of M 2 . 

25. (a) A manifold-with-boundary could be defined as a metric space M with 
the property that for each x 6 M there is a neighborhood U of x and an 
integer n > 0 such that U is homeomorphic to an open subset of H". 

(b) If M is a manifold-with-boundary, then dM is a closed subset of M and 
dM and M — dM are manifolds. 

(c) If Ci, i 6 1 are the components of dM, and /' C /, then M - U/ 6 /' is 
a manifold-with-boundary. 

26. If M c K” is a closed set and an H-dimensional manifold-with-boundary, 
then the topological boundary of M, as a subset of K", is dM. This is not 
necessarily true if M is not a closed subset. 

27- (a) Every point (a,b,c) on Steiner’s surface satisfies b 2 c 1 + a 2 c 2 + a 2 b 2 — 
abc. 

(b) If ( a,b,c ) satisfies this equation and 0 ^ D = yf b 2 c 2 + a 2 c 2 + a 2 b 2 , then 
(a, b,c) is on Steiner’s surface. Hint : Let x ~ be/ D, etc. 

(c) The set {(a,b,c) e M 3 : b 2 c 2 + a 2 c 2 + a 2 b 2 = abc} is the union of the 
Steiner surface and of the portions (-00, — 1/2) and (1/2, 00) of each axis. 



CHAPTER 2 

DIFFERENTIABLE STRUCTURES 


W e are now ready to apply analysis to the study of manifolds. The neces- 
sary tools of “advanced calculus”, which the reader should bring along 
freshly sharpened, are contained in Chapters 2 and 3 of Calculus on Manifolds. 
We will use freely the notation and results of these chapters, including some 
problems, notably 2-9, 2-15, 2-25, 2-26, 2-29, 3-32, and 3-35; however, we will 
denote the identity map from M 71 to M” by /, rather than by n (which will be 
used often enough in other contexts), so that I*(x) = x l . 

On a general manifold M the notion of a continuous function / : M — > IK 
makes sense, but the notion of a differentiable function / : M — > M does not. 
This is the case despite the fact that M is locally like M”, where differentia- 
bility of functions can be defined. If U C M is an open set and we choose 
a homeomorpliism <f>\ U -> M 71 , it would seem reasonable to define / to be 
differentiable on U if / o <j>~ x : M" — > M is differentiable. Unfortunately, if 
ijf'.V — > M” is another homeomorphism, and U Pi V ^ 0, then it is not 
necessarily true that f o : M" — > M is also differentiable. Indeed, since 

/of 1 = / O0" 1 o(^of'), 

we can expect / o ^/“ ] to be differentiable for all / which make / differ- 
entiable only if <f>of~ ] : M 71 — > M" is differentiable. This is certainly not always 
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the case; for example, one need merely choose 0 to be hotp } where h : M” 
is a homeomorphism that is not differentiable. 

If we insist on defining differentiable functions on any manifold, there is no 
way out of this impasse. It is necessary to adorn our manifolds with a little 
additional structure, the precise nature of which is suggested by the previous 
discussion. 

Among all possible homeomorphisms from U C M onto M", we wish to select 
a certain collection with the property that is differentiable whenever 0, t f/ 

are in the collection. This is precisely what we shall do, but a few refinements 
will be introduced along the way. 

First of all, we will be interested almost exclusively in functions f : M" — > M” 
which are C°° (that is, each component function /' possesses continuous partial 
derivatives of all orders); sometimes we will use the words “differentiable* 5 or 
“smooth” to mean C°°. 

Moreover, instead of considering homeomorphisms from open subsets U 
of M onto M", it will suffice to consider homeomorphisms x: U -» x(U) CM” 
onto open subsets of M". 

The use of the letters x, y, etc., for these homeomorphisms, henceforth ad- 
hered to almost religiously, is meant to encourage the casual confusion of a point 
p 6 M with x :{p) 6 M”. which has “coordinates” x 1 (/?),... ,x n {p). The only 
time this notation will be confusing (and it will be) is when we are referring to 
the manifold M”, where it is hard not to lapse back into the practice of denoting 
points by x and y. We will often mention the pair (x,£7), instead of x alone, 
just to provide a convenient name for the domain of x. 

If U and V are open subsets of M, two homeomorphisms x: U -> x(U) C 
M" and y: V — > y(V) C M" are called C°° -related if the maps 

yox~':x(UnV)^ y(UDV) 
x o y~ ] : y(U flV)^ x(U fl V) 

are C°°. This make sense, since x{U C\V) and y(U C\V) are open subsets of M". 
Also, it makes sense, and is automatically true, if U C\V = 0. 

A family of mutually C°° -related homeomorphisms whose domains cover M 
is called an atlas for M. A particular member (x, U) of an atlas A is called 
a chart (for the atlas A), or a coordinate system on U, for the obvious reason 
that it provides a way of assigning “coordinates ,) to points on U, namely, the 
coordinates x'(/?), . . . ,x"(/>) to the point p 6 U. 

We can even imagine a mesh of coordinate lines on t/, by considering the 
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inverse images under x oflines in IK” parallel to one of the axes. 



The simplest example of a manifold together with an atlas consists of IK” with 
an atlas A of only one map, the identity / : IK” — > IK”. We can easily make the 
atlas bigger; if U and V are homeomorphic open subsets of IK”, we can adjoin 
any homeomorphism x : U — > V with the property that x and x" 1 are C°°. 
Indeed, we can adjoin as many such x’s as we like— it is easy to check that 
they are all C°°-related to each other. The advantage of this bigger atlas U 
is that the single word “chart”, when applied to this atlas, denotes something 
which must be described in cumbersome language if one can refer only to A. 
Aside from this, It differs only superficially from A; one can easily construct V, 
from A (and one would be foolish not to do so once and for all). What has just 
been said for the atlas {/} applies to any atlas: 

1 . LEMMA. If A is an atlas of C°° -related charts on M, then A is contained 
in a unique maximal atlas A 1 for M. 

PROOF \ Let A' be the set of all charts y which are C°° -related to all charts 
x 6 d4>. It is easy to check that all charts in A! are C°° -related, so A 1 is an atlas, 
and it is clearly the unique maximal atlas containing A. ♦$* 

We now define a C°° manifold (or differentiable manifold, or smooth manifold) 
to be a pair (M, A) t where A is a maximal atlas for M. Thus, about the simplest 
example of a C°° manifold is (IK”,'!/), where Vt (the “usual C°°-structure for 
IK””) is the maximal atlas containing {/}. Another example is (IK, V) where V 
contains the homeomorphism x i-> a* 3 , whose inverse is not C°°, together with 
all charts C°° -related to it. Athough (IK, VL) and (IK, V) are not the same, there 
is a one-one onto function / : IK -> IK such that 

a* 6 U if and only if x o / 6 V, 

namely, the obvious map /(x) — x 3 . Thus (IK, T/) and (IK, V) are the sort 
of structures one would want to call “isomorphic”. The term actually used is 
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"diffeomorphic”: two C°° manifolds (M,A) and are diffeomorphic if 

there is a one-one onto function such that 


A' e ,23 if and only if a' o f e A. 

The map / is called a diffeomorphism, and /“’is clearly a diffeomorphism 
also. If we had not required our atlases to be maximal, the definition of diffeo- 
morphism would have had to be more complicated. 

Normally, of course, we will suppress mention of the atlas for a differentiable 
manifold, and speak elliptically of “the differentiable manifold M”; the atlas 
for M is sometimes referred to as the differentiable structure for M. It will always 
be understood that IK” refers to the pair (IK”, Vi). 

It is easy to see that a diffeomorphism must be continuous. Consequently, 
its inverse must also be continuous, so that a diffeomorphism is automatically 
a homeomorphism. This raises the natural question whether, conversely, two 
homeomorphic manifolds are necessarily diffeomorphic. Later (Problem 9-24) 
we will be able to prove easily that IK with any atlas is diffeomorphic to (IK, Vi). 
A proof of the corresponding assertion for M 2 is much harder, the proof for IK 3 
would certainly be too difficult for inclusion here, and the proof of the essential 
uniqueness of C°° structures on IK” for n > 5 requires very difficult techniques 
from topology. 

In the case of spheres, the projections P\ and P 2 from the points (0, . . . , 0, 1) 
and (0, ..., 0 , — 1) of 5”“’ are easily seen to be C°° -related. They therefore 
determine an atlas— the “usual C°° structure for S n ~ u \ This atlas may also be 
described in terms of the 2 n homeomorphisms 

/■ : S”“’ n {A- g IK" : x J > 0} -> M"“’ 
gi : S’”" 1 n {a- e IK" : x J < 0} -> IK”" 1 

defined by /(a*) — gv(x) — (a 1 , . . . , x'" 1 , a' ,+1 , . . . , a'"), which are C°°-related 
to P\ and 7*2 . There are, up to diffeomorphism, unique differentiable structures 
on S" for n < 6. But there are 28 diffeomorphism classes of differentiable 
structures on S 7 . and over 16 million on S 3 ’. However, we shall not come 
close to proving these assertions, which are part of the field called “differential 
topology”, rather then differential geometry. (Perhaps most astonishing of all 
is the quite recent discovery that IK 4 has a differentiable structure that is not 
diffeomorphic to the usual differentiable structure!) 

Other examples of differentiable manifolds will be given soon, but we can 
already describe a differentiable structure A 1 on any open submanifold N of 
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a differentiable manifold (M,A); the atlas A 1 consists of all (x, U) in A with 
U C TV. 

Just as diffeomorphisms are analogues for C°° manifolds of homeomor- 
phisms, there are analogues of continuous maps. A function f:M — > TV is 
called differentiable if for every coordinate system (x, U) for M and (y, V) 
for TV, the map yo/ox" 1 :!!”— > is differentiable. More particularly, / 



is called differentiable at p e M if y o f ox" 1 is differentiable at x(p) for 
coordinate systems (x, U) and (y, V) with p 6 U and f(p) € V. If this is 
true for one pair of coordinate systems, it is easily seen to be true for any other 
pair. We can thus define differentiability of / on any open subset M ! C M\ 
as one would suspect, this coincides with differentiability of the restricted map 
f\M'\ M' N. Clearly, a differentiable map is continuous. 

A differentiable function / : M — > M refers, of course, to the usual differen- 
tiable structure on M, and hence f is differentiable if and only if / o x" 1 is 
differentiable for each chart x. It is easy to see that 

(1) a function / : M" —> is differentiable as a map between C°° manifolds 
if and only if it is differentiable in the usual sense; 

(2) a function / : M — > is differentiable if and only if each f l :M 

is differentiable; 

(3) a coordinate system (x, U) is a diffeomorphism from U to x(C7); 

(4) a function f:M-> N is differentiable if and only if each y l o f is 
differentiable for each coordinate system y of TV; 

(5) a differentiable function / : M -» TV is a diffeomorphism if and only if 
f is one-one onto and : TV — > M is differentiable. 

The differentiable structures on many manifolds are designed to make certain 
functions differentiable. Consider first the product M\ x M 2 of two differen- 
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liable manifolds M/, and the two “projections” jt/ : M\ x M 2 — > M, defined 
by 7Tf(pt,p2) — pi. It is easy to define a differentiable structure on Mj x M 2 
which makes each rtf differentiable. For each pair (x/, £//) of coordinate systems 
on Mi, we construct the homeomorphism 


Xj x x 2 : U: x U 2 -> M” 1+ ” 2 


defined by 

Xi x X 2 {p\>Pi) = (xi(/>i),x 2 (/> 2 )), i.e., X] x x 2 = (X] on u x 2 °n 2 ). 

Then we extend this atlas to a maximal one. 

Similarly there is a differentiable structure on P” which makes the map 
/ : S” -> P" (defined by f(p ) — [p] — {p* — p}) differentiable. Consider 
any coordinate system (x,£/) for 5”, where U does not contain ~~p if it con- 
tains p , so that f\U is one-one. The map x o (/If/)" 1 is a homeomorphism 
on /(£/) C P", and any two such are C°° -related. The collection of these 
homeomorphisms can then be extended to a maximal atlas. 

To obtain differentiable structures on other surfaces, we first note that a C°° 
manifold-with-boundary can be defined in an obvious way. It is only necessary 
to know when a map f : H" — > M” is to be considered differentiable; we call f 
differentiable when it can be extended to a differentiable function on an open 
neighborhood of H". A “handle” is then a C°° manifold-with-boundary. 



A differentiable structure on the 2-holed torus can be obtained by “matching’ 5 
the differentiable structure on two handles. The details involved in this process 
are reserved for Problem 14. 

To deal with C°° functions effectively one needs to know that there are lots of 
ihem. The existence of C°° functions on a manifold depends on the existence of 
C°° functions on M” which are 0 outside of a compact set. We briefly recall here 
the necessary facts about such C°° functions (c.f. Calculus on Manifolds, pg. 29). 
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(1) The function h : M — > M defined by 


h(x) 


x 56 0 
x =0 



is C°°, and h^ n \ 0) = 0 for all n. 

(2) The function j : M -> M defined by 


... fe 2 -e 2 x € ( — 1 , 1 ) j 

1 (x ) = -2 

\o **(-U) ^ 

is C°°. 

Similarly there is a C°° function k : M M which is positive on (0,5) and 0 
elsewhere. 



(3) The function l : 


defined by 


(/:*)/(/: 



is C°°; ii is 0 for x < 0, increasing on (0,5), and 1 for a' > 5. 

(4) The function g : R" -> IK defined by 

€ — 

g(x) = j(x‘/e) ■ ■ ■ j(x"/s) 0 « ■ 


is C°°; it is positive on (— e, e) x ■ • - x (—e, s) and 0 elsewhere. 

On a C°° manifold M we can now produce many non-constant C°° func- 
tions. The closure {x : j\x) ^ 0} is called the support of /, and denoted simply 
by support / (or sometimes supp /}. 


2. LEMMA. Let C C U c M with C compact and U open. Then there 
is a C°° function f : M — > [0, 1] such that f = 1 on C and support f C U. 
(Compare Case 2 of the proof of Theorem 15.) 
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PROOF. For each p € C, choose a coordinate system (x, F) with V C U and 
x(p) = 0. Then x(F) D (—£,£) x • x (—£,£■) for some e > 0. The function 
g ox (where g is defined in (4)) is C°° on V. Clearly it remains C°° if we extend 




it to be 0 outside of V. Let f p be the extended function. The function f p can be 
constructed for each p , and is positive on a neighborhood of p whose closure is 
contained in U. Since C is compact, finitely many such neighborhoods cover C, 
and the sum, f P] + • • • + f P , n of the corresponding functions has support C U. 

On C it is positive, so on C it is > 8 for some 8 > 0. Let / = / o ( f pi h + fp„)-> 

where / is defined in (3). 


By the way, we could have defined C r manifolds for each r > 1, not just for 
“/■ — oo”. (A function f : M" — > M is C r if it has continuous partial derivatives 
up to order r). A “C° function” is just a continuous function, so a C° manifold is 
just a manifold in the sense of Chapter 1. We can also define analytic manifolds 
(a function / : M" M is analytic at a 6 M" if / can be expressed as a 
power series in the (a' 1 — a ! ) which converges in some neighborhood of a). The 
symbol C m stands for analytic, and it is convenient to agree that r < oo < co 
for each integer r > 0. If a < /3, then the charts of a maximal C& atlas are all 
C a -related, but this atlas can always be extended to a bigger atlas of C a -related 
charts, as in Lemma 1. Thus, a structure on M can always be extended 
to a C a structure in a unique way; the smaller structure is the “stronger” one, 
the C° structure (consisting of all homeomorphisms x: U — > M”) being the 
largest. The converse of this trivial remark is a hard theorem: For or > 1, 
every C a structure contains a structure for each jS > or; it is not unique, of 
course, but it is unique up to diffeomorpliism. This will not be proved here.* 
In fact, C a manifolds for a ^ oo will hardly ever be mentioned again. One 
remark is in order now; the proof of Lemma 2 produces an appropriate C a 
function / on a C a manifold, for 0 < or < oo. Of course, for or = co the proof 


* For a proof see Munkres, Elementary Differential Topology. 
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fails completely (and the result is false— an analytic function which is 0 on an 
open set is 0 everywhere). 

With differentiable functions now at our disposal, it is fitting that we begin 
differentiating them. What we shall define are the partial derivatives of a dif- 
ferentiable function / : M M, with respect to a coordinate system (a, U). At 
this point classical notation for partial derivatives is systematically introduced, 
so it is worth recalling a logical notation for the partial derivatives of a function 
/: M” — > M. We denote by Dif{a) the number 

+ A, ~ f(a) 

hm . 

o h 

The Chain Rule states that if g : — > M” and / : M” — > M, then 

n 

D,(f c g)(«) = £z>,/(g(a)) • Djg'ia). 

i-i 


Now, for a function f : M — > M and a coordinate system (a, U) we define 


dx‘^ Sx 1 


D,{fox- l )(x(p)), 


(or simply 


dx * 


Di{f ox *) o x, as an equation between functions). If we 


define the curve c; : (—£,£■)—> M by 



then this partial derivative is just 


lim 

0 


f{Ci(h)) - f(p) 


so it measures the rate change of / along the curve c,-; in fact it is just (/oc/)'( 0). 
Notice that 


dx ! 

aw 


(p) 




if / - j 
if i ^ j. 


If a* happens to be the identity map of M", then Djf(p ) = df/dx l (p ), which 
is the classical symbol for this partial derivative. 
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Another classical instance of this notation, often not completely clarified, is 
the use of the symbols d/dr and d/dd in connection with “polar coordinates”. 
On the subset A of M 2 defined by 


>4 = M 2 — {(x, y) e M 2 : y = 0 and x > 0} 

= K 2 -L 


we can introduce a “coordinate system” P : A — > M 2 by 

P(x t y) = (r(x,y) i 6(x,y)), 

where r(x,y) — vx 2 + y 2 and 6(x,y) is the unique number in (0,2jr) with 

x~r{x,y) cos 0(x,y) 
y=r(x,y) sin Q{x i y). 

This really is a coordinate system on A in our sense, with its image being the 
set {r : r > 0} x (0, 2jt). (Of course, the polar coordinate system is often 



M) t 


lit- 

>-axis” 



“r- axis” 


not restricted to the set A. One can delete any ray other than L if 6(x,y) 
is restricted to lie in the appropriate interval (0o s ^o + 2;r); many results are 
essentially independent of which line is deleted, and this sometimes justifies the 
sloppiness involved in the definition of the polar coordinate system.) 

We have really defined P as an inverse function, whose inverse P ~ 1 is defined 
simply by 

P~ x {r,0) = (r cos 9>r sin0). 
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From this formula we can compute Bf/dr explicitly: 


(foP 1 )(r,6)~f(rcosd,rsin6), 


so 

= D t (f o p-')(P(x,y)) 

= D,f(p-'(P(x,y)) ■ D,[P~']'(P(x,y)) 

+ Dif(P~ l {P(x,y)) ■ Di[P~'?(P{x,y)) 
by the Chain Rule 

= Dif(x,y) ■ cos 6(x,y) + D 2 f(x,y) - sin 6(x,y). 

This formula just gives the value of the directional derivative of / at (x, j'), 
along a unit vector u — (cos0(x, y), sin 6(x, _y)) pointing outwards from the 
origin to (x, y). This is to be expected, because Ci> the inverse image under P 


y). 


sin 9{x,y) 


Cl cos0(*,jO 

SHx,y) 


of a curve along the “r-axis”, is just a line in this direction, 

A similar computation gives 

^(A-,r) = Z)i/(JC,jOH’(^»^)sin0(A-,;O] + D 2 f(x, y) cosd(x, y)]. 

The vector w = (— sin0(A', j),cos0(x, j')) is perpendicular to u, and thus the 
direction, at the point (a% j>), of the curve c 2 which is the inverse image under P 
of a curve along the “0-axis ,: . The factor r(A',j') appears because this curve 
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goes around a circle of that radius as 8 goes from 0 to lit, so it is going r (x, y) 
times as fast as it should go in order to be used to compute the directional 
derivative of / in the direction w r Note that df/dd is independent of which 
line is deleted from the plane in order to define the function 8 unambiguously. 

Using the notation df/dx for D\f ‘ etc., and suppressing the argument (x,j') 
everywhere (thus writing an equation about functions), we can write the above 
equations as 


Bf 

dr 


df ^ V ■ * 

— cos0 + — sinfl 
ox dy 


Bf 

88 


— (— r sinfl) + —r cos 8. 
dx dy 


In particular, these formulas also tell us what dx/dr etc., are, where (x, y) 
denotes the identity coordinate system of M 2 . We have 8x/8r ~ cos0, etc., so 
our formulas can be put in the form 


a/^^ax df dy 
dr dx dr + dy dr 

W ^B_ld_x d£d_y_ 

88 dx 88 + dy 88' 

In classical notation, the Chain Rule would always be written in this way. It is 
a pleasure to report that henceforth this may always be done: 


3. PROPOSITION. If (x,£/) and (y, V) are coordinate systems on M, and 
/ : M — > M is differentiable, then on U Pi V we have 


(I) 


Bf_ 

dy 1 


df dxJ 

dx J dy 1 
j - 1 



PROOF. It’s the Chain Rule, of course, if you just keep your cool: 

14 (P) = W o y~ l )(y(p)) 

oy‘ 

= Di{[f ox-Vlxof 1 ])^)) 

n 

~ C>j(f°x~ l )([x o y^Ky (/>))) • A‘[x o y~ l ] J {y{p)) 
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n 

= £>;(/» *■')(*(/>)) ■ Dt[x J o y-'](y(p)) 

y = 1 



At this point we could introduce the “Einstein summation convention”. No- 
tice that the summation in this formula occurs for the index j , which appears 
both “above” (in dxffdy 1 ) and “below” (in df/dx J ). There are scads of for- 
mulas in which this happens, often with hoards of indices being summed over, 
and the convention is to omit the sign completely— double indices (which 
by luck, the nature of things, and felicitous choice of notation, almost always 
occur above and below) being summed over. I won’t use this notation because 
whenever I do, I soon forget I’m supposed to be summing, and because by do- 
ing things “right”, one can avoid what Elie Cartan has called the “debauch of 
indices”. 

We will often write formula (1) in the form 


a 



n 


-E 


dx j a 

ay dxD 


here d/d y ! is considered as an operator taking the function / to df/dy l . The 
operator taking / to df/dy 1 {p) is denoted by 


_a_ 

3/ 


thus - — t 

ay 


A a*; a 

£ay ( ^) 


7=1 


dx J 


For later use we record a property of l = d/dx l \ p : it is a “point-derivation”. 


4. PROPOSITION. For any differentiable /, g: M — > M, and any coordinate 
system ( x,U ) with p € U, the operator t ~ d/dx l \ p satisfies 

*(/*) “ fip)t{g) + 

PROOF. Left to the reader. ♦> 


If (a-, U) and (a'', U‘) are two coordinate systems on M, the « x « matrix 
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is just the Jacobian matrix of x‘ o x 1 at x(p). It is non-singular; in fact, its 
inverse is clearly 



Now if / : M n — > N m is C°° and (y, V) is a coordinate system around /(p), 
the rank of the m x n matrix 


( 


d(y f o f) 
dxi 



clearly does not depend on the coordinate system (x, U) or (y, V). It is called 
the rank of f at p. The point p is called a critical point of / if the rank of f 
at p is < m (the dimension of the image TV); if p is not a critical point of /, 
it is called a regular point of f. If p is a critical point of /, the value f(p) is 
called a critical value of f. Other points in N are regular values; thus q € N 
is a regular value if and only if p is a regular point of / for every p € (<?). 

This is true, in particular, if q ^ f(M)— a non-value of f is still a “regular 
value”. 

If / : M M, then x is a critical point of / if and only if /'(x) =0. It 
is possible for all points of the interval [ a , b ] to be critical points, although this 
can happen only if / is constant on [a,b]. If / : M 2 — > M has all points as 
critical values, then Dif ~ Djf = 0 everywhere, so / is again constant. On 
the other hand, a function / : M 2 — > M 2 may have all points as critical points 
without being constant, for example, f{x,y) = x. In this case, however, the 
image /(K 2 ) = M x {0} C K 2 is still a “small” subset of M 2 . The most important 
theorem about critical points generalizes this fact. To state it, we will need some 
terminology. 

Recall that a set A c M" has “measure zero” if for every e > 0 there is a 
sequence 5], Bj, Bs , . . . of (closed or open) rectangles with 

oo 

A C\JB„ 

1 


and 

oo 

< £, 

n = 1 

where v(B n ) is the volume of B n . We want to define the same concept for a 
subset of a manifold. To do this we need a lemma, which in turn depends on 
a lemma from Calculus on Manifolds , which we merely state. 
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5. LEMMA. Let A C M” be a rectangle and let / : A — > M 71 be a function 
such that | Dj f l \<KonA for iff = Then 

I fix) - f{y)\ <n 2 K\x — y\ 


for all x, y 6 A. 

6. LEMMA. If f : W 1 —> M" is C 1 and A C M" has measure 0, then f(A) has 
measure 0. 

PROOF. We can assume that A is contained in a compact set C (since M" is a 
countable union of compact sets). Lemma 5 implies that there is some K such 
that 

I/W-/OOI <n 2 K\x-y\ 

for all x, y 6 C. Thus / takes rectangles of diameter d into sets of diameter 
< n 2 Kd. This clearly implies that f(A) has measure 0 if A does. ♦> 

A subset A of a C°° ^-manifold M has measure zero if there is a sequence 
of charts (x/, £/,■), with A c U/ Ui > such that each set X[(A Pi Uf) C M n has 
measure 0. Using Lemma 6, it is easy to see that if A C M has measure 0, then 
x (4 C\U) C has measure 0 for any coordinate system (x, U). Conversely, 
if this condition is satisfied and M is connected, or has only countably many 
components, then it follows easily from Theorem 1-2 that A has measure 0. (But 
if M is the disjoint union of uncountably many copies of M, and A consists of 
one point from each component, then A does not have measure 0). Lemma 6 
thus implies another result: 

7. COROLLARY. If / : M -> N is a C 1 function between two «-manifolds 
and A C M has measure 0, then f(A) C N has measure 0. 

PROOF. There is a sequence of charts (a-/, £/,-) with A c U/ Ui an ^ each set 
xt(A Pi Uj) of measure 0. If (y, V) is a chart on N, then f(A)C\V = U/ /(d H 
Uj) HV. Each set 

y(f(A n £/,') n V) = y o / o x~' (x(A n U,)) 

has measure 0, by Lemma 6. Thus y{f{A)C\V) has measure 0. Since /(U/ L/,- ) 
is contained in the union of at most countably many components of N , it follows 
that f(A) has measure 0. <♦ 
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8. THEOREM (SARD’S THEOREM). If / : M -> N is a C 1 map between 
« -manifolds, and M has at most countably many components, then the critical 
values of / form a set of measure 0 in N. 

PROOF. It clearly suffices to consider the case where M and N are IK”. But 
this case is just Theorem 3.14 of Calculus on Manifolds. <♦ 

The stronger version of Sard’s Theorem, which we will never use (except once, 
in Problem 8-24), states* that the critical values of a C k map f: M n -> N m 
are a set of measure 0 if k > 1 + max(« — m, 0). Theorem 8 is the easy case, 
and the case m > n is the trivial case (Problem 20). Although Theorem 8 will 
be very important later on, for the present we are more interested in knowing 
what the image of / : M -> N looks like locally, in terms of the rank k of / 
at p 6 M. More exact information can be given when / actually has rank k 
in a neighborhood of p. It should be noted that / must have rank > k in 
some neighborhood of p, because some k x k submatrix of (tKy 1 o f)/dx l ) 
has non-zero determinant at p, and hence in a neighborhood of p. 

9. THEOREM. (1) If / : M n N m has rank k at p, then there is some coor- 
dinate system (x, U) around p and some coordinate system {y, V ) around f(p ) 
with y o f ox" 1 in the form 

y o / ° x“' (a 1 , . . . , a") = (a 1 , - . - ,a k , t/^ +1 (a ), . . . , 

Moreover, given any coordinate system y, the appropriate coordinate system 
on N can be obtained merely by permuting the component functions of y. 

(2) If f has rank k in a neighborhood of p, then there are coordinate systems 
(a*, U) and (y, V) such that 

yofox~\a\...,a n ) = (ct \ . . . , a k , 0, . . . ,0). 

Remark: The special case M = M", N = is equivalent to the general theo- 
rem, which gives only local results. If y is the identity of M /n , part (1) says that 
by first performing a diffeomorphism on M", and then permuting the coordi- 
nates in M m , we can insure that / keeps the first k components of a point fixed. 
These diffcomorphisms on IK” and are clearly necessary, since f may not 
even be one-one on IK* x {0} C M”, and its image could, for example, contain 
only points with first coordinate 0. 

*For a proof, sec Mihior, Topology From the Differentiable Viewpoint or Sternberg, Lectures ort 
Differential Geometry. 
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In part (2) we must clearly allow more leeway in the choice of y, since /(M w ) 
may not be contained in any & -dimensional subspace of M”. 

PROOF. (1) Choose some coordinate system u around p. By a permutation of 
the coordinate functions u l and y l we can arrange that 

(1) det ( 3 °3° u/ ) (p) ')*° ° ,/5 = 1 *' 

Define 


x a — y a o f a — ..,k 

x r ~ u r r ~ k + 1, . . . ,n. 


Condition (1) implies that 



This shows that x = (x o u~ ] ) o u is a coordinate system in some neighbor- 
hood of p , since (2) and the Inverse Function Theorem show that x: o w -1 is a 
difleomorphism in a neighborhood of u(p). Now 


x ’(a 1 ,..., a") 


so 


means 

hence 

hence 


x(q) - 

x l {q) = a 1 , 

' y a o f{q) = a* 
u r (q) ~ a r 


a ~ 1 

r — k + 1 , . . . , n, 


yofox l {a\...,a n ) ~ y o f(q) for q = x 1 {a\ . . . ,a n ) 


-i f„\ 




.)• 


(2) Choose coordinate systems x and u so that v o f o x 1 has the form in (1). 
Since rank / = k in a neighborhood of p, the lower square in the matrix 
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must vanish in a neighborhood of p. Thus we can write 

ij/ r {a) ~ , . .,a k ) r = k + 1, . . . ,m. 


Define 


y a = v a 


y r s= v r — o (u 3 , . . . , u*). 


Since 

(3) ^oi)- , (6 1 ,...,6" , ) = p y( 9 ) forv(q) = (b\...,b m ) 

= (b',...,b k , b k+l - jr k+l (b',..., b k ), . . . , 6” - f m (b\ . . .,b k )), 

the Jacobian matrix 



has non-zero determinant, so y is a coordinate system in a neighborhood 
of f(p). Moreover, 

yofox~ ] (a\...,a n ) 

~ y o u -1 oho / ox -3 (a 3 , . . . ,o”) 

= fl*, f k+1 (a), • • • , 

= {a\...,a k , f k+ \a) ~ xp k+] (a ] , . . . ,a k ), ..., ^ m (a) - ^ m (a 3 , . . . ,a k )) 
by (3) 


Theorem 9 acquires a special form when the rank of f is n or m: 


10. THEOREM. (1) If m < n and / : M n — > N m has rank m at p , then for 
any coordinate system (y,V) around /(/>), there is some coordinate system 
(x, U) around p with 


yofox l (a\...,a n ) = (a\...,a m ). 
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(2) If n < m and /: M n TV"' has rank n at p, then for any coordinate 
system (x,C7) around p, there is a coordinate system ( y , V) around f(p) with 

y o f o x -1 (a 3 , . . . ,a") — (a 3 , . . . , a",0, ... ,0). 

PROOF. (1) This is practically a special case of (1) in Theorem 9; it is only 
necessary to observe that when k = m, it is clearly unnecessary, in the proof of 
this case, to permute the y l in order to arrange that 
, (d(y a of) \ 

det I — 3^1 00 ) ^ 0 a, £ = 1, . . .,m; 

only the u l need be permuted. 

(2) Since the rank of f at any point must be < n, the rank of f equals n 
in some neighborhood of p . It is convenient to think of the case M = M" 
and TV = M'" and produce the coordinate system y for when we are given 
the identity coordinate system for M". Part (2) of Theorem 9 yields coordinate 
systems <j) for M" and iff for such that 

ijr ° f = (a 3 ,,..,a\0, ...,0). 

Even if we do not perform <p~ l first, the map f still takes M" into the subset 



< 


r* 



$ 


r 

\ HfW)) 



/(M") which if/ takes to M" x {0} C — the points of M" just get moved to 
the wrong place in M" x {0}. This can be corrected by another map on M'". 
Define X by 

= ,,b"), b" +1 ,...,b m ). 


Then 

XotJ/o /(a 3 ,..., a") ^Xof o / o 0" 3 (b\ . . . , b n ) 

for {b l ,... t b n ) = 0(a) 

= A(* 1 ,...,6\0,...,0) 

= (a 3 , . . . ,a n ,0, . . . , 0), 


so X o ^ is the desired y. If we are given a coordinate system x on M" other 
than the identify, we just define 

Ub' b m ) = (x(r'(b\. . .,b n )),b" + \ . ,.,b m y. 


it is easily checked that y — X o tJ/ is now the desired y. 
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Although p is a regular point of / in case (1) of Theorem 10 and a critical 
point in case (2) (if n < m), it is case (2) which most interests us. A differentiable 
function f : M n — » N m is called an immersion if the rank of f is n, the 
dimension of the domain M, at all points of M. Of course, it is necessary that 
m > n, and it is clear from Theorem 10(2) that an immersion is locally one-one 
(so it is a topological immersion, as defined in Chapter 1). On the other hand, 
a differentiable map / need not be an immersion even if it is globally one-one. 
The simplest example is the function / : M — > M defined by f(x) = x 3 , with 
/'( 0) = 0. Another example is 



h{x) = (g(*),|£(A')|); 



although its image is the graph of a non-differentiable function, the curve itself 
manages to be differentiable by slowing down to velocity 0 at the point (0,0). 
One can easily define a similar curve whose image looks like the picture below. 


Three immersions of M in M 2 are shown below. Although the second and 
third immersions and ft 2 are one-one, their images are not homeomorphic 
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to M. Of course, even if the one-one immersion f : P — > M is not a homeo- 
morphism onto its image, there is certainly some metric and some differentiable 
structure on f(P) which makes the inclusion map i : /(/*)-> M an immer- 
sion. In general, a subset M\ C M, with a differentiable structure (not nec- 
essarily compatible with the metric M\ inherits as a subset of M) } is called an 
immersed submanifold of M if the inclusion map i : M\ — » M is an immersion. 
The following picture, indicating the image of an immersion fa : M — > S ] x S ] , 



shows that M\ may even be a dense subset of M. 

Despite these complications, if M\ is a & -dimensional immersed submanifold 
of M n and U\ is a neighborhood in M] of a point p e M\, then there is a 
coordinate system ( y , V) of M around />, such that 

£/, n V = {q £ M : = ••■=/'(?) = 0}; 



this is an immediate consequence of Theorem 10(2), with f — i. Thus, if 
g: Mi — > N is C°° (considered as a function on the manifold M\) in a neigh- 
borhood of a point p e M\, then there is a C°° function g on a neighborhood 
V C M of p such that g — g oi on V Pi M\ — we can define 




where 


y a (q , )-y a (q) of — 1, — , A: 
y r {q')- 0 r - k + 
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On the other hand, even if g is C°° on all of M\ we may not be able to 
define g on M. For example, this cannot be done if g is one of the functions 

PT' ■ PdM) -> *• 

One other complication arises with immersed submanifolds. If M\ C M is 
an immersed submanifold, and f P — » M is a C°° function with f{P) C M \ , 
it is not necessarily true that f is C°° when considered as a map into M\, with its 
C°° structure. The following figure shows that f might not even be continuous 




as a map into M\ . Actually, this is the only thing that can go wrong: 


11. PROPOSITION. If M] C M is an immersed manifold, f:P—> M is 
a C°° function with f{P) C M\, and / is continuous considered as a map 
into M], then / is also C°° considered as a map into M\. 

PROOF \ Let / : M\ -» M be the inclusion map. We want to show that i~ l o / 
is C°° if it is continuous. Given p e P, choose a coordinate system (_y, V) for M 
around f(p) such that 

£/,=!?£ V : / +l (q) y*(q) = 0} 

is a neighborhood of f(p) in M\ and fy 1 \U\, . . . , y k \U\) is a coordinate system 
of M\ on U\. 
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By assumption, i~ ] o f is continuous, so 

f~ ] o /(open set) is an open set. 

Since U\ is open in M\ 7 this means that f~ l {U\) C P is open. Thus f takes 
some neighborhood of p e P into U\ . Since all y-? o f are C°°, and y l , . . . , y k 
are a coordinate system on C/j, the function / is C°° considered as a map 
into M\. ♦> 

Most of these difficulties disappear when we consider one-one immersions 
/ : P — > M which are homeomorphisms onto their image. Such an immersion 
is called an imbedding (“embedding* 5 for the English). An immersed subman- 
ifold M\ C M is called simply a (C°°) submanifold of M if the inclusion map 
/ ; M\ -» M is an imbedding; it is called a closed submanifold of M if M\ is 
also a closed subset of M. 



There is one way of getting submanifolds which is very important, and gives 
the sphere S rl ~ ] C M" — {0} C M n , defined as {x : |;e| 2 = 1}, as a special case. 

12. PROPOSITION. If / : M n — » N has constant rank k on a neighborhood 
of f~ ] (_)'), then (_)') is a closed submanifold of M of dimension n — k (or 
is empty). In particular, if y is a regular value of f : M n — > N m ) then f~ ] (y) 
is an (n — m ) -dimensional submanifold of M (or is empty). 

PROOF. Left to the reader. <♦ 

It is to be hoped that however abstract the notion of C°° manifolds may 
appear, submanifolds of will seem like fairly concrete objects. Now it turns 
out that every (connected) C°° manifold can be imbedded in some M^, so that 
manifolds can be pictured as subsets of Euclidean space (though this picture 
is not always the most useful one). We will prove this fact only for compact 
manifolds, but we first develop some of the machinery which would be used in 
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the general case, since we will need it later on anyway. Unfortunately, there are 
many definitions and theorems involved. 

If 0 is a cover of a space M, a cover O' of M is a refinement of 0 (or 
“refines 0”) if for every U in O' there is some V in 0 with U C V (the sets of O’ 
are “smaller” than those of 0 ) — a subcover is a very special case of a refining 
cover. A cover 0 is called locally finite if every p e M has a neighborhood W 
which intersects only finitely many sets in 0. 

13. THEOREM. If 0 is an open cover of a manifold M, then there is an open 
cover 0’ of M which is locally finite and which refines 0. Moreover, we can 
choose all members of 0' to be open sets difleomorphic to M”. 

PROOF \ We can obviously assume that M is connected. By Theorem 1.2, there 
are compact sets C \ , C 2 , C 3 , . . . with M = C\ U C 2 U C 3 U • - • . Clearly C\ has 
an open neighborhood U\ with compact closure. Then U\ U C 2 has an open 
neighborhood U 2 with compact closure. Continuing in this way, we obtain 
open sets with U, compact and Ui C C/,+ 1 , whose union contains all C;, 
and hence is M. Let U-\ = Uq = 0. 



Now M is the union for / > 1 of the “annular” regions A t - = Ui — C/,_i . Since 
each Ai is compact, we can obviously cover Ai by a finite number of open sets, 
each contained in some member of 0, and each contained in V/ = C//+] ~ C/,-_ 2 . 
We can also choose these open sets to be difleomorphic to M n . In this way we 
obtain a cover 0' which refines 0 and which is locally finite, since a point in Ui 
is not in Vj for j > 2 + i. ^ 
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Notice that if (9 is an open locally finite cover of a space M and C C M is 
compact, then C intersects only finitely many members of (9. This shows that 
an open locally finite cover of a connected manifold must be countable (like the 
cover constructed in the proof of Theorem 1 3). 


14. THEOREM (THE SHRINKING LEMMA). Let 0 be an open locally 
finite cover of a manifold M. Then it is possible to choose, for each U in (9, an 
open set U' with U’ C U in such a way that the collection of all U‘ is also an 
open cover of M. 

PROOF. We can clearly assume that M is connected. Let (9 = {Lfi, C/2, C/3 , . . . 
Then 

Cj =r C/j - (C/ 2 U C/ 3 U - - - ) 

is a closed set contained in C/j , and M — Q U C/2 U C/ 3 U * * • . Let U[ be an 
open set with C\ C C U[ C U\. Now 


C 2 = C/ 2 -(C//UC/ 3 U-.-) 

is a closed set contained in C/2, and M = U( U C2 U C / 3 U * • • . Let C / 2 be an 
open set with C2 C C / 2 C C / 2 C C/2. Continue in this way. 

For any p e M there is a largest n with p e U„, because 0 is locally finite. 
Now 

p £ u;u £/^U--.U£/;u (£/„+, U£/„ +2 U---); 

it follows that 

/> e C/( U C / 2 U * * * , 

since replacing U„+i by U’ n+i cannot possibly eliminate p . ❖ 


15. THEOREM. Let 0 be an open locally finite cover of a manifold M. Then 
there is a collection of C°° functions <f)u : M — > [0, 1], one for each U in 0 , 
such that 

(1) support (f>u C U for each C/, 

(2) 51 $[/(/>) “ 1 f° r all p e M (this sum is really a finite sum in some 
u ' 

neighborhood of p, by (1)). 
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PROOF. Case 1. Each U in 0 has compact closure. Choose the U' as in Theorem 
14. Apply Lemma 2 to U' C U C M to obtain a C°° function if/u ; M [0, 1] 
which is 1 on U' and has support C U. Since the U' cover M, clearly 

ipu > 0 everywhere. 

UeO 


Define 


<Pu — 




E fu ' 

UeO 


Case 2. General case. This case can be proved in the same way, provided that 
Lemma 2 is true for C C U C M with C closed (but not necessarily compact) 
and U open. But this is a consequence of Case 1: 

For each p e C choose an open set U p C U with compact closure. Cover 
M “■ C with open sets V a having compact closure and contained in M — C. 
The open cover {U p , V a } has an open locally finite refinement O to which Case 1 
applies. Let 


/ = <pu^ where O' — {U e O : U C U p for some p }. 
UeO ! 


This sum is C 00 , since it is a finite sum in a neighborhood of each point. Since 
— 1 for all p, and <fiu(p) ~ 0 when U C V a , clearly f(p) = 1 
for all p e C. Using the fact that O is locally finite, it is easy to see that 
support f C U. 


16. COROLLARY. If O is any open cover of a manifold M, then there is a 
collection of C°° functions 0,- : M — » [0, 1] such that 

(1) the collection of sets {p: <pi(p) ^ 0} is locally finite, 

(2) Ei <Mp) " 1 for all P e M, 

(3) for each / tliere is a U e O such that support 0/ C U. 

(A collection {0,- : M — > [0, 1]} satisfying (1) and (2) is called a partition of unity; 
if it satisfies (3), it is called subordinate to O.) 

It is now fairly easy to prove the last theorem of this chapter. 

17. THEOREM. If M u is a compact C°° manifold, then there is an imbed- 

cling f : M for some N. 
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PROOF. There are a finite number of coordinate systems (xj , U\ ), . . . , (x*, £/*) 
with M ~ U] U - * -UC/jt. Choose Uf as in Theorem 14, and functions ^ : M 
[0,1] which are 1 on Uj and have support C Uf. Define f:M—> where 
N = nk + k , by 

/ = (fl ' *1 , . . - , fk • X k , - ■ - , fk) ■ 

This is an immersion, because any point p is in Uf for some i , and on Uf, where 
\f/j — 1 , the N x n Jacobian matrix 

fdf a \ . , . fdx?\ 

I — ^ I contains the n x n matrix I — ^ 1=7. 

W!) W/ 

It is also one-one. For suppose that f(p) — f{q ). There is some i such that 
p e Uf. Then = 1, so also i/i(q) ~ 1. This shows that we must have 

q e U{. Moreover, 

• *i(p) - $t ■ Xi(q ), 
so p — cj, since xy is one -one on U t \ +> 

Problem 3-33 shows that, in fact, we can always choose N ~2n + l . 


PROBLEMS 

L (a) Show that being C°°-related is not an equivalence relation. 

(b) In the proof of Lemma 1, show that all charts in A' are C°° -related, as 
claimed. 

2. (a) If M is a metric space together with a collection of homeomorphisms 

x: U — > whose domains cover M and which are C°° -related, show that 

the n at each point is unique without using Invariance of Domain. 

(b) Show similarly that 3 M is well-defined for a C°° manifold-with-boundary M. 

3. (a) All C°° functions are continuous, and the composition of C°° functions 
is C°°. 

(b) A function / : M — » N is C°° if and only if g ° / is C°° for every C°° 
function g : N -> M. 

4. How many distinct C°° structures are there on M? (There is only one up to 
diffeomorphism; that is not the question being asked.) 
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5. (a) If N C M is open and A* consists of all (x, U) in A with U C N, show 
that A* is maximal for TV if is maximal for M. 

(b) Show that A f can also be described as the set of all (.*! V' n N, V n AO for 
(x, V) in A. 

(c) Show that the inclusion i \ N M is C °° , and that A' is the unique atlas 
with this property. 

6. Check that the two projections P\ and P 2 on S’" -1 are C°° related to the 2 n 
homeomorphisms f and g/. 

7. (a) If M is a connected C°° manifold and p,q e M, then there is a C°° 
curve c: [0, 1] — > M with c(O) = p and c(l) ~ q. 

(b) It is even possible to choose c to be one-one. 

8. (a) Show that {M\ x M 2 ) x Mi is diffeomorphic to M\ x {M 2 x Mf) and 
that M\ x M 2 is diffeomorphic to M 2 x M \ . 

(b) The differentiable structure on M\ x M 2 makes the “slice” maps 

Pi (PuPi) 
pi (pi , pi) 

of M \ , M 2 -» M\ x M 2 differentiable for all p\ e M \ , p 2 <= M 2 . 

(c) More generally, a map f : N — » M\ x M 2 is C°° if and only if the compo- 
sitions 7Z] o /://-> Mi and Jt 2 o / : N — > M 2 are C°°. Moreover, the C°° 
structure we have defined for M\ x M 2 is the only one with this property 

(d) If fi \ N Mi are C°° (i — 1 , 2), can one determine the rank of {f \ , f %) : N 
— > M\ x A/2 at p in terms of the ranks of fi at p? For f : N( A//, show that 
/1 x / 2 : N] x A^ 2 -> A/] x M 2 , defined by f\ x f 2 {p\,pi) — (/1 (pi)> flipi)), 
is C°° and determine its rank in terms of the ranks of f. 

9. Let g : S’” — » P" be the map p i-» [/?]. Show that / : P n — > M is C°° if and 
only if f o g : S n — > M is C°°. Compare the rank of / and the rank of fog. 

10. (a) If U C M" is open and f‘.U — > M is locally C°° (every point has a 
neighborhood on which f is C°°), then / is C°°. (Obvious.) 

(b) If /: H" -» M is locally C°°, then / is C°°, l.e., / can be extended to a 
C°° function on a neighborhood of H n . (Not so obvious.) 

11. If f : H" — > M has two extensions g,h to C°° functions in a neighborhood 
of H n , then Djg and Djh are the same at points of M 71-1 x {0} (so we can speak 
of Dj f at these points). 

12. If M is a C°° manifofd-with-boundary, then there is a unique C°° structure 
on 3M such that the inclusion map / : dM M is an imbedding. 
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13. (a) Let U c M n be an open set such that boundary U is an (n — l)-dimen- 
sional (differentiable) submanifold. Show that U is an n-dimensional manifold- 
with-boundary. (It is well to bear in mind the following example: if U ~ {x e 
]R"; d(x, 0) < 1 or 1 < d(x, 0) < 2}, then U is a manifold-with -bound ary but 
dU 7 ^ boundary U.) 

(b) Consider the figure shown below. This figure may be extended by putting 



smaller copies of the two parts of S' into the regions indicated by arrows, and 
then repeating this construction indefinitely. The closure S of the final resulting 
figure is known as Alexander's Horned Sphere. Show that S’ is homeomorphic to S 2 . 
[Hint: The additional points in the closure are homeomorphic to the Cantor 
set.) If U is the unbounded component of M 3 - S, then S = boundary U, but 
U is not a 2-dimensional manifold-with-boundary so part (a) is true only for 
differentiable submanifolds. 

14. (a) There is a map / : M 2 -> M 2 such that 

( 1 ) /( a\0 ) = (x, 0 ) for all x, 

(2) f(x,y) C H 2 for y > 0, 

(3) f[x,y) C K 2 - H 2 for y < 0, 
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(4) f restricted to the upper half-plane or the lower half-plane is C°°, but / 
itself is not C°°. 

(b) Suppose M and N are C°° manifolds-with-boundary and /: BM — > 3 N 
is a diffeomorphism. Let P = M Uy N be obtained from the disjoint union 
of M and N by identifying x e 3 M with f(x ) e 3 N. If (jc, U) is a coordinate 
system around p e 3 M and (y,V) a coordinate system around f{p), with 
f(U Pi 3 M) = V n 3/V, and (p f)\U n 3 M — x\U n 3 M, we can define a 
homeomorphism from U U V C P to M" by sending U to H rt by and V to 
the lower half-plane by the reflection of y. Show that this procedure does not 



define a C°° structure on /\ 

(c) Now suppose that there is a neighborhood U of BM in M and a diffeo- 
morphism a: U — » BM x [0, 1), such that a(p) = (p, 0) for all p e BM, and a 
similar diffeomorphism : V — » BN x [0, 1). (We will be able to prove later that 
such diffeomorphisms always exist). Show that there is a unique C°° structure 




on P such that the inclusions of M and N are C°° and such that the map from 
U U V to BM x (—1,1) induced by a and fi is a diffeomorphism. 

(d) By using two different pairs (a, define two different C°° structures on M 2 , 
considered as the union of two copies of H 2 with corresponding points on 3H 2 
identified. Show that the resulting C°° manifolds are diffeomorphic, but that 
the diffeomorphism cannot be chosen arbitrarily close to the identity map. 
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15. (a) Find a C°° structure on H 1 x H 1 which makes the inclusion into M 2 
a C°° map. Can the inclusion be an imbedding? Are the projections on each 
factor C°° maps? 

(b) If M and N are manifolds- with- boundary, construct a C°° structure on 
M x TV such that all the “slice maps” (defined in Problem 8) are C°°. 

16. Show that the function / : M M defined by 


/(*) = 


e -\/x 

0 


x > 0 
x < 0 


is C°° (the formula e 1 ^ 2 is used just to get a function which is > 0 for x < 0, 
and could be used just as well). 

17. Lemma 2 (as addended by the proof of Theorem 15) shows that if C] and C 2 
are disjoint closed subsets of M, then there is a C°° function f\M [0, 1] 
such that C\ C /~ ] (0) and C 2 C /~ ] (1)- Actually, we can even find / with 
C\ ~ and C 2 — The proof turns out to be quite easy, once you 

know the trick. 

(a) It suffices to find, for any closed C C M, a C°° function / with C = /" ] (0). 

(b) Let {[//} be a countable cover of M — C, where each Ui is of the form 

Ui^x- ] ({a e M” : \a\ < 1}) 


for some coordinate system x taking an open subset of M — C onto M”. Let 
y} : A/ — > [0, 1] be a C°° function with > 0 on C/, and f\ ~ 0 on M ~ U\. 
Functions like 

Ml a2 f‘ 

dxD dx-?dx k ’ 

will be called mixed partials of fi, of order 1,2, .. . . Let 

at ~ sup of all mixed partials of f \ , . . . , f i of all orders < i. 


Show that 


/ = £ 


dil 1 


is C°°, and C ~ f 1 (0). 

18. Consider the coordinate system (y\y 2 ) for M 2 defined by 

y (a,6) = a 

y 2 (a,b) = a + b. 
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(a) Compute Bf/By l {a i b) from the definition. 

(b) Also compute it from Proposition 3 (to find BP /By J , write each P in terms 
of y l and y 2 ). 

Notice that Bf /By 1 ^ 3 // 3 / 1 even though y 1 = / J ; the operator 3 / 3 y depends 
on y and /, not just on y ‘ . 

19 . Compute the “Laplacian” 


_?L 

Bx 2 By 2 

in terms of polar coordinates. (First compute B/Bx in terms of B/Br and 3 / 30 ; 
then compute B 2 /Bx 2 from this). Answer: 7(37 (>*37) + 35(7 33)]- 

20 . If / : M n — > N m is C 1 and m > n , then f(M) has measure 0 (provided 
that M has only countably many components). 

21 . The following pictures show, for n ~ 1,2, and 3 , a subdivision of [0, 1] x 
[ 0 , 1] into 2 ln squares, A „^ . . , A n ^ \ square A n } * is labeled simply k . The 
numbering is determined by the following conditions: 

(a) The lower left square is A„ t j. 

(b) The upper left square is A n ^>- 

(c) Squares A n ^ and have a common side. 

(d) Squares A„ tA i +u A nA i+ 2 , ^ n ,4/+3, ^«,4/+4 are contained in T„_ li/+1 . 


4 

3 

1 

2 
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Define f : [0, 1] -» [0, I] x [0, 1] by the condition 

f{t) e A„ k for all ^ , < t < — . 

j \ j t n — 2 2n 


Show that / is continuous, onto [0, 1] x [0, 1], and not one-one. 
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22. For pj 2 n e [0, 1], define f(pf 2 n ) e M 2 as shown below. 



(a) Show that f is uniformly continuous, so that it has a continuous extension 
g : [0,1] — » M 2 . Show that g is one-one, and that its image will not have 
measure 0 if the shaded triangles are chosen correctly. 

(b) Consider the homeomorphic image of S’ 1 obtained by adding, below the 
image of g, a semi-circle with diameter the line segment AB. What does the 
inside of this curve look like? 

23. Let c: [0,1] — » be continuous. For each partition P = of 

[0, 1], define 

k 

i{c,p) = Y, d (uu),c«i-t)). 

i=i 

The curve c is rectifiable if {l(c, P)} is bounded above (with length equal to 
sup{£(c, F)}). Show that the image of a rectifiable curve has measure 0. 

24. (a) If M is a C°° manifold, a set M\ C M can be made into a A: -dimen- 
sional submanifold of M if and only if around each point in M\ there is a 
coordinate system (a, U) on M such that M\ D U = {/>: x k+l (p) = ••• — 
*"(/>)= 0}. 

(b) The subset Mi can be made into a closed submanifold if and only if such 
coordinate systems exist around every point of M. 

25. The set {(x, |x|): x e M} is not the image of any immersion of M into M 2 . 

26. (a) If U C M* is open and f:U ^ M” - * is C°°, then the graph of 
f = {{p-> f(p)) e p e U) is a submanifold of M*. 

(b) Every submanifold of M" is locally of this form, after renumbering coor- 
dinates. (Neither Theorem 9 nor 10 is quite strong enough. You will need 
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the implicit function theorem ( Calculus on Manifolds , pg. 41). Theorem 10 is es- 
sentially Theorem 2-13 of Calculus on Manifolds ; comparison with the implicit 
function theorem will show how some information has been allowed to escape.) 

27. (a) An immersion from one ^-manifold to another is an open map (the 
image of an open set is open). 

(b) If M and N are H-manifolds with M compact and N connected, and 
/ : Af — » AMs an immersion, then f is onto. 

28. Prove Proposition 12: If /: M n N has constant rank A: on a neigh- 
borhood of then / -1 (y) is a (closed) submanifold of M of dimension 

n — k (or is empty). 

29. Let /: P 2 — > M 3 be the map 

g([x,y,z]) = (yz,xz,xy) 

defined in Chapter 1, whose image is the Steiner surface. Show that g fails to 
be an immersion at 6 points (the image points are the points at distance ±1/2 
on each axis). There is a way of immersing P 2 in M 3 , known as Boy’s Surface. 
See Hilbert and Cohn-Vossen, Geometry and the Imagination , pp. 317-321. 

30. A continuous function /: X — > Y is proper if / -1 (C) is compact for 
every compact C C Y. The limit set L{f) of f is the set of all y e Y such 
that y — lim /( x n ) for some sequence xi t X 2 f x^ 1 , ... e X with no convergent 
subsequence. 

(a) L(f) = 0 if and only if / is proper. 

(b) f{X) C Y is closed if and only if L(/) C f{X). 

(c) There is a continuous /: M -* M 2 with /(K) closed, but L(f) ^ 0. 

(d) A one-one continuous function f : X — > Y is a homeomorphism (onto its 
image) if and only if L(f) n f(Y) ~ 0. 

(e) A submanifold M\ C M is a closed submanifold if and only if the inclusion 
map i : M\ — > M is proper. 

(f) If M is a manifold, there is a proper map /: M M; the function / can 
be made C°° if M is a C°° manifold, 

31. (a) Find a cover of [0, 1] which is not locally finite but which is “point- 
finite”: every point of [0, 1] is in only finitely many members of the cover. 

(b) Prove the Shrinking Lemma when the cover G is point-finite and countable 
(notice that local-finiteness is not really used). 

(c) Prove the Shrinking Lemma when (3 is a (not necessarily countable) point- 
finite cover of any space. (You will need Zorn’s Lemma; consider collections C 
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of pairs (U, U') where U e (9, U* cU, and the union of all U* for (U, U ') e C, 
together with all other U e & covers the space.) 

32. (a) If C M is a closed submanifold, U D M\ is any neighborhood, 

and / : M\ -» M is C°°, then there is a C°° function with f — f 

on M\, and with support / C U. 

(b) This is false if M = M and Mj = (0, 1). 

(c) This is false if M is replaced by a disconnected manifold N. 

Remark : It is also false if M ~ M 2 , M\ — N ~ S x , and / = identity; in fact, in 
this case, / has no continuous extension to a map from M 2 to S’ 1 , but the proof 
requires some topology. However, / can always be extended to a C°° function 
in a neighborhood of Mi (extend locally, and use partitions of unity). 

33. (a) The set of all non-singular n x n matrices with real entries is called 
GL(w, M), the general linear group. It is a C°° manifold, since it is an open 
subset of M” . The special linear group SL(«,M), or unimodular group, is the 
subgroup of all matrices with det = 1 . Using the formula for Z)(det) in Calculus 
on Manifolds , pg. 24, show that SL(/z,M) is a closed submanifold of GL(/z,M) of 
dimension n 2 — 1. 

(b) The symmetric n x n matrices may be thought of as M^"" 1 " 1 ^ 2 . Define 

ijr: GL(/z,M) — > (symmetric matrices) by ir(A) = A • A *, where A 1 is the 
transpose of A. The subgroup of GL(«,M) is called the orthogonal 

group O(m). Show that A e 0(n) if and only if the rows [or columns] of A are 
orthonormal. 

(c) Show that O(n) is compact. 

(d) For any A e GL(«,M), define Ra- GL(n,M) — > GL(«,M) by Ra(B) ~ BA. 
Show that Ra is a difleomorphism, and that ^ o R A = ijr for all A e O(n). By 
applying the chain rule, show that for A e O (n) the matrix 


( 


djr iJ 

dx kl 



has the same rank as 



(Here x ki are the coordinate functions in M”“, and the n(n+ 0/2 component 
functions of rjr.) Conclude from Proposition 12 that O (n) is a submanifold of 
GL(/z,M). 

(e) Using the formula 


ij/ lJ (A) = a ik a jk [A = 
k 
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show that 

' aji k = i ^ J 

(A Qn 

dx kl K } la n k = i=j 
, 0 otherwise. 

Show that the rank of this matrix is /z(/z H- l)/2 at / (and hence at A for all 
A e O (n).) Conclude that O (n) has dimension n(n — l)/2. 

(f) Show that det A = ±1 for all A e 0(n). The group 0(«)nSL(/z, M) is called 
the special orthogonal group SO(/z), or the rotation group R(/z). 

34. Let denote the set of all m x n matrices, and M(m,n;k) the set 

of all m x n matrices of rank k. 

(a) For every Xo e M{m,n\k) there are permutation matrices P and Q such 
that 



where Aq is k x k and non-singular. 


(b) There is some £ > 0 such that A is non-singular whenever all entries of 
A — Aq are < e. 



where the entries of A — Aq are < £, then X has rank k if and only if D = 
CA~ l B . Hint : If denotes the k x k identity matrix, then 


(Ik 0 \ ( A B\_( A B \ 

^ X I p -k)\C D) \XA + C XB+DJ- 


(d) M{m,n\k) c M(m,n) is a submanifold of dimension k{m + n — k) for all 
k < m,n. 



CHAPTER 3 

THE TANGENT BUNDLE 


A point i) e M” is frequently pictured as an arrow from 0 to i>. But there are 
many situations where we would like to picture this same arrow as starting 



at a different point peM”: 



+ u 


For example, suppose c: M — » M” is a differentiable curve. Then c r (t ) = 
(c ]/ (/), . . .,c n '(/)) is just a point of M w , but the line between c(t) and c(/) + c'(/) 
is tangent to the curve, and the “velocity vector” or “tangent vector” c'(/) of 
the curve c is customarily pictured as the arrow from c{l) to c{l) + c*{l). 
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To give this picture mathematical substance, we simply describe the “arrow” 
from p to p + u by the pair ( p , u). The set of all such pairs is just M" x M", 
which we will also denote by T M w , the “tangent space of R n ”; elements of TW 1 
are called “tangent vectors” of M". We will often denote (p,v) e TU rl by v p 
(“the vector i> at />”}; in conformity with this notation, we will denote the set 
of all ( p,v ) for i> e M" by At times, it is more convenient to denote a 
member of TU n by a single letter, like v. To recover the first member of a pair 
v e T M", we define the “projection” map n: M* x R” — > M 11 by rt{a,b) = a. 
For any tangent vector u, the point n(v) is “where it’s at”. 

The set Jt~ l (p) may be pictured as all arrows starting at p. Alternately, 



it can be pictured more geometrically as a particular subset of E" x E", the 
one visualizable case occurring when n = 1. This picture gives rise to some 



* l (p) 


7 r 



terminology— we call tt l (p) the fibre over p. This fibre can be made into a 
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vector space in an obvious way: we define 

(p, v)®(p,w ) - (p,v + w) 

a • (p, v ) = (p,a * i>). 

(The operations © and • should really be thought of as defined on 

7t~ i (p) x ?r _1 (p), and M x TU n , respectively. 

/?eR M 

Usually we will just use ordinary + and • instead of © and • .} 

If / : M' 1 -» is a differentiable map, and p e M”, then the linear trans- 
formation Df(p): U n — > may be used to produce a linear map from 

defined by 


v p i-> [Df(p)(v)] /ip) . 


This map, whose apparently anomalous features will soon be justified, is de- 
noted by f mp \ the symbol /* denotes the map /* : TU n -» which is the 

union of all f* p . Since f* p (v) is defined to be a vector e the follow- 

ing diagram “commutes” (the two possible compositions from TM" to M m are 
equal), 

TU n — J -^ TU m 


7 r 


/ 


7 r 




7t o /* = / o 7t. 


Thus, f* has the map /, as well as all maps Df(p), built into it. 

This is not the only reason for defining /* in this particular way, however. 
Suppose that g: — > M* is another differentiable function, so that, by the 

chain rule, 


(1) D(g o f){p) = Dg(f(p)) o Df(p). 


By our definition, 

g. (IDfipmin,-,) = {Dg(f{p))(Df(p)(v))) gUwr 
This looks horribly complicated, but, using (1), it can be written 


g*{f*(V p ))^{gof),{v p y, 
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thus we have 

g*°f*~(g 0 /)*. 

This relation would clearly fall apart completely if /*( v p ) were not in 
with our present definition of /*, it is merely an elegant restatement of the 
chain rule. 

Henceforth, we will state almost all concepts about Jacobian matrices, like 
rank or singularity, in terms of /*, rather than Df. The “tangent vector” of a 
curve c : M -» M” can be defined in terms of this concept, also. The tangent 
vector of c at / may be defined as 


c/ (Oc<0 £ 


[If c happens to be of the form 



then 

c\t) c{t) -(1,/mari 

this vector lies along the tangent line to the graph of / at (/,/( /)).] Notice 
that the tangent vector of c at l is the same as 

c,(l,) = [Dc(/)(1)] C(0 = (c''(r) c"'(0)c(O. 

where l t = {l, 1) is the “unit” tangent vector of M at t. 

0 1 / 1 , 

• • ► 


If g: M m is differentiable, then g o c is a curve in M m . The tangent 
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vector of g o c at t is 

(g°c)*0/) = g*(c*(l/)) 

= g* (tangent vector of c at /). 



Consider now an ^-dimensional manifold M and an imbedding i : M -» 
Suppose we take a coordinate system (x,U) around p. Then i o a -1 is a map 
from M” to M* with rank n. Consequendy, ( i o is an n -dimen- 

sional subspace of U N t( p ). This subspace doesn’t depend on the coordinate 



system a, for if y is another coordinate system, then 

(i cy-')* ^ (i ox - ' 1 oxo y -1 )* 

- O' 

and 

( x ° y } )*y{p) : ^”x{p) 

is an isomorphism (with inverse (y ° a -1 )**^)}. 
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There is another way to see this, which justifies the picture we have drawn. 
If c : (— e, e) — » M” is a curve with c(0) = x(p), then a — i o ;c -1 o c is a 
curve in which lies in i(M), and every differentiable curve in i(M) is of this 




form (Proof?). Now 

a*(lo) = (/' °c*(l 0 ), 

so the tangent vector of every a is in (io X I )*(K\ ( ^ ) ). Moreover, every vector 
in this subspace is the tangent vector of some a, since every vector in is 

the tangent vector of some curve c. Thus, our n-dimensional subspace is just 
the set of all tangent vectors at i{p) to differentiable curves in i(M). We will 
denote this « -dimension a] subspace by (M,i) p . 

We now want to look at the (disjoint) union 

T(Mji) - U (M,i) p c i(M) xR w c TU N . 

peM 


We can define a “projection” map 

n : T(M,i) -> M 


by 

Jr (v)~p if ve(M,i) p . 

As in the case of TM", each “fibre” ?r -1 (p) has a vector space structure also. 
Beyond this we have to look a little more carefully at some specific examples. 

Consider first the manifold M = S’ 1 and the inclusion i: S ] — » M 2 . The 
curve c($) = (cos 6, sin 0) passes through every point of S’ 1 , and 

c r (0 ) — (— sin 0, cos 0) ^ 0. 

For each p = (cos0,sin0) e S 1 , let u p = (— sin $, cos $) p (it clearly doesn’t 
matter which of the infinitely many possible 0’s we choose). Then (S’ 1 , i) p con- 
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sists of all multiples of the vector u p . We can therefore define a homeomorphism 



f \ : T(S l ,i ) -> S' 1 xM 1 by f\{Xu p ) = (p,X), which makes the following dia* 
gram commute. 


T(S\i) 


fi 


1 ITTil 


S' X 




Si 


0 T{a,b) = a] 


If we define the “fibres” of n* to be the sets tt' -1 ( p ), then each fibre has a vector 
space structure in a natural way. Commutativity of the diagram means that f\ 
takes fibres into fibres; clearly /j restricted to a fibre is a linear isomorphism 
onto the image. 

Now consider the manifold M = S 2 and the inclusion i : S 2 C M 3 . In this 
case there is no map fa \ T(S 2 J) -» S’ 2 x M 2 with the properties of the map f\. 
If there were, then, for a fixed vector v ^ 0 in M 2 , the set of vectors 

ih~\v P ) -peS 2 } 

would be a collection of non-zero tangent vectors, one at each point of S 2 , 
which varied continuously. It is a well-known (hard) theorem of topology that 
this is impossible (you can’t comb the hair on a sphere). 
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There is another example where we can prove that no appropriate homeo- 
morphism T(M,i) -> M x M 2 exists, without appealing to a hard theorem of 
topology. The map f will just be the inclusion M — > M 3 where M is a Mobius 
strip, to be precise, the particular subset of M 3 defined in Chapter 1 — M is the 
image of the map f : [0,2?r] x (—1,1) — > M 3 defined by 

f (0, /) ~ ^2 cos 0 + / cos | cos 0 , 2 sin 0 + / cos | sin 0, t sin | j . 

At each point p = (2 cos 0,2 sin 0,0) of M } the vector 



k 

k.... ^ 

1 

' 


2?r 



v p = (-2 sin 0,2 cos 0,0), — /*((1,0) (M )) 

is a tangent vector. The same is true for all multiples of /*((0, l){0,o)) 3 shown 
as dashed arrows in the picture. Notice that 

/*((°> l)(o,o)) = [^/(0»0)(0» 1)](2,0,0) 


%( 0 , 0 ) 


( 2 , 0 , 0 ) 


(l»0,0)( 2 ,O,O), 


while 


/*((°» 1 ){2tt,0)) — 


a7 (2ir ’ 0) 


( 2 , 0 , 0 ) 


— (-b°> 0 ){2 ( 0,0)- 


This means that we can never pick non-zero dashed vectors continuously on the 
set of all points (2 cos 0,2 sin 0,0): If we could, then each vector would be 


/*((O,A(0)) ( 0 t o)) 


for some continuous function X: [0,2?r] — > M. This function would have to be 
non-zero everywhere and also satisfy X(2tt) = — A(0), which it can’t (by an easy 
theorem of topology). The impossibility of choosing non-zero dashed vectors 
continuously clearly shows that there is no way to map fibre by fibre, 
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homeomorphically onto M x M 2 . We thus have another case where T(MJ) 
does not “look like” a product MxR*. 

For any imbedding i: M —> U N y however, the structure of T{M„ i ) is always 
simple locally: if (;e,£7) is a coordinate system on M } then j r -1 (C/), the part 
of T(M,i) over U, can always be mapped, fibre by fibre, homeomorphically 
onto U x U n . In fact, for each pet/, the fibre 

(M,i) p equals (/ o = m p , 

where the abbreviation m p has been introduced temporarily; we can therefore 
define 

f: n~\U) -> U x U n 
by 

f(m p (v xlp) )) ~ (p,v). 

In standard jargon, T(M,i ) is “locally trivial”. This additional feature qualifies 
T(M, i) to be included among an extremely important class of structures: 

An //-dimensional vector bundle (or //-plane bundle) is a five-tuple 

£ = £,©,©), 

where 

(1) E and B are spaces (the “total space” and “base space” of 
respectively), 

(2) jr : E — » B is a continuous map onto B, 

(3) © and © are maps 

©: 7r~'(p) x /r -1 (p) — » E } O: M x E — » E, 

P eB 

with © (/r _1 ( p ) x 7T _1 ( p )) C /r -1 ( p ) and © (M x /r -1 (p)) c 
/r -1 (p), which make each fibre /r -1 (p) into an //-dimensional 
vector space over M, 

such that the following “local triviality” condition is satisfied: 

For each p e B, there is a neighborhood U of p and a homeomor- 
phism i: /r -1 (t/) — > U xM" which is a vector space isomorphism 
from each 7t~ l (q) onto q x M rt , for all q e U. 
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Because this local triviality condition really is a local condition, each bundle 
f = (E,i r, Z?, ©,0) automatically gives rise to a bundle A over any subset 
A c B; to be precise, 

$\A = ^tt - 1 (>4), 7r|7r _1 (^), X, ©| U^^'O) x 0|lR x . 

Notation as cumbersome as all this invites abuse, and we shall usually refer 
simply to a bundle n : E -» /?, or even denote the bundle by E alone. For 
vectors v,vj e n~ i (p) and a e M, we will denote @(u, id) and ©(a, u) by u + w, 
and a • v or av, respectively. 

The simplest example of an h - plane bundle is just IxM" with tt : X x M" — > 
X the projection on the first factor, and the obvious vector space structure on 
each fibre. This is called the trivial M-plane bundle over X and will be denoted 
by s”(X). The “tangent bundle” T M" is just 

The bundle T(S\i) considered before is equivalent to ^(S 1 ). Equivalence 
is here a technical term: Two vector bundles = jtj : E\ -» B and £2 = 
7 Z 2 : E 2 — ^ B are equivalent (£1 £ 2 ) if there is a homeomorphism h: E\ —> E 2 

which takes each fibre jt 1 — 1 (/?) isomorphically onto 7t2~ ] (p). The map h is 
called an equivalence. A bundle equivalent to e n (B) is called trivial. (The 
local triviality condition for a bundle £ just says that £[[/ is trivial for some 
neighborhood U of p.) 

The bundles T(S 2 , i) and T(M,i) are not trivial, but there is an even simpler 
example of a non-trivial bundle. The Mobius strip itself (not T{MJ)) can be 
considered as a 1-dimensional vector bundle over S’ 1 , for M can be obtained 
horn [0, 1] x M by identifying (0,a) with (1, —a), while S 1 can be obtained from 



7 r 
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[0, 1] by identifying 0 with 1; the map i r is defined by n(l,a) = / for 0 < / < 1 
and ;r({(0,a), (1,— a)}) = {0, l}. The diagram above illustrates local triviality 
near the point {0, 1} of S 1 . Suppose that s : S l M is a continuous function 
with jt oi = identity of M (such a function is called a section). Such a map 



corresponds to a continuous function 5 : [0, 1] — » 1R with 5(0) = —5(1). Since 5 
must be 0 somewhere, the section s must be 0 somewhere (that is, j(0) e tt~ 1 ($) 
must be the 0 vector for some 0 e 5 1 ). This surely shows that M is not a trivial 
bundle. 

An equivalence is obviously the analogue of an isomorphism. The analogue 
of a homomorphism is the following.* A bundle map from to is a pair of 
continuous maps (/,/), with f : E\ — » E 2 and f:Bi~> B 2 , such that 


(1) the following diagram commutes 


Ei 

Bi 


f 



■» E2 
n 2 

Bi , 


(2) /: jti l {p)^> m '(/(/>)) is a linear map. 

The pair (/*,/) is a bundle map from TU k to TU l for any differentiable 
f:U k — > M ; . If M a C M* and N m C are submanifolds, i : M M* and 
j : TV -» M / are the inclusions, and the map / satisfies f{M) C N, then /* 

* There are actually several possible choices, depending on whether one is consider- 
ing all bundles at once, fixed bundles over various spaces, or a fixed base space with 
varying bundles. Thus / may be restricted to be an isomorphism on fibres and f to 
be the identity, or a homeomorphism. The relations between some of these cases are 
considered in the problems. 
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takes T(MJ) to T(N,j); to see this, just remember that v e T(MJ) p is the 
tangent vector of a curve c in M, so f* (u) is the tangent vector of the curve 
f o c in N, and consequently f*(v) <E T(N,j). In this way we obtain a bundle 
map from T(M,i ) to T(N,j). Actually, it would have sufficed to begin with 
a C°° function f:M—> N, since / can be extended to M* locally In fact, 
this construction could be generalized much further, to the case where i and j 
are merely imbeddings of two abstract manifolds M and N, and 
is C°°; we just consider the function jo f o/ _I : i{M) — > i(N) and extend it 
locally to M*. The case which we want to examine most carefully is the simplest: 
where M = N and f is the identity, while / and j are two imbeddings of M 
in R* and M 7 , respectively. Elements of T(M ) i) p are of the form (/ ox -I )*(iu) 



for w e while elements of T(M, j) p are of the form (j o x 1 )*(id) for 

w e If we map 

(/ °x _ 1 )*(ttj) {j ox _I )*(tt?) 

we obtain a bundle map from T(M,i)\U to T(M , j)\U } which is obviously an 
equivalence. The map (MJ) p ( M,j) p induced on fibres is independent of 
the coordinate system x , for if (y, V) is another coordinate system, then 

(* o = (* ox~')*((x o 

I I 

{joy ’)*(«)) =(y ox ’)*((jcoj? ’)*(«))). 

We can therefore put all these maps together, and obtain an equivalence from 
T(M,i) to T(M,j). In other words, the dependence of T{M,i) on i is ah 
most illusory; we could abbreviate T{MJ) to TM, if we agreed that TM really 
denotes an equivalence class of bundles, rather than one bundle. That is the 
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sort of thing an algebraist might do, and it is undoubtedly ugly. What we would 
like to do is to get a single bundle for each M , in some natural way, which has 
all the properties any one of these particular bundles T(M,i) has. Can we do 
this? Yes, we can. When we do, TR n will be different from our old defini- 
tion (namely, £ w (M n )), and so will /* for f : M” — > so in stating our result 

precisely we will write “old /*” when necessary. 


1. THEOREM. It is possible to assign to each «-manifold M an 77 -plane bun- 
dle TM over M, and to each C°° map f:M—>N a bundle map (/*,/), such 
that: 


(1) If 1 : A/ — > M is the identity, then 1* : TM — > TM is the identity. If 
g‘ N -*■ P, then ( g o /)* - g* o /*. 

(2) There are equivalences t n : TM” — » £ n (M”) such that for every C°° func- 
tion / : M n the following commutes. 


TR n 
t n 


/* 


TR m 

\ f m 


£ n (M n ) ° Id jr *> £ m (M m ) 


(3) If U C M is an open submanifold, then TU is equivalent to (TM)\U, 
and for f:M—>N the map (f\U)*‘. TU — > TN is just the restriction 
of f*. More precisely, there is an equivalence TU — ( TM)\U such that 
the following diagrams commute, where / : U — > M is the inclusion.* 


TU 


-> TM 


TU 


(/It/), 


TN 





(TM)\U 


TM 


PROOF. The construction of TM is an ingenious, though quite natural, sub- 
terfuge. We will obtain a single bundle for TM, but the elements of TM will each 
be large equivalence classes. 


* When using the notation f*, it must be understood that the symbol really refers to 
a triple (/, M, N ) where f M — ► TV. The identity map 1 of U to itself and the inclusion 
map have to be considered as different, since the maps 1* : TU — > TU and 

/* : TU — ► TM are certainly different (they map TU into two different sets). 
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The construction is much easier to understand if we first imagine that we al- 
ready had our bundles TM. Then if (jc, C/) is a coordinate system, we would 
have a map x*: TU T(x(U)), and this would be an equivalence (with 
inverse (x -1 )*). Since TU should be essentially (77W)|t/, and T(x(U)) should 
essentially be x(t/) x R", a point e e n~ l {p) would be taken by x* to some 
(*(/>), v). Here v is just an element of R” (and every v would occur, since x * 
maps 7T _I ( p ) isomorphically onto {p) x R H ). If y is another coordinate system, 
then y*(e) would be {y{p) i w) for some w e R". We can easily figure out what 
the relationship between v and it; would be; since (x(p), v ) is taken to {y{p)> u>) 
by y* ° x* -1 =■ (y ° x -1 )*, and (y o is supposed to be the old (y o ;e -1 )*, 
we would have 

(a) w = D(y ox~ l )(x(p))(v). 

This condition makes perfect sense without any mention of bundles. It is the 
clue which enables us to now define TM. 

If x and y are coordinate systems whose domains contain p , and i),u> e R”, 
we define 

(x, v) y (y t w) if (a) is satisfied. 

It is easy to check (using the chain rule) that y is an equivalence relation; the 
equivalence class of (.x,t;) will be denoted by [x,v] p . These equivalence classes 
will be called tangent vectors at p, and TM is defined to be the set of all tangent 
vectors at all points p e M\ the map it takes y equivalence classes to p. We 
define a vector space structure on tt -1 (p) by the formulas 

[*, v]p + [x, w]p - [x t V + w]p 
a - [x,v] p = [x,a ■ v] p \ 


this definition is independent of the particular coordinate system x or y, because 
D(y o jc — 2 ) (jc (/?)) is an isomorphism from M” to R”. 

Our definition of TM provides a one-one onto map 

(b) t x : 7 r _1 (C/) -> U x R n , namely [x, v] q i-» (g,u). 

We want this to be a homeomorphism, so we want t x ~ l (A) to be open for every 
open A c U x R n , and thus we want any union of such sets to be open. There 
is a metric with exactly these sets as open sets, but it is a little ticklish to produce, 
so we leave this one part of the proof to Problem 1. 

We now have a bundle n : TM -» M. We will denote the fibre Jt~ 1 (p) 
by M p , in conformity with the notation R”^, though TM p might be better. If 
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f:M—>N, and (x, U ) and (y, V) are coordinate systems around p and /(/>), 
respectively, we define 

(C) MlxMp) = [y,B{y O f O x- l ){x{p)){v)] fip) . 

Of course, it must be checked that this definition is independent of x and y 
(the chain rule again). 

Condition (1) of our theorem is obvious. 

To prove (2), we define /” to be //, where I is the identity map of M" and t x 
is defined in (b); it is trivial, though perhaps confusing to the novice, to prove 
commutativity of the diagram. 

Condition (3) is practically obvious also. In fact, the fibre of TU over p e U 
is almost exacdy the same as the fibre of TM over p; the only difference is that 
each equivalence class for M contains some extra members, since in M there 
are more coordinate systems around p than there are in U C M. 

Henceforth, the bundle n : TM — » M will be called the tangent bundle of M. 
If i : M -» M* is an imbedding, then TM is equivalent to T{MJ). In fact, if 
(x, U) is a coordinate system around />, and I is the identity coordinate system 
of H*, then 

'*([*, = [/, D{i o x~ l ){x{p)){v)} i{p) by (c) 

" I 

{i{p),D{i o x~ l ){x{p)){v)) e {Mj) p ; 

the composition t n i± is easily seen to be an equivalence. But T(M , /) will play 
no further role in this story — the abstract substitute TM will always be used 
instead. 

Having succeeded in producing a bundle over each Af, which is equivalent to 
T{M J ), we next ask how fortuitous this was. Can one find other bundles with 
the same properties? The answer is yes, and we proceed to define two different 
such bundles. 

For the first example, we consider curves c: (— e, e) — > M , each defined 
on some interval around 0, with c(0) = p. If (x, U) is a coordinate system 
around p, we define 

c, « C2 if and only if: * ° c < and * ° mapping R to K", 

p have the same derivative at 0. 

The equivalence classes, for all p e M t will be the elements of our new bun- 
dle, T'M . For f:M—>N there is a map /# taking the y equivalence class 
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of c to the equivalence class of foe. Without bothering to check details, 
we can already see that this example is “really the same” as TM — 


[*, v] p corresponds to: 


the y- equivalence class of x oy, 
where y is a curve in R” with y'( 0) = v; 


under this correspondence, f# corresponds to /*. 

In the second example, things are not so simple. We define a tangent vector 
at p to be a linear operator i which operates on all C°° functions f and which 
is a “derivation at p”: 


ttfg) = fip)Hg) + gip)tif)- 

We have already seen that the operators l — djdx*\ p have this property. For 
these operators, clearly i{f) — i(g) if f — g in a neighborhood of p. This 
condition is actually true for any derivation l. For, suppose that / = 0 in a 
neighborhood of p . There is a C°° function h: M — > R with h{p) = 1 and 
support h C / -I (0). Then 

0 = l (0) - l {fh) = f(Q)t (A) + h m {/) - 0 + l {f ) . 

Thus, if / = g in a neighborhood of 0, then 0 = — If / 

is defined only in a neighborhood of p, we may use this trick to define l (/): 
choose h to be 1 on a neighborhood of p, with support h C / -1 (0), and define 
€(/) as *(//i). 

The set of all such operators is a vector space, but it is not a priori clear what 
its dimension is. This comes out of the following. 


2. LEMMA. Let / be a C°° function in a convex open neighborhood U of 0 
in R", with /( 0) — 0. Then there are C°° functions g/ : U — > M with 

(1) = ix'gi(x',...,x") for xeU, 

(2) *,(0) = A/( 0). 

(The second condition actually follows from the first.) 


PROOF. For x e U, let h x (t) = f(tx); this is defined for 0 < / < 1, since U is 
convex. Then 


f 1 A 

/(*) = /(*)“/( 0)- h x '{t)dt = Jf Y^Difitx) 


x l dt. 


Therefore we can let g (x) = / 0 * Dif{tx) dt. ❖ 
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3. THEOREM. The set of all linear derivations at p e M n is an n-dimen- 
sional vector space. In fact, if (*, U) is a coordinate system around />, then 

3 3 

3* 1 p "'"dx* p 

span this vector space, and any derivation l can be written 


i~l 


3 


3.x' 


p 


(so i is determined by the numbers l (*')). 
PROOF. Notice that 


€(/) = €(l.l)*l-€(l)+l-€(l), 

so i( 1) = 0. Hence 1(c) — c • 1(1) — 0 for any constant function c on U. 
Consider the case where M = M n and p = 0. Assume U is convex. Given / 
on t/, choose g/ as in Lemma 2, for the function f — f( 0). Then 

«/)=«/- = * (E ''«) L?dre S fun e c£n) 

n 

= Y,w l )gm + i i m{zi)\ 

i=\ 

= E^)^jrm+o. 

i—i 

This shows that 3/3 / z |o span the vector space; they are clearly linearly inde- 
pendent. It is a simple exercise to use the coordinate system x to transfer this 
result from M" to M. ♦> 


From Theorem 3 we can see that, once again, a bundle constructed from all 
derivations at all points of M is “really the same” as TM. We can let 

correspond to [x,a] p ; 
p 



the formula 


3 


n 


3 , d 
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derived in Chapter 2, shows that 



_a_ 

9x‘ 



if and only if 


*' = £ 


; dy J , 

a dx< {p) ' 


and this is precisely the equation which says that ( x,a ) y (y,b). It is easily 
checked that under this correspondence, the map which corresponds to /* can 
be defined as follows: 

LfM](g) = tig°f)- 

Notice that if x denotes the identity coordinate system on R", then a * 
corresponds to a p when we identify TR n with e”(R”). i=I p 

We will usually make no distinction whatsoever between a tangent vector 
v e M p and the linear derivation it corresponds to, that is, between [x, a] p and 


yy-t 

^ ax' 


/=i 


consequendy, we will not hesitate to write v{f) for a differentiable function / 
defined in a neighborhood of p. In fact, a tangent vector is often most easily 
described by telling what derivation it corresponds to, and the map /* is often 
most easily analyzed from the relation 


(f*v)(g) = v{gof). 


It is customary to denote the identity coordinate system on R 1 by t, and to 
write 


d 

It 


*0 


for 


d_ 

Tt 


Jo 


this is a basis for R/ (l . If c: R — > M is a differentiable curve, then 





e Mctto) 


is called the tangent vector to c at to . We will denote it by the suggestive symbol 


dc 


dt 
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This symbol will be subjected to the standard abuses one finds (unexplained) in 
calculus textbooks: the symbol 

will often stand for , 

dt dt , 


the subscript “f M now denoting a particular number / e R, as well as the identity 
coordinate system. 

As you might well expect, it is no accident that our second and third examples 
turned out to be “really the same” as TAL There is a general theorem that all 
“reasonable” examples will have this property, but it is a little delicate to state, 
and quite a mess to prove, so it has been quarantined in an Addendum to this 
chapter. 

The tangent bundle TM of a C°° manifold has a little more structure than 
an arbitrary n-plane bundle. Since TM locally looks like U x R”, clearly TM 
is itself a manifold; there is, moreover, a natural way to put a C°° structure 
on TM . If jc : C/ — » R" is a chart on M, then every element v e ( TM)\U is 
uniquely of the form 


v 


A ,._ a _ 

dx 1 

i—i 


p = n{v). 


Let us denote a 1 by (u). Then the map 


v (xV(^)), A* (”))A (”),--■ A(”)) 


t)2 n 


is a homeomorphism from (TM)\U to x(U ) x R n . This map, (x o ?r,x), is 
simply the map x* when we identify TU with U x R" in the standard way. If 
(y, V) is another coordinate system, and 



then, as we have already seen, 

n ^ j n 

b J = ^V-A(p) “ Di ^ yS ° * _1 )(*(/>))- 


• 1 . 1 

/=! /=1 

1 t n n \ n n\ ^ TU)2n 


This shows that if (/,a) = (/, e R , then 


y*o(x*) ’(A 

= (yox~\t), E?=i a ' A O' 1 °* _1 )(0 3 E?-i a l Di(y n ox _I )(0)- 

This expression shows that y* o (x*)“ ! is C°°. 
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We thus have a collection of C°°-related charts on TM , which can be ex- 
tended to a maximal ad as. 

With this C°° structure, the local trivializations x* are C°°. In general, a 
vector bundle n\ E — » B is called a C°° vector bundle if £ and B are C°° 
manifolds and there are C°° local trivializations in a neighborhood of each 
point. It follows that yr:E—> B is C°°. 

Recall that a section of a bundle it : E — > B is a continuous function s: B —> E 
such that ?r 05 ~ identity of B; for C°° vector bundles we can also speak of C°° 
sections. A section of TM is called a vector field on M\ for submanifolds M 
of M", a vector field may be pictured as a continuous selection of arrows tangent 
to M. The theorem that you can’t comb the hair on a sphere just states that 



there is no vector field on S 2 which is everywhere non-zero. We have shown that 
there do not exist two vector fields on the Mobius strip which are everywhere 
linearly independent. 

Vector fields are customarily denoted by symbols like X , Y, or 2, and the 
vector X{p) is often denoted by X p (sometimes X may be used to denote a 
single vector, in some M p ). If we think of TM as the set of derivations, then for 
any coordinate system (x, C/), we have 


*</>) = !>'(/>) 

/=! 


JL 

dx l 


p 


for all p e U. 


The functions a' are continuous or C°° if and only if X : U — > TM is contin- 
uous or C°°. 

If X and Y are two vector fields, we define a new vector field X + Y by 

Similarly, if f : M — > M, we define the vector field fX by 


ux)(p) = np)x<.p). 
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Clearly X 4* Y and fX are C°° if A', T, and f are C°°. On U we can write 


n 

* = E 


a 


/=! 


a 

ibri 3 


the symbol djdx 1 now denoting the vector field 

a 


p i-» 


3;ri 


If f : M — > M is a C°° function, and A" is a vector field, then we can define 
a new function X (/): M — > R by letting X operate on / at each point: 


X(f)(p)^X p (f). 


It is not hard to check that if A" is a C°° vector field, then X (/) is C°° for 
every C°° function f ; indeed, if locally 


X{p) = Yl a l {p ) 
/=! 



3 


then 


*(/) = E 

/= i 


a 


i?L 

dx ‘ 3 


which is a sum of products of C°° functions. Conversely, if X (/) is C°° for 
every C°° function /, then X is a C°° vector field (since X (;ri) = a 1 ). 

Let ¥ denote the set of all C°° functions on M. We have just seen that a C°° 
vector field X gives rise to a function X : ¥ — » ¥. Clearly, 


X{f_ + g) = X{p + X{&) 


thus X is a “derivation 33 of the ring ¥. Often, a C°° vector field X is identified 
with the derivation X . The reason for this is that if A : ¥ — » ¥ is any deriva- 
tion, then A = X for a unique C°° vector field X. In fact, we clearly must 
define 

and the operator X p thus defined is a derivation at p. 
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The tangent bundle is the true beginning of the study of differentiable mani- 
folds, and you should not read further until you grok it.* The next few chapters 
constitute a detailed study of this bundle. One basic theme in all these chap- 
ters is that any structure one can put on a vector space leads to a structure on 
any vector bundle, in particular on the tangent bundle of a manifold. For the 
present, we will discuss just one new concept about manifolds, which arises in 
this very way from the notion of “orientation 3 ’ in a vector space. 

The non-singular linear maps f:V—>V from a finite dimensional vector 
space to itself fall into two groups, those with det / > 0, and those with det / < 0; 
linear transformations in the first group are called orientation preserving and 
the others are called orientation reversing. A simple example of the latter is 
the map / : M” — > M" defined by f(x) — (x 1 , . . . ,x n ~ l , ~x n ) (reflection in the 
hyperplane x n — 0). There is no way to pass continuously between these two 
groups: if we identify linear maps M" with n x n matrices, and thus 

with M M , then the orientation preserving and orientation reversing maps are 
disjoint open subsets of the set of all non-singular maps (those with det ^ 0). 
The terminology “orientation preserving 3 ’ is a bit strange, since we have not yet 
defined anything called “orientation”, which is being preserved. The problem 
becomes more acute if we want to define orientation preserving isomorphisms 
between two different (but isomorphic) vector spaces V and W; this clearly 
makes no sense unless we supply V and W with more structure. 

To provide this extra structure, we note that two ordered bases (ui, . . . , v n ) 
and (t/i, . . . , v'n) for V determine an isomorphism / : V — > V with /(u/) = t/;; 
the matrix A — (ajj) of / is given by the equations 

v’i = 

j = I 

We call (t>i, . . . , v„) and (ufi, . . . , v' n ) equally oriented if det A > 0 (i.e., if / is 
orientation preserving) and oppositely oriented if det A < 0. 

The relation of being equally oriented is clearly an equivalence relation, divid- 
ing the collection of all ordered bases into just two equivalence classes. Either of 
these two equivalence classes is called an orientation for V. The class to which 
(t>i, . . . , v„) belongs will be denoted by [uj , . . . , t>„], so that if fx is an orientation 
of V, then (uj, . . . , v„) e fx if and only if [uj , . . . , v n ] — (x. If j x denotes one 

* A cult word of the sixties, “grok” was coined, purportedly as a word from the Martian 
language, by Robert A. Heinlein in his pop science fiction novel Stranger in a Strange 
Land. Its sense is nicely conveyed by the definition in The American Heritage Dictionary : 
“To understand profoundly through intuition or empathy 33 . 
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* > > 

0 V\ Wi 




Examples of equally oriented ordered bases In R, R 2 , and R 3 . 

orientation of V, the other will be denoted by ~fx, and the orientation [e \ , . , . , e n ] 
for R" will be called the “standard orientation”. 

Now if (V, fx) and are two n-dimensional vector spaces, together with 

orientations, an isomorphism f : V — > W is called orientation preserving (with 
respect to fx and v) if [/(uj), . . . , / (u n )] ~ v whenever [uj, . . . , v n ] ~ fx\ if this 
holds for any one (uj , . . . , v n ), it clearly holds for all. 

For the trivial bundle e n (X) — X xM" we can put the “standard orientation” 
[(jc, ^i), . . . , (x,e„)] on each fibre {*} x R”. If f: e n (X ) s n (X ) is an equiva- 
lence, and X is connected, then f is either orientation preserving or orientation 
reversing on each fibre, for if we define the functions fl/y : X — > R by 

n 

f{x,ei) = 

j = i 

then det(o/y): X —> R is continuous and never 0. If n: E —> B is a non- 
trivial h - plane bundle, an orientation fx of E is defined to be a collection of 
orientations fx p for ? r _I (/>) which satisfy the following “compatibility condition” 
for any open connected set U C B: 

If t : 7t~ l (U) — > U x R" is an equivalence, and the fibres of U x R" are 
given the standard orientation, then t is either orientation preserving 
or orientation reversing on all fibres. 

Notice that if this condition is satisfied for a certain /, and t': -> t/xR" 

is another equivalence, then t ' automatically satisfies the same condition, since 
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: [/ xl"-> U xl" is an equivalence. This shows that the orientations fi p 
define an orientation of E if the compatibility condition holds for a collection 
of sets U which cover B. 

If a bundle E has orientation p, — {lip}, it has another orientation —p, = 
{~fip}, but not every bundle has an orientation. For example, the Mobius 
strip, considered as a 1-dimensional bundle over S’ 1 , has no orientation. For, 
although the Mobius strip has no non-zero section, we can pick two vectors 
from each fibre so that the totality A looks like two sections. For example, 
we can let A be [0, 1] x {—1, 1} with (0,o) identified with (1, ~a ); then A just 
looks like the boundary of the Mobius strip obtained from [0, 1] x [—1, 1], If 



we had compatible orientations p, p> we could define a section s : S 1 M by 
choosing s(p ) to be the unique vector s (p) e A C I (p) with [j(/>)] = p, p . 

A bundle is called orientable if it has an orientation, and non-orientable oth- 
erwise; an oriented bundle is just a pair (£,/a) where p is an orientation for £. 
This definition can be applied, in particular, to the tangent bundle TM of a 
C°° manifold M. In this case, we call M itself orientable or non-orientable de- 
pending on whether TM is orientable or non-orientable; an orientation of TM 
is also called an orientation of Af, and an oriented manifold is a pair (M,p,) 
where p, is an orientation for TM . 

The manifold K" is orientable, since TR” cz on which we have the 

standard orientation. The sphere S n ~ l CM" is also orientable. To see this we 
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note that for each p e S’” -1 the vector w — p p e e"(E") TE" is not in 
i*(S n ~ 1 p ) e TE"^ (Problem 21), so for ui, . . . ,u n _j e we can define 

(ui, . . . , v n ~\) e pi p if and only if (uvafuj), ...,f*(u n -i)) is in the standard 
orientation of E"^. The orientation pi = {pi p : p e S n ~ l } thus defined is called 
the “standard orientation’ 1 of S’" -1 . 

The torus S 1 x S 1 is another example of an orientable manifold. This can 
be seen by noting that for any two manifolds M\ and M2 the fibre {M\ x M 2 ) p 
of T{M\ x M2) can be written as V\ p © V2 P where (tt,-)* : V ip -> (Mi) p is an 
isomorphism and the subspaces V- lp vary continuously (Problem 26). Since TS l 
is trivial, this shows that T(S l x S 1 ) is also trivial, and consequently orientable. 
Any n-holed torus is also orientable — the proof is presented in Problem 16, 
which also discusses the tangent bundle of a manifold-with-boundary. 

The Mobius strip M is the simplest example of a no n-orien table 2-manifold. 
For the imbedding of M considered previously we have already seen that on the 


( 6 , 0 )' 

i 

k s*. 

1 




subset S = {(2 cos 0,2 sin 0,0)} C M there are continuously varying vectors v p> 
but that it is impossible to choose continuously from among the dashed vectors 
w p = /*((0, 0(0,0)) and their negatives. If we had orientations p, p for p e S’, 
then we could simply choose w p if \v pi w p ] — pi p and — w p otherwise. 

The projective plane P 2 must be non-orientable also, since it contains the 
Mobius strip (for any orientable bundle £ = n : E B , the restriction %\B' 
to any subset B ! C B is also orientable). Non-orientability of P 2 can be seen 
in another way, by considering the “antipodal map” A : S 2 — > S 2 defined by 
A(p) — —p. This map is just the restriction of a linear map A: M 3 — > M 3 
defined by the same formula. The map A* \ S 2 p -> S 2 A(p) is just ( p,v ) i-> 
(A(p), A(v)), when S 2 p is identified with a subspace of {/>} x E 3 . The map A 
is orientation reversing, so if v t — (p, w,-) e S 2 P , the bases 

(u u u 2 ,p) and (A(ui), A(u 2 ), A(p)) 

are oppositely oriented. This shows that if pi is the standard orientation of S 2 
and [uj.ua] e P^p, then [A^v\^A^V 2 \ e ~piA ( P )• Thus the map A: S 2 S 2 is 
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“orientation reversing” (the notion of an orientation preserving or orientation 
reversing map f:M^>N makes sense for any imbedding f of one oriented 
manifold into another oriented manifold of the same dimension). From this fact 
it follows easily that P 2 is not orientable: If P 2 had an orientation v ~ {v^j} 
and g : S 2 — > P 2 is the map p i-» [/>], then we could define an orientation 
{p p } on S n by requiring g to be orientation preserving; the map A would then 
be orientation preserving with respect to p, which is impossible, since p = p 
or ~p. 

For projective 3-space P 3 the situation is just die opposite. In this case, the 
antipodal map A : S’ 3 — > S’ 3 is orientation preserving. If g: S’ 3 — > P 3 is the 
map p k- [/>], we obviously can define orientations v p for P 3 by requiring g 
to be orientation preserving. In general, these same arguments show that P” is 
orientable for n odd and non-orientable for n even. 

There is a more “elementary” definition of orientability, which does not use 
the tangent bundle of M at all. According to this definition, M is orientable if 
there is a subset A' of the atlas A for M such that 

(1) the domains of all (x, U) e A 1 cover M, 

(2) for all (x, U ) and (y, V) e A\ 

det ^^“7^ > 0 on U f\V. 

An orientation p of TM allows us to distinguish the subset A' as the collection 
of all (x, U) for which x*: TM\U —> T(x(U)) cz x{U ) x M” is orientation 
preserving (when x{U) x M" is given the standard orientation). Condition (2) 
holds, because it is just the condition that (y ox -1 )*: T(x(U )) — > T(x(U)) 
is orientation preserving. Conversely, given A’ we can orient the fibres of 
TM \U in such a way that x* is orientation preserving, and obtain an orientation 
of TM. Although our original definition is easier to picture geometrically, the 
determinant condition will be very important later on. 
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ADDENDUM 

EQUIVALENCE OF TANGENT BUNDLES 


The fact that all reasonable candidates for the tangent bundle of M turn out 
to be essentially the same is stated precisely as follows. 


4. THEOREM*. If we have a bundle T’M over M for each M, and a bundle 
map (/ B , /) for each C°° map / : M — » TV satisfying 

(1) of Theorem 1, 

(2) of Theorem 1, for certain equivalences t' n , 

(3) of Theorem 1, for certain equivalences T'U ^ {T'M)\U, 

then there are equivalences 


6m : TM — » T'M 


such that the following diagram commutes for every C°° map / : M 


TM 

T'M 


f* 


* TN 



r 

T'N 


N. 


PROOF. The details of this proof are so horrible that you should probably skip 
it (and you should definitely quit when you get bogged down); the welcome 
symbol ♦> occurs quite a ways on. Nevertheless, the idea behind the proof is 
simple enough. If (x,U) is a chart on M, then both (TM)\U and (T'M)\U 
“look like” xft/) x M", so there ought to be a map taking the fibres of one to 
the fibres of the other. What we have to hope is that our conditions on TM and 
T'M make them “look alike” in a sufficiendy strong way for this idea to really 
work out. Those who have been through this sort of rigamarole before know 
(i.e., have faith) that it’s going to work out; those for whom this sort of proof is 
a new experience should find it painful and instructive, 

* Functorites will notice that Theorems 1 and 4 say that there is, up to natural equiv- 
alence, a unique functor from the category of C°° manifolds and C 00 maps to the 
category of bundles and bundle maps which is naturally equivalent to (e", old /*) on 
Euclidean spaces, and to the restriction of the functor on open submanifolds. 
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Let (a, U) be a coordinate system on M. Then we have the following string 
of equivalences. Two of them, which are denoted by the same symbol , are 
the equivalences mentioned in condition (3). Let a* denote the composition 
a x = (r"|jc (L/)) oCi o a* o 

y ^ l n \x (U) 

( TM)\U <— = — TU — T(x(U)) — » (rR")|jc(l7) 1 k t? (tit*)\x(U) 



Similarly, using equivalence ex' for T\ we can define j8 x . 

<--/ Xti T n \xiU 

{T’M)\U T’U ^ T' (*(£/)) ~ > (7M n )U(t/) 1 v ; > g n (R”)|x(£/) 



Then 

fi x ~ l oa x : (TM)\U -> {T l M)\U 

is an equivalence, so it takes the fibre of TM over p isomorphically to the fibre 
of T’M over p for each p e U. Our main task is to show that this isomorphism 
between the fibres over p is independent of the coordinate system (a, U). This 
will be done in three stages. 

(I) Suppose V C U is open and y — x\V. We will need to name all the inclusion 
maps 


i\U -> M 
I: V -» M 
j:V^U 
k : y(V) -» x(U). 


To compare oc x and oc yi consider the following diagram. 


(TM)\U 


TU 


( 1 ) 


C ® j* (2) 


(TM)\V 


TV 


y* 


T(x(U)) 


T(y(V)) 




(rR n )|A-(t/) 


(TR n )\y(V) 


© jc 

^^^(R ;1 )|y(l/) 
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Each of the four squares in this diagram commutes. To see this for square 
we enlarge it, as shown below. The two triangles on the left commute by con- 
dition (3) for TM , and the one on the right commutes because to j = f. 


(TM)\U 



TM 





c 



TV 


(TM)\V 


Square (5) commutes because k o y = x o j. Square (5) commutes for the 
same reason as square (l); the inclusions jc (C/) — > R” and y(V ) — > R” come 
into play. Square ( 4 ) obviously commutes. Chasing through diagram (1) now 
shows that the following commutes. 


(TM)\U > e”(R n )\ x(U) 


a 


(TM) \V " y > e" (R")|>/CV) 


This means that for p e V, the isomorphism between the fibres over p 
is the same as a x . Clearly the same is true for and since our proof 
used only properties (1), (2), and (3), not the explicit construction of TM . Thus 
y ~* o oty — o a x on the fibres over />, for every p e V. 


(II) We now need a Lemma which applies to both TM and T'M. Again, it will 
be proved for TM (where it is actually obvious), using only properties (1), (2), 
and (3), so that it is also true for T ! M. 
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LEMMA. If A C JR" and B C M m are open, and / : A -» B is C °° , then the 
following diagram commutes. 

TA — 

/* old /* 

X ~ / m |R ^ 

75 — > (7M m )|£ 1 > e m (M) m |5 

PROOF \ Case 1. There is a map f : K" — > M m with f — f on A. Consider the 
following diagram, where / : A — » M” and j: B -» M m are the inclusion maps. 


(rR) n M -*£ n (M”)M 



Everything in this diagram obviously commutes. This implies that the two 
compositions 

TA -=-► e”(E ft )U e" (R") — M ^ > £ m (M m ) 

and 

TA TB -=-► (THOI# tm \ B , e m (M m )|5 e m (E m ) 

are equal and this proves the Lemma in Case 1, since the maps “old /*” and 
“old /#*’ are equal on A. 

Case 2. General case . For each p e A, we want to show that two maps are the 
same on the fibre over p. Now there is a map / ; M” — > with / — / on an 
open set A\ where p e A' C A. We then have the following diagram, where 
every ^ comes from the fact that some set is an open submanifold of another, 
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and i : A' — » A is the inclusion map. 

TA 


( 2 ) 



(rM n )U > g n (R) n u 




TB 


(7'E' n )|5 



Boxes ©, ©, and (h) obviously commute, and (4) commutes by Case 1. To 
see that square (2) (which has a triangle within it) commutes, we imbed it in 
a larger diagram, in which / : A — > M” is the inclusion map, and other maps 
have also been named, for ease of reference. 



TA 


TR n 




C (v) 

c (/O 


TA ' 


(O 


> (TE^U' 

To prove that X o = /a o k, it suffices to prove that 

VoAo/^Vo/iOK, 

since v is one-one. Thus it suffices to prove y* o = v o yt o k, which amounts 
to proving commutativity of the following diagram. 


TR" 


u° 0 


TA ' 




(TMOU' 


Since j o / is just the inclusion of A 1 in M”, this does commute. 
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Commutativity of diagram (2) shows that the composition 

f <-*, t m \R 

TA TB (TM" 1 )!# 1 > £ m (M m )|£ 

coincides, on the subset {TA) \A', with the composition 

TA — » (rM")U - ^ ^(M^U - ° M & + e m (M m )|5, 


and on A' we can replace “old /*” by “old /*”. In other words, the two com- 
positions are equal in a neighborhood of any p e A, and are thus equal, which 
proves the Lemma. 


(Ill) Now suppose (jc, C/ ) and (y,V) are any two coordinate systems with p e 
U n V. To prove that o and p x ~ l 0 induce the same isomorphism 
on the fibre of TM at p, we can assume without loss of generality that U = V, 
because part (I) applies to X and x\ U n V, as well as to y and y\U DK 
Assuming U — V, we have the following diagram. 


i n \x(U\ 

T(x(U)) -=-»• (rR fl )|x(l/) v ; > e n (]T ))*(£/) 


(3) {TM)\U 



(yox ! ) 


old (y o x ! ) 


t n \v{U} 

(rR B )!y(£/) yK } > e n (R n )\y(U) 


The triangle obviously commutes, and the rectangle commutes by part (II). 
Diagram (3) thus shows that 

a y = old {y o a - 1 )* oa x . 


Exactly the same result holds for T 

p y - old (y o a - 1 )* o p x . 

The desired result fi y ~ l o oc y — p x ~ l o a x follows immediately. 

Now that we have a well-defined bundle map TM T'M (the union of all 
Px~ l ° &x), it is dearly an equivalence e m- The proof that o /* = /jj o e m is 
left as a masochistic exercise for the reader. ♦> 
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PROBLEMS 


1. Let M be any set, and {(xv, t//)} a sequence of one-one functions x( : U( — » M” 
with U t C M and x(Uj) open in M", such that each 

xj o a :," 1 : Xj(Ui n Uj) -» xj (C/,- n Uj) 

is continuous. It would seem that M ought to have a metric which makes 
each Ui open and each x,- a homeomorphism. Actually, this is not quite true: 

(a) Let M = M U {*}, where * $ M. Let U\ = M and xj : U\ -» R be the 
identity, and let t/ 2 = M — {0} U {*}, with x 2 : U% -» M defined by 

x 2 (a) = a, a 0, * 
x 2 (*) = 0. 


Show that there is no metric on M of the required sort, by showing that every 
neighborhood of 0 would have to intersect every neighborhood of *. Never- 
theless, we can find on M a pseudometric p (a function p : M with 

all properties for a metric except that p{p>q) may be 0 for p ^ q ) such that p 
is a metric on each C/,- and each x; is a homeomorphism: 

(b) If A C M" is open, then there is a sequence A\, A 2 , A 3 , . . . of open subsets 
of A such that every open subset of A is a union of certain ^/’s. 

(c) There is a sequence of continuous functions f: A [0, 1], with support fi 
C A, which “separates points and closed sets 1 ’: if C is closed and p e A — C, 
then there is some fi with f(p) $ fi(A PiC). Hint: First arrange in a sequence 
all pairs (Ai,Aj) of part (b) with A,- C Aj. 

(d) Let fj , j = 1, 2, 3, . . . be such a sequence for each open set x; (t/;). Define 

gij - M -> E°, 1 ] by 


gij (P) ~ 


{ 


fi,j (p) 

0 


peUi 
P i U t . 


Arrange all gij in a single sequence Gj, G 2 , G$, . . . , let d be a bounded metric 
on K, and define p on M by 

~ ! 

P(P,q) = Y^j t d(Gi{p\Gi{q)). 


Show that p is the required pseudometric. 

(e) Suppose that for every p,q e M there is a £/,- and Uj with p e t// and 
q e Uj and open sets B t C x/(t//) and 5, C x^ft/j) so that p e x,- -1 (.#,•), 
q e Xj~ 1 (Bj) ] and x, -I (Z?;) flXy 1 (Bj) — 0. Show that p is actually a metric 
on M. 
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2. (a) Suppose (x, U) and (y, V) are two coordinate systems, giving rise to two 
maps on TM, 

t x : n~ l (U) U x R n , [x, v] q (q, v), 

ty : 7t~ l (F) -» V X R n , [ y , w] q k- (q, t v). 

Show that in 7z~ l {U n V) the sets of the form t x ~ l (A) for A C U x M n open 
are exacdy the sets of the form t y ~ l {B) for B C V x M” open. 

(b) Show that if there is a metric on TM such that t Xi is a homeomorphism for 
a collection (x,-, £//) with M — (J,. f//, then all t x are homeomorphisms. 

(c) Conclude from Problem 1 that there is a metric on TM which makes each t x 
a homeomorphism. 

3. Show that in the definition of an equivalence it suffices to assume that the 
map E\ — > Ei is continuous. (To prove the inverse continuous, note that locally 
it is just a map U x — > U x M n ). 

4. Show that in the definition of a bundle map, continuity of f:B\ — > B 2 
follows automatically from continuity of /;£')—> Ei. 

5. A weak equivalence between two bundles over the same base space B is 
a bundle map (/, /) where f is an isomorphism on each fibre, and f is a 
homeomorphism of B onto itself. Find two inequivalent, but weakly equivalent, 
bundles over the following base spaces; 

(i) the disjoint union of two circles, 

(ii) a figure eight C 3 , 

(iii) the torus. 

6. Given a bundle map (/, /), show that / = go/i where g and h are contin- 
uous maps such that h takes fibres linearly to fibres, while g is an isomorphism 
on each fibre. 


7. (a) Show that for any bundle n : E -» B, the map s: B -» E with s(p ) 
the 0 vector of jt~ 1 (/?) is a section, 

(b) Show that an n-plane bundle $ is trivial if and only if there are // sections 
st , . . , , s fl which are everywhere linearly independent, i.e., sj(p),...,s n (p) e 
jt ~ 1 (/?) are linearly independent for all p e B. 

(c) Show that locally every //-plane bundle has n linearly independent sections. 

8, (a) Check that ^ is an equivalence relation on the set of pairs (x, u). 

(b) Check that the definition of /* is independent of the coordinate systems x 
and y which are used. 

(c) Check the remaining details in Theorem 1. 
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9. (a) Show that the correspondence between TM and equivalence classes of 
curves under which [x, v] p corresponds to the y equivalence class of x~ l o y 3 
for y a curve in with y'(0) = v, makes /* correspond to f§. 

(b) Show that under the correspondence [x,a] p i-> a^d/dx 1 1 , the map /* 
can be defined by 

[Mmg) = ug°n. 

10. If V is a finite dimensional vector space over K, define a C°° structure on V 
and a homeomorphism from V x V to TV which is independent of choice of 
bases. As in the case of for v, w e V we will denote by v w e V w the vector 
corresponding to (tu, u). 

11. If g : E — > E is C°° show that 

g(x) =g(0)+ g'( Q ) x + x 2 h(x ) 


for some C°° function h: M — > M. 


1 2, (a) Let T p be the set of all C°° functions / : M — > M with / ( p ) = 0, and 
let l : Fp E be a linear operator with l{f%) = 0 for all /,g e T p . Show 
that l has a unique extension to a derivation. 

(b) Let W be the vector subspace of T p generated by all products fg for f,ge 
JFp. Show that the vector space of all derivations at p is isomorphic to the dual 
space (& p fW)*. 

(c) Since ( T p /W )* has dimension n — dimension of M, the same must be true 
of Fp/W. If x is a coordinate system with x(p ) = 0 3 show that x l + W , . . . , 
x n + W is a basis for T p jW (use Lemma 2). The situation is quite different for 
C ] functions, as the next problem shows. 


13, (a) Let V be the vector space of all C 1 functions / : M -> M with / (0) = 0, 
and let W be the subspace generated by all products. Show that lim f(x)/x 2 
exists for all / e W. 

(b) For 0 < e < 1 , let 


fs(x) = 



x > 0 
x <0. 


Show that all f e are in V, and that they represent linearly independent elements 
of V/W. 

(c) Conclude that (V/W)* has dimension c c = 2 C . 


14, If f:M^N and /* is the 0 map on each fibre, then f is constant on 
each component of M. 
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15, (a) A map f:M—> N is an immersion if and only if /* is one-one on 
each fibre of TM. More generally, the rank of / at p e M is the rank of the 
linear transformation /*: M p — > N/^ p y 

(b) If / o g = /, where g is a diffeomorphism, then the rank of / o g at a 
equals the rank of / at g(a). (Compare with Problem 2-33(d).) 

16, (a) If M is a manifold-with-boundary, the tangent bundle TM is defined 
exactly as for M; elements of M p are y equivalence classes of pairs (*, t>). 
Although x takes a neighborhood of p e BM onto H”, rather than HF, the 
vectors v still run through R", so M p still has tangent vectors “pointing in all 
directions”. If p e BM and x : U -> H" is a coordinate system around p, then 



c M p is a subspace. Show that this subspace does not depend 
on the choice of x; in fact, it is i*(BM) p , where i : BM — > M is the inclusion, 
(b) Let a e M” -1 x {0} C H”. A tangent vector in H'V is said to point “in- 
ward” if, under the identification of TH” with the vector is (a, v) where 

v n > 0. A vector v e M p which is not in i*(BM) p is said to point “inward” if 


IF 



r 

inward 


outward 


x*(u) e points inward. Show that this definition does not depend on 

the coordinate system x. 

(c) Show that if M has an orientation /a, then BM has a unique orientation 

Bp such that [uj, . . . ,u n _i] = ( Bp) p if and only if [w, = p p for 

every outward pointing w e M p , 

(d) If p is the usual orientation of H”, show that Bp is (—1)” times the usual 
orientation of M” -1 = 3H rt . (The reason for this choice will become clear in 
Chapter 8.) 

(e) Suppose we are in the setup of Problem 2-14, Define g: BM x [0, 1) — > 
BN x [0, 1) by g{p,l) = (f(p), t). Show that TP is obtained from TM U TN 
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by identifying 

v e (3 M) p with {P~ l )*g*oc*(v) e (3 N) fip) . 

(f) If M and N have orientations /a and v and f : (3M,3/a) — > (dN,dv) is 
orientation-reymmg, show that P has an orientation which agrees with fi and v 
on M C P and N C P. 

(g) Suppose M is S 2 with two holes cut out, and N is [0,1] x S’ 1 . Let / be 
a diffeomorphism from M to TV which is orientation preserving on one copy 
of S 1 and orientation reversing on the other. What is the resulting manifold P? 

17, Show that TF 2 is homeomorphic to the space obtained from T(S z ,i) by 
identifying (p,v) e (S 2 ,i) p with (-/>, -t>) 6 (S 2 ,/)_^. 

18, Although there is no everywhere non-zero vector field on S 2 , there is one 
on S 2 ~ {(0,0, 1)}, which is diffeomorphic to K 2 . Show that such a vector field 
can be picked so that near (0, 0, 1) the vector field looks like the following picture 
(a “magnetic dipole”): 


1 



19, Suppose we have a “multiplication” map (a, b) a • b from M" x to M" 
that makes M” into a (non-assodative) division algebra. That is, 

(a i + a 2 ) * b = ci\ * b a 2 • b 
a * (b\ + b 2 ) = a ■ b\ +a * b 2 

k(a • b) = (ka) • b = a * (kb) for k e M 
a * (1,0,, .,,0) = a 

and there are no zero divisors: 


a, b ^ 0 =$ ab ^ 0, 
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(For example, for = 1, we can use ordinary multiplication, and for n = 2 
we can use “complex multiplication”, (a, b) • ( c,d ) = ( ac — bd,ad + be).) Let 
e \, . . . ,e n be the standard basis of R", 

(a) Every point in S"” 1 is a - e\ for a unique a el". 

(b) If a ^ 0, then a * e \ , . . , ,a * e„ are linearly independent. 

(c) If p = a * e\ e S’"” 1 , then the projection of a ■ ei, * • * ,a ■ e n on (S n ~ l ,i) p 
are linearly independent. 

(d) Multiplication by a is continuous, 

(e) TS” -1 is trivial. 

(f) TP"” 1 is trivial. 

The tangent bundles TS 3 and TS 1 are both trivial. Multiplications with 
the required properties on R 4 and R 8 are provided by the “quaternions” and 
“Cayley numbers”, respectively; the quaternions are not commutative and the 
Cayley numbers are not even associative. It is a classical theorem that the 
reals, complexes, and quaternions are the only associative examples. For a 
simple proof, see R, S, Palais, The Classification of Real Division Algebras , Amer, 
Math. Monthly 75 (1968), 366-368. J. F. Adams has proved, using methods of 
algebraic topology, that n= 1, 2, 4, or 8. 

[Incidentally, non-existence of zero divisors immediately implies that for a ^0 
there is some b with ab = ( 1 , 0, . . , , 0) and b' with b’a = ( 1 , 0, . . , , 0). If the 
multiplication is associative it follows easily that b = b', so that we always have 
multiplicative inverses. Conversely, this condition implies that there are no zero 
divisors if the multiplication is associative; otherwise it suffices to assume the 
existence of a unique b with a * b = b • a = ( 1, 0, , . , , 0),] 

20. (a) Consider the space obtained from [0, 1] x R n by identifying (0, v ) with 
(1, T t>), where T : R” -» R" is a vector space isomorphism. Show that this can 
be made into the total space of a vector bundle over S’ 1 (a generalized Mdbius 
strip), 

(b) Show that the resulting bundle is orientable if and only if T is orientation 
preserving, 

21. Show that for p e S 2 , the vector p p e R 3 ^ is not in /*(5’ 2 ^) by showing that 
the inner product (/?, c / (0)) = 0 for all curves c with c(0) = p and |c(01 = 1 
for all t. (Recall that 

(/,?>'( 0 = (/'(0‘.*(0> + (/(0,s'(0‘>, 

where * denotes the transpose; see Calculus on Manifolds, pg, 23.) 

22. Let M be a C°° manifold. Suppose that ( TM)\A is trivial whenever A C M 
is homeomorphic to S’ 1 . Show that M is orientable. Hint: An arc c from 
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po e M to p e M is contained in some such A so (TM)\c is trivial. Thus one 
can “transport” the orientation of M Po to M p . It must be checked that this is 
independent of the choice of c. First consider pairs c, c' which meet only at po 
and p , The general, possibly quite messy, case can be treated by breaking up c 
into small pieces contained in coordinate neighborhoods. 

Remark : Using results from the Addendum to Chapter 9, together with Prob- 
lem 29, we can conclude that a neighborhood of some S ’ 1 C M is non-orientable 
if M is non-orientable. 


The next two problems deal with important constructions associated with 
vector bundles. 

23, (a) Suppose % ~ x : E — » X is a bundle and / : Y — » X is a continu- 
ous map. Let E' C Y x E be the set of all (y,e) with f(y) = ?r(e), define 
x * : E f -» Y by x'(y, e) = y, and define / : E ! -» E by f (y,e) = e. A vector 
space structure can be defined on 

n , ~\y) = {(y,e):e e x~\f(y))} 

by using the vector space structure on x~ ] (f (y)). Show that it': E' — > Y is a 
bundle, and (/, /) a bundle map which is an isomorphism on each fibre. This 
bundle is denoted by /*(£), and is called the bundle induced (from £) by /. 

(b) Suppose we have another bundle £" = x" \ E" — » Y and a bundle map 

(/, /) from £" to £ which is an isomorphism on each fibre. Show that £" ^ 

= /*(£). Hint: Map e e E" to (x"(e), f(e)) e E*. 

(c) If g: Z -> Y, then (/ o *)*($) - g*(/*(f)). 

(d) If A C X and / : A -» X is the inclusion map, then /*(£) ~ ij\A. 

(e) If £ is orientable, then /*(£) is also orientable. 

(f) Give an example where £ is non-orientable, but /*(£) is orientable. 

(g) Let % = x: E B be a vector bundle. Since x : E 5 is a continuous 
map from a space to the base space B of £, the symbol ?r*(£) makes sense. 
Show that if f is not orientable, then 7 r*(f) is not orientable, 

24, (a) Given an H-plane bundle $ = x : E -» 5 and an m-plane bundle r] = 

x f :E'^> B , let E" C E x E' be the set of all pairs (e,e ! ) with x(e) = Tr'(e'). 
Let x"{e^e’) = ?r(e) = rr'fe')- Show that tt": — > 5 is an (77 -f m) -plane 

bundle. It is called the Whitney sum £ © 17 of £ and 17 ; the fibre of £ © r} over p 
is the direct sum x~\p) © rr ! ~ l {p). 

(b) If / : y -> B, show that /*($ © 17 ) - /*($) © /*(!?). 
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(c) Given bundles £/ = 717 : E- t -» B- t , define rt : E\ x Ei -» Z?i x B 2 by 
7r(ej ,£2) = (JT] (ei ), JT2 (e^))- Show that this is a bundle £1 x £ 2 over B\ x 5 2 . 

(d) If A ; B -* B x B is the “diagonal map”, A(x) = (x, x), show that £ © rj ~ 
A*(£x^ 

(e) If £ and rj are orientable, show that £ © rj is orientable, 

(f) If £ is orientable, and 17 is non-orientable, show that £ © rj is also non- 
orientable. 

(g) Define a “natural 5 ’ orientation on V © V for any vector space V, and use 
this to show that £ © £ is always orientable. 

(h) If X is a “figure eight 51 (c.f, Problem 5), find two non-orientable 1-plane 
bundles £ and rj over X such that £ © 17 is also non-orientable. 

25. (a) If ?r : E — > M is a C°° vector bundle, then tt* has maximal rank at 
each point, and each fibre x~ l (p) is a C°° submanifold of E. 

(b) The 0-section of E is a submanifold, carried diffeomorphically onto B by x. 

26. (a) If M and N are C°° manifolds, and x M [or x^] ; M x N -» M [or TV] 
is the projection on M [or TV], then T{M xlV)^ 7 tm*(TM) © x^*(TN). 

(b) If M and N are orientable, then M x TV is orientable. 

(c) If M x TV is orientable, then both M and N are orientable. 

27. Show that the Jacobian matrix of y * o (;e*)“ 3 is of the form 

/Djy‘°x-' 0 ] 

V X Dj y 1 o x ~ 1 / 

This shows that the manifold TM is always orientable, he,, the bundle T(TM) is 
orientable. (Here is a more conceptual formulation: for v e TM, the orientation 
for ( TM) V can be defined as 


' a 

a 

a 

a 


3(X 3 0 X ) 


„ 1 9a' 3 

/ "** dx” 



the form of y * o (;e*) 3 shows that this orientation is independent of the choice 
of x.) A different proof that TM is orientable is given in Problem 29. 

28, (a) Let (x, C7) be a coordinate system on M with x(p) = 0 and let v e M p 
be a 1 djdx 1 1 . Consider the curve c in TM defined by 

d_ 

dx* 


c(l) = v + t 


\p 
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Show that 


dc 

7i 


(0) = 


d 

dx‘ 


V 


(b) Find a curve whose tangent vector at 0 is d/d(x‘ o 7 r)| 


29, This problem requires some familiarity with the notion of exact sequences 

f g 

(c.f. Chapter 11). A sequence of bundle maps E\ — > E 2 — ► E 3 with / = g = 
identity of B is exact if at each fibre it is exact as a sequence of vector space 
maps. 

(a) If £ = 7 T : E B is a C°° vector bundle, show that there is an exact 
sequence 

0 -> 7 r*($) TE -> tt*(TB) -» 0 . 


Hint : (1) An element of the total space of jt*(£) is a pair of points in the same 
fibre, which determines a tangent vector of the fibre. ( 2 ) Map X e (TE) e to 
(e,x*X). 

(b) If 0 — > E] — > E2 —■ ► Es —■ ► 0 is exact, then each bundle Ei is orientable if 
the other two are. 

(c) T(TM) is always orientable, 

(d) If jt : E M is not orientable, then the manifold E is not orientable. (This 
is why the proof that the Mdbius strip is a non-orientable manifold is so similar 
to the proof that the Mobius bundle over S ] is not orientable,) 


The next two Problems contain more information about the groups intro- 
duced in Problem 2-33. In addition to being used in Problem 32, this informa- 
tion will all be important in Chapter 10, 

30. (a) Let po e S’"" 1 be the point ( 0 , . , ., 0 , 1 ). For n >2 define / : SO («) -> 
S ’”" 1 by f(A) = A(po). Show that / is continuous and open. Show that 
f~ ] (po) is homeomorphic to SO(n - 1 ), and then show that f~ ] (p) is home- 
omorphic to SO(n - 1 ) for all p e S”' 1 . 

(b) SO(l) is a point, so it is connected. Using part (a), and induction on n, 
prove that SO(«) is connected for all n > 1 . 

(c) Show that O(/0 has exactly two components. 

31, (a) If T : M” — > E” is a linear transformation, T*\ M” — > M”, the adjoint 
of T, is defined by {T*v, w ) = (w, Tw) (for each v, the map w i-» (v,T w) is 
linear, so it is w (T*v^ w) for a unique T*v). If A is the matrix of T with 
respect to the usual basis, show that the matrix of T * is the transpose A t . 
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(b) A linear transformation T : M" — > is self-adjoint if T = T*, so that 
( T v, w ) = (u, T vj) for all u, w e M". If A is the matrix of T with respect to the 
standard basis, then T is self-adjoint if and only if A is symmetric, A t = A. It 
is a standard theorem that a symmetric ><4 can be written as CDC~ l for some 
diagonal matrix D (for an analytic proof, see Calculus on Manifolds , pg. 122). 
Show that C can be chosen orthogonal, by showing that eigenvectors for distinct 
eigenvalues are orthogonal, 

(c) A self-adjoint T (or the corresponding symmetric A) is called positive semi- 
definite if (T v, u) >0 for all v e M", and positive definite if (Tv, u) > 0 for all 
u/ 0. Show that a positive definite A is non-singular. Hint: Use the Schwarz 
inequality. 

(d) Show that A t - A is always positive semi-definite. 

(e) Show that a positive semi-definite A can be written as A = B 2 for some B. 
(Remember that A is symmetric.) 

(f) Show that every A e GL(«,R) can be written uniquely as A — A\ 'Ai where 
A\ e 0(7?) and A 2 is positive definite. Hint: Consider A x ■ A } and use part (e). 

(g) The matrices A 1 and A 2 are continuous functions of A. Hint : If A^ — » A 
and A^ = A^ n \ • A ^ 2j then some subsequence of {^4^]} converges. 

(h) GL(/7,M) is homeomorphic to 0(7?) x ]K n («+ 1 )/ 2 and has exactly two com- 
ponents, {A : det A > 0} and {A : det A < 0}. (Notice that this also gives us 
another way of finding the dimension of 0(77).) 

32, Two continuous functions /o,/i : X Y are called homotopic if there is 
a continuous function H : X x [0, 1] -» Y such that 

fi(x) = H(x i i) 7=0,1. 

The functions H t : X — » Y defined by H t (x ) = H(x,t) may be thought of as a 
path of functions from Hq = /q to H\ = f\. The map H is called a homotopy 
between /o and f\. 

The notation f : (X, A) —> ( Y , B ), for A c X and B C Y, means that 
f:X—>Y and f{A) C B. We call f\ '■ (A", A) — > (7, B) homotopic (as maps 
from (X, A) to ( Y , 5)) if there is an H as above such that each H t : (X, A) — > 
(Y t B). 

(a) If >r4 : [0, l] — > GL(7 j, IR) is continuous and H : IR" x [0, 1] — > M" is defined by 
H(xj) = .4(7)(x), show that H is continuous, so that Hq and H\ are homotopic 
as maps from (M W ,M" — {0}) to (M",M n — {0}). Conclude that a non-singular 
linear transformation T : (M”,M” — {0}) — » (R",M" — {0}) with det T > 0 is 
homotopic to the identity map. 

(b) Suppose f : M" — > M” is C°° and /( 0) = 0, while /(K" — {0}) c M" — {0}. 

If Df(0 ) is non-singular, show that / : (M",M" — {0}) (M",E" — {0}) is 
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homotopic to Df{ 0): — {0}) -» — {0}). Hint: Define H(xj) = 

f(tx) for 0 < / < 1 and H(x, 0) = Df(0)(x). To prove continuity at points 
(x,0), use Lemma 2. 

(c) Let U be a neighborhood of 0 6 M" and / : U M" a homeomorphism 
with / (0) = 0. Let B r C V be the open ball with center 0 and radius r , and let 
h : R” — > B r be the homeomorphism 



2r 

— arctan 
t r 





then 

f oh: — {0}) -» (R",R" - {0}). 

We will say that / is orientation preserving at 0 if / o h is homotopic to the 
identity map 1 : (R",R fl — {0}) -» (R",R" — {0}). Check that this does not 
depend on the choice of B r c V. 

(d) For p e R", let T p : R" -> IT be T p (q) = p + q. If f:U V is a 
homeomorphism, where £/, V C R" are open, we will say that / is orientation 
preserving at p if 7L /( P ) o / o T p is orientation preserving at 0. Show that if M 
is orientable, then there is a collection C of charts whose domains cover M such 
that for every (;e, U) and (y, V) in C, the map yox~ l is orientation preserving 
at x(p) for all p e U Pi V. 

(e) Notice that the condition on y o x~ l in part (d) makes sense even if y ox~ ] 
is not differentiable. Thus, if M is any (not necessarily differentiable) manifold, 
we can define M to be orientable if there is a collection G of homeomorphisms 
x : U — > M" whose domains cover M, such that C satisfies the condition in 
part (d). To prove that this definition agrees with the old one we need a fact 
from algebraic topology: If f : JR" — » M" is a homeomorphism with /(0) = 0 
and T: W -> is T(x l , . . . ,x n ) = (x 3 , . . . ,x”~ 3 , — x"), then precisely one 
of / and T o f is orientation preserving at 0. Assuming this result, show that 
if M has such a collection C of homeomorphisms, then for any C°° structure 
on M the tangent bundle TM is orientable. 

33, Let M n C be a C°° n-dimensional submanifold. By a chord of M we 
mean a point of of the form p ~ q for p,q e M. 

(a) Prove that if N > 2n + l, then there is a vector v <E S N ~ ] such that 

(i) no chord of M is parallel to v y 

(ii) no tangent plane M p contains v. 


Hint ; Consider certain maps from appropriate open subsets of M x M and 
TM to S N ~K 
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(b) Let M^ 1 C be the subspace perpendicular to V, and n : — » M^ 1 

the corresponding projection. Show that it\M is a one-one immersion. In 
particular, if M is compact, then n\M is an imbedding. 

(c) Every compact C°° //-dimensional manifold can be imbedded in R 2n+] . 

Note: This is the easy case of Whitney’s classical theorem, which gives the 
same result even for non-compact manifolds (H, Whitney, Differentiable manifolds, 
Ann. of Math. 37 (1935), 645-680). Proofs may be found in Auslander and 
MacKenzie, Introduction to Differentiable Manifolds and Sternberg, Lectures on Dif- 
ferential Geometry. In Munkres, Elementary Differential Topology, there is a different 
sort of argument to prove that a not-necessariiy-compact //-manifold M can be 
imbedded in some (in fact, with N = + l) 2 ). Then we may show that M 

imbeds in M 2 ” +1 using essentially the argument above, together with the exis- 
tence of a proper map / : M -» M, given by Problem ‘2-30 (compare Guillemin 
iind Pollack, Differential Topology). A much harder result of Whitney shows that 
M n can actually be imbedded in M 2 ” (H. Whitney, The self intersections of a smooth 
n-vianifold in 2n-space , Ann. of Math. 45 (1944), 220-246). 
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A il the constructions on vector bundles carried out in this chapter have a 
common feature. In each case, we replace each fibre by some 

other vector space, and then fit ail these new vector spaces together to form a 
new vector bundle over the same base space. 

The simplest case arises when we replace each fibre V by its dual space V*. 
Recall that V* denotes the vector space of all linear functions X: V — > R. If 
f:V—> W is a linear transformation, then there is a linear transformation 
f * : W* -» V* defined by 


(/* A)(t>) = Hfv). 


It is clear that if 1 y : V — » V is the identity, then 1 y* is the identity map of V* 
and if g: U —> V , then (/ o g)* = g* o /*. These simple remarks already 
show that /* is an isomorphism if / : V —> W is, for f/" 1 o /)* = 1^* and 

(/°/ _1 r = in'*. 

The dimension of V* is the same as that of V , for finite dimensional V. In 
fact, if u T , . . .,u„ is a basis for V, then the elements v*t e V*, defined by 


V* i (Vj)=:8 , ) , 


are easily checked to be a basis for V*. The linear function v*j depends on the 
entire set t>i,. . .,u„, not just on u,- alone, and the isomorphism from V to V* 
obtained by sending v ,• to v*i is not independent of the choice of basis (consider 
what happens if v\ is replaced by 2v\). 

On the other hand, if v e V, we can define v** e V** = (T*)* unambigu- 
ously by 


u**(A) = A(u) for every X e V*. 

If = 0 for every X e V* y then A(u) — 0 for all X e V *, which implies that 
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v = 0. Thus the map v i-» u** is an isomorphism from V to V **. It is called 
the natural isomorphism from V to V**. 

(Problem 6 gives a precise meaning to the word “natural”, formulated only 
after the term had long been in use. Once the meaning is made precise, we can 
prove that there is no natural isomorphism from V to V*.) 

Now let £ = n : E — > B be any vector bundle. Let 

e '= u^-'wr. 

peB 


and define the function n f : E* — ¥ B to take each [n '(/>)]* to p. If U c B, 
and / : n~ ] {U) -» U x M” is a trivialization, then we can define a function 

t': 7T f ~ ] {U) U x (R")* 


in the obvious way: since the map / restricted to a fibre, 


tp\n l {p) {/?} x R", 


is an isomorphism, it gives us an isomorphism 

(/,*)■' : ^ {p} x wr. 

We can make jz , :E , —> B into a vector bundle, the dual bundle £* of £, by 
requiring that all such i‘ be local trivializations. (We first pick an isomorphism 
from (R”)* to R”, once and for all.) 

At first it might appear that £* — £, since each n~ x {p) is isomorphic to 
7r ,_1 (p). However, this is true merely because the two vector spaces have the 
same dimension. The lack of a natural isomorphism from V to V* prevents 
us from constructing an equivalence between £* and Actually, we will see 
later that in “most” cases £* is equivalent to £; for the present, readers may 
ponder this question for themselves. In contrast, the bundle £** = (£*)* is 
always equivalent to £. We construct the equivalence by mapping the fibre V 
of £ over p to the fibre V** of £** over p by the natural isomorphism. If you 
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think about how £* is constructed, it will appear obvious that this map is indeed 
an equivalence. 

Even if £ can be pictured geometrically (e.g., if £ is TM), there is seldom a 
geometric picture for £*. Rather, £* operates on £: If s is a section of £ and a 
is a section of £*, then we can define a function from B to R by 




e * '(/>) 

o{p) G jt /_1 (/>) = n~\p)*' 


This function will be denoted simply by £7(5). 

When this construction is applied to the tangent bundle TM of M, the re- 
sulting bundle, denoted by T*M , is called the cotangent bundle of M\ the fibre 
of T*M over p is (M p )*. Like TM, the cotangent bundle T*M is actually a 
C°° vector bundle: since two trivializations x* and y* of TM are C°°-related, 
the same is clearly true for xf and yf (in fact, yf o (x*') _1 = y* 0 (x*) -1 )- 
We can thus define C°°, as well as continuous, sections of T*M. If cu is a C°° 
section of T*M and X is a C°° vector field, then co(X) is the C°° function 
p h> co(p)(X(p)). 

If /: M — > M is a C°° function, then a C°° section df of T*M can be 
defined by 

df{p){X) = X{f) for X g M p . 

The section df is called the differential of f. Suppose, in particular, that X is 
dc/dt\ !l} , where c{tf) = p. Recall that 


dc 

Tt 



This means that 



= (/ ° c)'('o) or 


d{f{c{t))) 



no 
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Adopting the elliptical notations 


dc - dc 

~T for ~T 

dt dt 


dg(t) 

dt 


for g'(0, 


this equation takes the nice form 


, r (dc\ d(f(cm 

df \Tt) = ~di— 


If (a% U) is a coordinate system, then the dx ‘ are sections of T*M over U. 
Applying the definition, we see that 


d**{p) 




Thus dx l {p), . . . 3 dx n (p) is just the basis of M p * dual to the basis d/dx l \ p , . . . , 
d/dx n \ p of M p . 

This means that every section co can be expressed uniquely on U as 


n 

a>(p) = Y2^i{p) dx'{p), 

(=1 

for certain functions coj on U. The section co is continuous or C°° if and only if 
the functions co ,* are. 

We can also write 

n 

co = (Of dx 1 , 

/=] 

if wc define sums of sections and products of functions and sections in the 
obvious way (“pointwise” addition and multiplication). 

The section df must have some such expression. In fact, we obtain a classical 
formula: 
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1. THEOREM, 
on U we have 


If (x, U) is a coordinate system and / is a C°° function, then 


v-T. 




PROOF. If X p e M p is 



then 

fl f = W) = dx'ipKXp). 


Thus 


df(p)(X p ) = X„(f) = E a ‘jJ (P) 

i = \ 

= Ejp(P)d* i (P)W- * 

1=1 

Classical differential geometers (and classical analysts) did not hesitate to talk 
about “infinitely small” changes dx' of the coordinates x', just as Leibnitz had. 
No one wanted to admit that this was nonsense, because true results were ob- 
tained when these infinitely small quantities were divided into each other (pro- 
vided one did it in the right way). 

Eventually it was realized that the closest one can come to describing an 
infinitely small change is to describe a direction in which this change is supposed 
to occur, i.e., a tangent vector. Since df is supposed to be the infinitesimal 
change of f under an infinitesimal change of the point, df must be a function 
of this change, which means that df should be a function on tangent vectors. 
The dx 1 themselves then metamorphosed into functions, and it became clear 
that they must be distinguished from the tangent vectors d/dx* . 

Once this realization came, it was only a matter of making new definitions, 
which preserved the old notation, and waiting for everybody to catch up. In 
short, all classical notions involving infinitely small quantities became functions 
on tangent vectors, like df , except for quotients of infinitely small quantities, 
which became tangent vectors, like dc/dt . 

Looking back at the classical works from our modern vantage point, one can 
usually see that, no matter how obscurely expressed, this point of view was in 
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some sense the one always taken by classical geometers. In fact, the differential 
df was usually introduced in the following way: 

CLASSICAL FORMULATION MODERN FORMULATION 


Let / be a function of the x\. . ,,x n , 
say / = f(x\ . . .,4 

Let / be a function on M, and jc a 
coordinate system (so that / = fox 
for some function f on M", namely 
/ = fox^). 

Let x' be functions of t, say x' = 
x'{t). Then f becomes a function 
of t, /(/) = /(x'fO,..., *"(*))■ 

Let c : K — > M be a curve. Then 
/ o c : R — » K, where 

/ 0 C{t) = f(x' O c(0, ° C(t)). 

We now have 

We now have 

df _y,df dx ' 
di ^ dx 1 ' dt 

i=\ 

(focYit) 

n 

= z Dtfwcom ■ o C )'(o 

(The classical notation, which 
suppresses the curve c, is still used 
by physicists, as we shall point out 
once again in Chapter 7.) 

/=] 

/=i 0 

or 


dt =Z Sx M<»- dt 
(-1 

Multiplying by dt gives 

Consequently, 

df = ffdx‘. 

•Wl 

II 

(This equation signifies that true 
results are obtained by dividing by 
dt again, no matter what the functions 
x‘ (t) are. It is the closest approach 
in classical analysis to the realiza- 
tion of df as a function on tangent 
vectors.) 

Since every tangent vector at c{t ) is 
of the form dc/dt , we have 

df = Zfdx‘. 

J ^ dx 1 

i=i 
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In preparation for our reading of Gauss and Riemann, we will continually 
examine the classical way of expressing all concepts which we introduce. After 
a while, the “translation” of classical terminology becomes only a little more 
difficult than the translation of the German in which it was written. 

Recall that if / : M — > N is C°°, then there is a map /* : TM — > TN\ 
for each p e M, we have a map f * p : M p — > Nf( p ). Since f* p is a linear 
transformation between two vector spaces, it gives rise to a map 

- M*. 

Strict notational propriety would dictate that this map be denoted by if*p)*, 
but everyone denotes it simply by 

/;• 

Notice that we cannot put all f* together to obtain a bundle map from T*N 
to T*M\ in fact, the same q G N may be f{pt) for more than one pi G M, 
and there is no reason why f* P) should equal f* Pl . On the other hand, we can 
do something with the cotangent bundle that we could not do with the tangent 
bundle. Suppose co is a section of T*N. Then we can define a section rj of T*M 
as follows: 

nip) = "(/(/>)) ° f* P , 

i.e., 

niPXXp) = 0>(f(P))(f* P X P ) for Xp G M p . 

(The complex symbolism tends to hide the simple idea: to operate on a vector, 
we push it over to N by /*, and then operate on it by co.) This section rj is 
denoted, naturally enough, by f*co. There is no corresponding way of trans- 
ferring a vector field X on M over to a vector field on N. 

Despite these differences, we can say, roughly, that a map pro- 

duces a map /* going in the same direction on the tangent bundle and a map 
f* going in the opposite direction on the cotangent bundle. Nowadays such 
situations are always distinguished by calling the things which go in the same 
direction “covariant” and the things which go in the opposite direction “con- 
tra variant”. Classical terminology used these same words, and it just happens 
to have reversed this: a vector field is called a contravariant vector field, while 
a section of T*M is called a co variant vector field. And no one has had the 
gall or authority to reverse terminology so sanctified by years of usage. So 
it’s very easy to remember which kind of vector field is covariant, and which 
contravariant — it J s just the opposite of what it logically ought to be. 
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The rationale behind the classical terminology can be seen by considering 
coordinate systems x on M" which are linear transformations. In this case, if 
x(u,*) = then 

x{a'v] + h a”v„) = (a 1 ,..., a"), 

so the x coordinate system is just an “oblique Cartesian coordinate system”. 



If x* is another such coordinate system, then x ,J = a U x ' f° r certain a,y. 
Clearly a;j = Bx^ /Bx 1 , so 


(*) 


x 


U _ 


E 





i his can be seen directly from the fact that the matrix (dx f i /Bx 1 ) is the constant 
matrix D{x' o _v“ 1 ) = x' o a” 1 . Comparing (*) with 


(**) 


dx’ J = T,^i dx‘, 

£-* dx‘ 


t~\ 


from Theorem 1, we see that the differentials dx? “change in the same way” as 
the coordinates x l , hence they are “covariant”. Consequently, any combination 

n 

co = ^ co; dx i 
(=i 

is also called “covariant”. Notice that if we also have 

co = £V, dx ,f , 
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then we can express the a/,- in terms of the a)/. Substituting 


dx 1 = dx’> 


j“ 1 


into the first expression for co and comparing coefficients with the second, we 
find that 


w 'j = J2 


m 




dx‘ 

dx^J 


On the other hand, given two expressions 


ft rt ft rj 


i = 1 


i=l 


for a vector field, the functions a tJ must satisfy 


tj / dx'j 

a J ~y a — — r 

h m 


These expressions can always be remembered by noting that indices which are 
summed over always appear once “above” and once “below”. (Coordinate func- 
tions x \ , x n used to be denoted by x\ , . . . , x„. This suggested subscripts co ,■ 

for covariaiu vector fields and superscripts a 1 for contravariant vector fields. Af- 
ter this was firmly established, the indices on the *’s were shifted upstairs again 
to make the summation convention work out.) 

Covariant and contravariant vector fields, i.e., sections of T*M and TM, 
respectively, are also called covariant and contravariant tensors (or tensor fields) 
of order 1 , which is a warning that worse things are to come. We begin with 
some worse algebra. 

If V\ y . . .,V m are vector spaces, a function 


T : V\ x ■ • • x V m -» M 


is multilinear if 

is linear for each choice of V \ , . . . , Ujt~i , v^+i , . . . , v m . The set of all such T 
is clearly a vector space. If Vj,. . V m = V, this vector space will be denoted 



116 


Chapter 4 


by 7 m (V). Notice that T l {V) = V*. If f:V —> W is a linear transfor- 
mation then there is a linear transformation f*\ T m {W) -» T m (V ), defined 
completely analogously to the case m = I: 

f*T( v u ...,v m ) = T{f(vi),...,f(v m )). 

For T g and S & T l {V) we can define the “tensor product” T <g>S G 

T k+l (V) by 

T ® 5(i)| , . . . , it* , Ujt+i , . . . , = T{v \ , . . . , v k ) ■ S (u* + i , . . . , u*+/). 


Of course, T <g> S is not S <g> T. On the other hand, (5 <g> T) <g> U = S <g> {T <S> I/), 
so we can define /7-fold tensor products unambiguously; this tensor product 
operation is itself multilinear, (5j -f Si) <8> T = Si <8> T + S 2 <8> T, etc. In 
particular, if V\ , . . . , v n is a basis for V and u*] , . . . , v* n is the dual basis for 
V* = T ] {V), then the elements 

<8> • ■ • <8> v* ik 1 < i'i , . . . , <n 

are easily seen to be a basis for T k {V) > which thus has dimension n k . 

We can use this new algebraic construction to obtain a new bundle from any 
vector bundle £ = jt : E — > B. We let 

E'= (J 7 V' (/>)), 

p€$ 


and let 

7 z r : E r —> B take T k (n~~ 1 (p)) to p. 


If U C B and 


t:iz~'(U) U x R" 
is a trivialization, then the isomorphisms 

t p : n ~ ] (p) {/?} x R" 


yield isomorphisms 


(r/r 1 : 7 VV)) -*• { P } X 7*(M"). 

If we choose an isomorphism !T*(R") — > once and for all, these maps can 

be put together to give a map 
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We make n' : E f —> B into a vector bundle T k (%) by requiring that all such t' 
be local trivializations. The bundle £* is the special case k = 1. 

For the case of TM, the bundle T k (TM) is called the bundle of covariant 
tensors of order k , and a section is called a covariant tensor field of order k. If 
{x,U) is a coordinate system, so that 

dx l dx n {p) 

is a basis for ( M p )*, then the A: -fold tensor products 

dx n {p) <g> ■ ■ ■ <g> dx ik ( p ) g T k (M p ) 1 < q « 

are a basis for T k {M p ). Thus, on U every covariant tensor field A of order k 
can be written 


A(p) = X) A h..Jk(P)d xtl iP)® m ’ m ®d xik iP)y 

hi — Jk 


or simply 

A = ^ A^_ i k dx il <g> ■ ■ ■ <g> dx ik , 

hi—dk 

where dx' 1 <S> ■ * ■ <8> dx' k now denotes a section of T k (TM). If we also have 

A = ^2 A>i i-'k dx ni ® * ■ ■ <S> dx /tk \ 


then 


A' 


a ( ...a A - 


^2 A 'i- i k 
hf. Jk 


dx i{ 


dx ,a > 


dx‘ k 


dx tak 


(the products are just ordinary products of functions). To derive this equation, 
we just use equation {**) on page 114, and multilinearity of <8>. The section A 
is continuous or C°° if and only if the functions At { _i k are. 

A covariant tensor field A of order k can just be thought of as an operation A 
on k vector fields X \ , . . . , X k which yields a function: 


A{X u ... t X k ){p) = A{p){X\ {p), ... 9 X k (p)). 


Notice that A is multilinear on the set V of C°° vector fields: 

A(X u ...,X i + X t i ,...X k ) = AiXu...,Xt t ...,X k ) + A{Xu.. 
A(X u ... y aX h ...X k ) = aA( X u ...,X k ). 


■ , X' i9 


.•X k ) 
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Moreover, because A is defined “pointwise”, it is actually linear over the C°° 
functions i.e., if / is C°°, then 


A(X ], . . . , fX\, ■ . ■ , X k ) — f A{X \, . . . , X,\ . . . , X k ), 


for we have 

A{X \,. . . , fX ,-, . . . , X k ){p) = A{p){Xi ( p ), . . . , f{p)X i {p\ . . . , X k (p)) 

= f(p)A (/>)(*, (/>), ...,X t (. p ), . . . , X k (p)) 
= f(p)-A(X l ,...,X i ,...,X k )(p). 

We are finally ready for another theorem, one that is used over and over. 


2. THEOREM. If 

A: Vx-xV^; 

% v ^ 

k times 

is linear over 3*, then there is a unique tensor field A with A = A. 

PROOF. Note first that if v g M p is any tangent vector, then there is a vector 
field X G V with X{p) = v. In fact, if (:v, U ) is a coordinate system and 


then we can define 


»=zy 

i~i 


3 


dx i 


p 



lo 


on U 
outside £/, 


where each a 1 now denotes a constant function and / is a C°° function with 
f{p) = ] and support f c U. 

Now if uj, . . . , v k g M p are extended to vector fields X\, . . . , X k g V we 
clearly must define 


A{p){v u ...,Vj t) = A{X u ...,X k )(p). 

The problem is to prove that this is well-defined: If Xt(p) = Yj(p ) for each /', 
we claim that 

MXi,...,X k )[p) = MYu.-.,Y k )(p). 
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(The map A “lives at points”, to use the in terminology.) For simplicity, take the 
case k = I (the general case is exactly analogous). The proof that t A(A')(p) = 
tA(T)(/?) when X(p) = Y{p ) is in two steps. 

(1) Suppose first that X = Y in a neighborhood U of p . Let / be a C°° 
function with f(p) = I and support f C U. Then fX — fY, so 

fA(X) = A(fX) = A(fY) = fA(Y); 


evaluating at p gives 

oMA'Kp) = oMr)(/>). 

(2) To prove the result, it obviously suffices to show that ^(A')(p) = 0 if 
X{p) = 0. Let ( x,U ) be a coordinate system around p, so that on U we 
can write 

« a 

X = V b l — where all b l {p) = 0. 

If g is 1 in a neighborhood V of p, and support get/, then 


Y = g 




d_ 

dx* 


is a well-defined C°° vector field on all of M which equals X on V , so that 

<*(*)(/>) = oMn(/>), by (1). 


Now 

MY)(p) = ( p) 

= 0, since b*{ p ) = 0. <♦ 


Because of Theorem 2, we will never distinguish between the tensor field A 
and the operation A, nor will we use the symbol A any longer. Note that 
Theorem 2 applies, in particular, to the case k = I, where T k (TM) = T*M , 
the cotangent bundle: a function from V — » 3+ which is linear over 3+ comes 
from a covariant vector field co. Just as with covariant vector fields, a C°° map 
gives a map f* taking covariant tensor fields A of order k on N 
to covariant tensor fields f* A of order k on M\ 


f*A(p)(X lp , . . . X kp ) = A(f{p))(f>Xi pt f*X kp ). 
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Moreover, if A and B are covariant tensor fields of orders k and /, respectively, 
then we can define a new covariant tensor field A <8> B of order k + /: 


(A <8> B){p) = A{p) <g> B{p) (operating on M p x • • • x M p k + l times). 


Although covariant tensor fields will be our main concern, if only for the 
sake of completeness we should define contravariant tensor fields. Recall that 
a contravariant vector field is a section X of TM. So each X p e M p . Now an 
element v of a vector space V can be thought of as a linear function v : V* — > M; 
we just define u(A) to be Mu). A contravariant tensor field of order k is just 
a section A of the bundle T k {T*M)\ thus, each A{p) is a A: -linear function 
on M p * . We could also use the notation TffTM ), if we use Tk{V) to denote all 
k -linear functions on V*. In local coordinates we can write 


Mp) = X) 


y(j"M Jk 


dxh 


<g> ■ ■ • <8> 


dxi* 


(remember that each d/dx^ \ p operates on M p *), or simply 


9 9 

A = 


A)"*! Jk 

If we have another such expression, 


dxB 


dxJ*< 


3 3 

A = ^ A'ii-Jk __ ^ . . . (g, 


J I i‘**i Jk 

then we easily compute that 


dx'J* 


dx'Jx 


A '0i-Pk = A Ji -jk dx '^ dX ^ k 


J I t***j Jk 


dxJ* dxJk 


A contravariant tensor field A of order k can be considered as an operator A 
taking k covariant vector fields co \ , ... , u>k into a function: 


A{(D\,...,(D k ){p) = A(p){u>\ (/>),..., Q) k (/>)). 

Naturally, there is an analogue of Theorem 2, proved exactly the same way, that 
allows us to dispense with the notation A, and to identify contravariant tensor 
fields of order k with operators on k covariant vector fields that are linear over 
the C°° functions 3*. 
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Finally, we are ready to introduce “mixed” tensor fields. To make the intro- 
duction less painful, we consider a special case first. If V is a vector space, let 
7f (V) denote all bilinear functions 

T: V x V* M. 

A vector bundle £ = j t: E B gives rise to a vector bundle 7^ (£), obtained by 
replacing each fibre jt -1 (p) by 7^ (tt - 1 (/>)). In particular, sections of 7^ (TM) 
are called tensor fields, covariant of order 1 and contravariant of order I . 

There are all sorts of algebraic tricks one can play with 7-^ (V); although they 
should be kept to a minimum, certain ones are quite important. Let End{V) 
denote the vector space of all linear transformations T : V — > V (“endomor- 

phisms” of V), Notice that each S e End(V) gives rise to a bilinear S e Tj 1 (K), 

S: V x V* R, 


by the formula 

(*) S{v,X) = X{S{v)). 

Moreover, the correspondence S i-» S from End(V) to 7 ] 1 (V) is linear and one- 
one, for S = 0 implies that L(S(u)) = 0 for all X, which implies that S(v ) = 0, 
for all v. Since both End(V) and 7^{V) have dimension n 2 , this map is an 
isomorphism. The inverse, however, is not so easy to describe. Given S, for 
each v the vector S(u) e V is merely determined by describing the action of a A. 
on it according to (*). It is not hard to check that this isomorphism of End{V) 
and 7^{V) makes the identity map I: V — > V in End(V) correspond to the 
“evaluation” map 

e: V x V* R in 7' ( V) 

given by 

e(u, X) = X(v). 

Generally speaking, our isomorphism can be used to transfer any operation 
from End(V) to 7^{V). In particular, given a bilinear 

T: V x V* R, 

we can take the trace of the corresponding S : V -» V; this number is called 
the contraction of T. If V\ , . . . , v„ is a basis of V and 

T = Y, T t 

ij 
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then we can find the matrix A = ( ) of S , defined by 

« 

S(Vi) = a ji v j> 

j - 1 


in terms of the 7 1 / ; in fact, 




Thus 

n 

contraction of T = ^ 7 1 / . 

i-\ 

(The term “contraction” comes from the fact that the number of indices is con- 
tracted from 2 to 0 by setting the upper and lower indices equal and summing.) 

These identifications and operations can be carried out, fibre by fibre, in any 
fibre bundle 7^{%). Thus, a section A of Tj 1 ^) can just as well be considered 
as a section of the bundle £W(£), obtained by replacing each fibre n~ x {p) by 
End{n~'{p)). In this case, each A{p) is an endomorphism of n ~ l (p). More- 
over, each section A gives rise to a function 

(contraction of A) : B — > M 


defined by 

p i-» contraction of A (p) 

= trace A (p) if we consider A (p) e End (n~ l (/?)). 


In particular, given a tensor field A , covariant of order I and contravariant 
of order I, which is a section of ?j ] (TM), we can consider each A(p) as an 
endomorphism of M p , and we obtain a function “contraction of A If in a 
coordinate system 


A = 


Y A\ dx l ® 
tj 


9 

9 * 7 ’ 


then 

n 

(contraction of A) = A\. 

i~\ 


The general notion of a mixed tensor field is a straightforward generalization. 
Define 7 k ( V) to be the set of all {k + /)-linear 


T: K <g> ■ • ■ <g> K x K* <g> ■ - ■ <g> K* M. 

v v . -• ^ 


k times 


i times 
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Every bundle £ gives rise to a bundle 7 k {%). Sections of T k (TM) are called 
tensor fields, covariant of order k and contravariant of order /, or simply of type 
(*), an abbreviation that also saves everybody embarrassment about the use of 

the words “covariant” and “contravariant”. Locally, a tensor field A of type (*) 
can be expressed as 


A = Ap'"?/ dx il (8) ■ ■ ■ (8> dx ik <g> — 

I( ,...,1* 

ju-Jt 


<S> * ■ ■ <8> 


d 

dxJi ’ 


and if 


a' = y A 'iizi i k dx>n ® ® dx>ik ® 


d d 

dx'Ji ™ dx'k’ 


then 

(*) 


Af 01-01 
a{...a k 


V A j '- Jl 9 ' 
Z-f h— 

j\ •■■■) Jl 


dx ik dx'h 
dx ,a * 3x>< 


* 


Classical diflferential geometry books are filled with monstrosities like this 
equation. In fact, the classical definition of a tensor field is: an assignment 
of n k+i functions to every coordinate system so that (*) holds between the n k+l 
functions assigned to any two coordinate systems x and x '. (!) Or even, “a set 
of n k+i functions which changes according to (*)”. Consequently, in classical 
differential geometry, all important tensors are actually defined by defining the 

functions Aj , in terms of the coordinate system x, and then checking that (*) 
holds. 

Here is an important example. In every classical differential geometry book, 
one will find the following assertion: “The Kronecker delta Sj is a tensor.” In 
other words, it is asserted that if one chooses the same n 2 functions Sj for each 
coordinate system, then (*) holds, i.e., 

s e = Ys'—- —■ 

“ ' 3x'“ 3 xi ’ 

hj 


this is certainly true, for 


dx' dx’P 
“ ' dx ta dxi 



t = i 


dx f dx’t 
dx ,a dx‘ 
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From our point of view, what this equation shows is that 


A = Jl S i dX< ® J^] 


hj 


is a certain tensor field, independent of the choice of the coordinate system x 
To identify the mysterious map 

A ( p ) ; M p x M p * -» M, 

we consider v £ M p and X £ M p * with the expressions 


a~] 


v = J 2 a<X J^ ’ * = 




then 


A(P)(V,X) = dX '(P) ® («>*) 


hj 


= E*/A 


dxi 




p V==i 


hj 

= ±a% 

i~\ 

= X(v). 


Thus A(p) is just the evaluation map M p x M p * — » M; considered as an endo- 
morphism of M p , it is just the identity map. 

The contraction of a tensor is defined, classically, in a similar manner Given 
a tensor, i.e., a collection of functions Aj , one for each coordinate system, sat- 
isfying 

j dx 1 dx'P 
dx^ dxJ ’ 

hj 
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we note that 


E A '« 

a~\ 



j dx l a* /g \ 

' dx ,ct dxi J 


E A !E 


ij 


a— 1 


dx* dx ta 
dx' a dxi 




so that this sum is a well-defined function. This calculation tends to obscure 
the one part which is really necessary— verification of the fact that the trace of 
a linear transformation, defined as the sum of the diagonal entries of its matrix, 
is independent of the basis with respect to which the matrix is written. 

Incidentally, a tensor of type (*) can be contracted with respect to any pair 
of upper and lower indices. For example, the functions 

n 

dPy _ aocPy 

, tLVa 
0f = ] 


"transform correctly” if the A a J^ do. If we consider each A{p) e T${M P ), then 
we are taking B(p) e 7 ^{M p ) to be 

B{p){v\,v 2,k\,k2) = contraction of: (u, X) i-> A(p)(v, V] , U2, Xi, X2, X). 


While a contravariant vector field is classically a set of n functions which 
"transforms in a certain way”, a vector at a single point p is classically just an 
assignment of n numbers a\. . . ,a n to each coordinate system x, such that the 
numbers a'\ . . . , a ,n assigned to x' satisfy 


"" = E 


a 


i dx'i 

"ay 


(/>)• 


This is precisely the definition we adopted when we defined tangent vectors as 
equivalence classes [x, a] p . The revolution in the modern approach is that the 
set of all vectors is made into a bundle, so that vector fields can be defined as 
sections, rather than as equivalence classes of sets of functions, and that all other 
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types of tensors are constructed from this bundle. The tangent bundle itself was 
almost a victim of the excesses of revolutionary zeal. For a long time, the party 
line held that TM must be defined either as derivations, or as equivalence classes 
of curves; the return to the old definition was influenced by the “functorial” 
point of view of Theorems 3-1 and 3-4. 

The modern revolt against the classical point of view has been so complete 
in certain quarters that some mathematicians will give a three page proof that 
avoids coordinates in preference to a three line proof that uses them. We won’t 
go quite that far, but we will give an “invariant” definition (one that does not 
use a coordinate system) of any tensors that are defined. Unlike the “Kronecker 
delta 15 and contractions, such invariant definitions are usually not so easy to 
come by. As we shall see, invariant definitions of all the important tensors in 
differential geometry are made by means of Theorem 2. We seldom define A (p) 
directly; instead we define a function A on vector fields, which miraculously 
turns out to be linear over the C°° functions 3*, and hence must come from 
some A. At the appropriate time we will discuss whether or not this is all a big 
cheat. 
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PROBLEMS 


1. Let f : M R -> N m ) and suppose that (x, U) and {y,V) are coordinate 
systems around p and /(/>), respectively. 

(a) If g : N -» M, then 


d (g° f) 
dx' 


m 




w = E ay </</>» 


Hy J ° f) 

dx' 


(/>)• 


(Proposition 2-3 is the special case f = identity.) 

(b) Show that 


/* 



m 


E 


Hy J ° /) 

a** 


ip) ■ 


a 



zoo’ 


and, more generally, express 0*9/9.*' | ) in terms of the d/dy J \ p . 

(c) Show that 

(/vy'Kp) = Y j d -^/l(p).d X ‘(p). 

(=1 

(d) Express 

Vl, ^ 

in terms of the dx' . 

2. If f,g:M—>N are C°°, show that 


rf(/s) = f dg + gdf. 


3. Let / : M -> R be C°°. For u g M Pi show that 

/*(u) = d/(v) fip) g R/cpj. 

4. (a) Show that if the ordered bases v\, ... ,v n and W \ , . . . , w n for V are equally 

oriented, then the same is true of the bases v* n and w *\ , . . . , w*„ for V*. 

(b) Show that a bundle £ is orientable if and only if is orientable. 
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5. The following statements and problems are all taken from Eisenhart’s clas- 
sical work Rwmannian Geometry. In each case, check them, using the classical 
methods, and then translate the problem and solution into modern terms. An 
“invariant” is just a (well-defined) function. Remember that the summation 
convention is always used, so k’ fii means k l fit. Hints and answers are 
given at the end, after (xiii). 

(i) If the quantity k' /n is an invariant and either k‘ or fij are the components 
of an arbitrary [covariant or contravariant] vector field, the other sets are com- 
ponents of a vector field. 

(ii) If Aaj* are the components of n vector fields [in an n -manifold] , where i 
for i = 1 indicates the component and a for a = 1 the vector, and 
these vectors are independent, that is, detf^j 1 ) ^ 0, then any vector-field k' is 
expressible in the form 

V = 

where the fl’s are invariants. 

(iii) If fXj are the components of a given vector-field, any vector-field A/ satisfy- 
ing k' fij = 0 is expressible linearly in terms of h — 1 independent vector fields 
X ff j' for a = 1, — 1 which satisfy the equation. 

(iv) If a ,} = a for the components of a tensor field in one coordinate system, 
then a ,,J = a'* 1 for the coordinates in any other coordinate system. 

(v) If a'-* and b'i are components of a tensor field, so are a 1 * + b l C If a'i and 
bki are components of a tensor field, so are a^b^. 

(vi) If a,jk'k J is an invariant for k l an arbitrary vector, then a,j + ajt are the 
components of a tensor; in particular, if ajjk'k * = 0, then + ap = 0. 

(vii) If dijk'ki = 0 for all vectors k‘ such that k 1 fij = 0, where /X; is a given 
covariant vector, if v 1 is defined [c,f. (iii)] by aijk a \ l vi = 0, a = I, . . . , n — I and 
fiiV 1 ^ 0, and by definition 

ClijV 1 =Cfj v'flt=X, 

then ( aij — = o is satisfied by every vector field £', and consequently 

I 

dij + dji = -( fliOj + fMjOi). 

(viii) If a rs are the components of a tensor and b and c are invariants, show 
that if ba rs + ca sr = 0, then either b = —c and a rs is symmetric, or b = c and 
a rs is skew- symmetric. 

(ix) By definition the rank of a tensor of the second order a t j is the rank of 
the matrix {atj). Show that the rank is invariant under all transformations of 
coordinates. 
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(x) Show that the rank of the tensor of components a t bj> where cr, and bj 
are the components of two vectors, is one; show that for the symmetric tensor 
cijbj + cijbi the rank is two. 

(xi) Show that the tensor equation a*jXi = aXj > where cl is an invariant, can 
be written in the form ( a'j — aS i j)Xi = 0. Show also that a‘j = S‘jCc, if the 
equation is to hold for an arbitrary vector A/. 

(xii) If a‘jXi = aXj holds for all vectors X,- such that fi'Xj = 0, where pc' is a 
given vector, then 

a‘j = ccS'j + Ojfi 1 . 


(xiii) If 


' 0 if j a = jp for some a ^ or i a = ip for some a/ji 

c* 1 " if { J\ i i Jp} 7^ {b ) ■ ■ ■ i */?} 

I if j\ , ■ ■ ■ , j P is an even permutation of q , . . . , i p 

t — 1 if j p is an odd permutation of / 1 , . . . , i p 


then ^ are the components of a tensor in all coordinate systems. 


HINTS AND ANSWERS. 

(i) co is determined if co(X) is known for all X, and vice versa. 

(iii) Given co [with co(p) ^ 0 for all p], there are everywhere linearly indepen- 
dent vector fields X \, ... , X n -\ which span kercn at each point. (This is true 
only locally. For example, on S 2 x R there is an co such that ker co{p,t) consists 
of vectors tangent to S 2 x {*}■) 

(vi) For T: V x V — > M, let iu) = T{w, v). Then T + T' is determined by 
S(v) = T(v,v). For, T(v + w,v + w) = T(v,v) + T{v,w) + T(w,v) + T( w, w). 
Similarly, T(v,v) = 0 for all v implies that T + T' = 0. 

(vii) Given co [with co{p) ^ 0 for all p], choose T complementary to kercu at 
all points. If o{Z ) = T{Y, Z), then T(Z,Z) = co{Z)o{Z){co{Y) for all vector 
fields Z. 

(ix) T : V x V -» M corresponds to T\ V -> V* [where T(v)(w) = T(v, tu)]. 
The rank of T may be defined as the rank of T (consider the matrix of T with 
respect to bases Uj , . . . , v n and u*i , . . . , u*„). 

(xii) Let V = M p *. If T ; V -*■ V and fi e V* and T{v) = av for all v € ker /i, 
there is a y complementary to ker fi such that 

T(v) = av + p(v)y for all v. 

(Begin by choosing yo complementary to ker p, and writing v uniquely as uo+cyo 
for no G ker fi.) 
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(xiii) Define 


8: Vx--xVxV*x -xV* 


p tunes 


p times 


■■■»*/>) = det (ki(vj)). 

6. (a) Let iy: V -*■ V** be the “natural isomorphism” *V(t))(A) = A(u). Show 
that for any linear transformation f \ V W ) the following diagram com- 


mutes: 


, w** 

Hi) Show that there do not exist isomorphisms iy : V -» V* such that the fol- 
lowing diagram always commutes. 

t/ *V . i/* 


W — — — ». W* 

Hint : There does not even exist an isomorphism i : M — > M* which makes the 
diagram commute for all linear f : M — =► M. 

7. A covariant functor from (finite dimensional) vector spaces to vector spaces is a 
function F which assigns to every vector space V a vector space F{V) and to ev- 
ery linear transformation /: V — > W a linear transformation F{f): F{V) — > 
F{W ), such that F{\y) = lf(y) and F(g o f) = F(g) o F(v). 

(a) The “identity functor”, F{V) = V, F(f) = f is a functor. 

(b) The “double dual functor”, F(V) = V**, F(f) = /** is a functor. 

(c) The functor”, F(V) = T k (V) = 7 k (V*), 

F(f)(T)(X 1 , . . - , X k ) = T{ki o k k o /) 

is a functor. 

(d) If F is any functor and / : V — > IT is an isomorphism, then F(f) is an 
isomorphism, 

A contravariant functor is defined similarly, except that F{f) : F{W) F(V) and 
F(g o f) = F{f) o F(g). Functors of more than one argument, covariant in 
some and contravariant in others, may also be defined. 

(e) The “dual functor”, F(V) = V*, F{f) = /* is a contravariant functor. 

(f) The “!T* functor”, F(V) = T k (V), F{f) = /* is a contravariant functor. 
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8. (a) Let Hom(K, W) denote all linear transformations from V to W. Choos- 
ing a basis for V and W, we can identify Hom(K, W) with the m x n matrices, 
and consequently give it the metric of M" m . Show that a different choice of 
bases leads to a home om orphic metric on Hom(K, W). 

(b) A functor F gives a map from Hom(K, W) to HomfFfK), F{W)). Call F 
continuous if this map is always continuous [using the metric in part (a)] . Show 
that if $ = 7T : E — > B is any vector bundle, and F is continuous, then there is 
a bundle F{%) = n F' — » B for which jt /— 1 (/?) = F{n ~ l (/>)), and such that 
to every tnvialization 

t : n~ l {U) U x M" 


corresponds a trivialization 

t'\ 7i'~\U) U x F(R"). 

(c) The functor Ti{V) = 7*{V*) = V** is continuous. (The bundle T\ ( TM ) is 
just a case of the construction in (b).) 

(d) Define a continuous contravariant functor F, and show how to construct a 
bundle F{%). 

(e) The functor F{V) = V* is continuous. (The bundle T*M is a special case 
of the construction in (d).) 

Generally, the same construction can be used when F is a functor of several 
arguments. The bundles T^iM) are all special cases. See the next two problems 
for other examples, as well as an example of a functor which is not continuous. 

9. (a) Let F be a functor from V", the class of n-dimensional vector spaces, 
to V*. Given A e GL(«,M) we can consider it as a map A : M” -» M". Then 
FM) : F(M W ) — > F(M")- Choose, once and for all, an isomorphism F(M rt ) — > 
M*. Then F(A) can be considered as a map h(A); M* — > R*. Show that 
h : GL(«, M) GL(/t, M) is a homomorphism. 

(b) How does the homomorphism h depend on the initial choice of the isomor- 
phism F(M") -» M*? 

(c) Let v = (ui , . . . , v„) and w = (id], . . . , w n ) be ordered bases of V and let 
e = {e \ , . . . , e n ) be the standard basis of M”. If e — > v denotes the isomorphism 
taking e,- to ty, show that the following diagram commutes 

R fl v ) V 
A 

R n 
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where A = (a,y) is defined by 


n 

/«i 


After identifying / r (M”) with M*, this means that 

t* 

T ^ 

AM) 



F(e -*■ w) 


also commutes. This suggests a way of proving the following. 


THEOREM. If h\ GL(n, M) — » GL(&,M) is any homomorphism, 
there is a functor F^ : V” — > V* such that the homomorphism defined 
in part (a) is equal to h. 

(d) For q,q' e M*, define 

(v,?) ~ (w ,?') 

if q = h{A)q' where Wi = Ylj= i a ji v j ■ Show that ~ is an equivalence relation, 
and that every equivalence class contains exactly one element (v, q) for a given v. 
We will denote the equivalence class of (v,q) by [v 3 q]. 

(e) Show that the operations 

[V,?|] + [V,? 2 ] = [V,?1 +q 2 ] 

a-[v,q]=:[v,aq] 

are well-defined operations making the set of all equivalence classes into a 
A: -dimensional vector space F^iV). 

(f) If V, W G V" and / : V choose ordered bases v,w, define A by 

/(«/) = Tj=] a jiW}> and define 

Fhif)[v,q] = [w ,h(A)(q)]. 

Show that this is a well-defined linear transformation, that Ffj is a functor, and 
that F/ t (A ) = h{A) when we identify F^{ M”) with M* by [e,^] i-» q. 

(g) Let a : M — > R be a non-continuous homomorphism (compare page 380), 
and let h : GL(n, R) — » GL(I, M) = M be h{A) = a(det A). Then Fh : V" — » V 1 
is a non-continuous functor. 
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10. In classical tensor analysis there are, in addition to mixed tensor fields, other 
“quantities” which are defined as sets of functions which transform according 
to yet other rules. These new rules are of the form 


, „ , , . f dx a \ 

A = A operated on by h I ^ I . 


For example, assignments of a single function a to each coordinate system x 
such that the function a ' assigned to x ' satisfies 


, j f dx *\ 
a = det r • a 

\ dx' J ) 


are called (even) scalar densities; assignments for which 



are called odd scalar densities. The Theorem in Problem 9 allows us to con- 
struct a bundle whose sections correspond to these classical entities (later we 
will have a more illuminating way): 

(a) Let h\ GL(n,M) -» GL(1,M) take A into multiplication by det/i. Let 
be the functor given by the Theorem, and consider the I -dimensional bundle 
Fh{TM) obtained by replacing each fibre M p with Fi,(M p ). If (x,U) is a 
coordinate system, then 


1/ " ' ’ ^1 J ’ ’r W) 

is non-Eero, so every section on U can be expressed as a • a x for a unique 
function a. If x f is another coordinate system and a ■ a x = a f ■ a x r, show that 



(b) If, instead, h takes A into multiplication by |det/l|, show that the corre- 
sponding equation is 



(c) For this /;, show that a non-zero element of Fj t ( V) determines an orientation 
for V. Conclude that the bundle of odd scalar densities is not trivial if M is not 
orientable. 
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(d) We can identify 7^(K fl ) with by taking 

e* ix <8>'"<8>e* ik <g x?,-, <g>- • i-> (h, .. .,/*,>!, . . . , //) th basis vector of 

Recall that if / : V -> F, we define r,* (/) : T* ( F) 7J* ( F) by 

7t k (f)(T)(v U . ..,V k ,Xi,...,kl) = ^(/(tJ]),...,/^*),^ of,..., I; of). 

Given A e GL(h,M), we can consider it as a map A : R” — > K”. Then 
TfiA): M w ) — > 7)*(M") determines an element ?)*(/!) of GL(/;* +/ ,M). 

Let h\ GL(«,M) — > GL(n* +/ ,M) be defined by 

h{A) = (det A) w 7 t k {A) w an integer. 

The bundle F{TM) is called the bundle of (even) relative tensors of type (*) 
and weight w. For k = / = 0 we obtain the bundle of (even) relative scalars of 
weight w [the (even) scalar densities are the (even) relative scalars of weight I]. 
If (det A) w is replaced by | det A I 1 " (u> any real number), we obtain the bundle 
of odd relative tensors of type (*) and weight w. Show that the transformation 
law for the components of sections of these bundles is 

A .f> -* _ Trtet V dx ‘ k 8 *' A 

\dx fJ )\ ^ u - ik dx' a ' * * * Sx** dxJ* * ' ' dxJt 

j\ j---j Jt 

(or the same formula with <\tt{dx l fdx tJ ) replaced by | det(d:v I /d* /7 )l)* 

(e) Define 

+ 1 if is an even permutation of I 

£i x ...i„ = —I if , /„ is an odd permutation of I , . . . , n 
0 if i a = ip for some a ft . 

Show that there is a covariant relative tensor of weight — I with these compo- 
nents in every coordinate system. Also show that e 1 '- 1 " = are the com- 

ponents in every coordinate system of a certain contravariant relative tensor 
of weight I. (See Problem 7-12 for a geometric interpretation of these relative 
tensors.) 



CHAPTER 5 

VECTOR FIELDS AND 
DIFFERENTIAL EQUATIONS 


W e return to a more detailed study of the tangent bundle TM , and its 
sections;, i.e., vector fields. Let X be a vector field defined in a neigh- 
borhood of p G M. We would like to know if there is a curve p : (— e, s) — > M 
through p whose tangent vectors coincide with X, that is, a curve p with 



Since this a local question, we wish to introduce a coordinate system (a, U ) 
around p and transfer the vector field X to x(U) C R n . Recall that, in general, 
a*X does not make sense for C°° functions or. M — » N. However, if a is a 
diffeomorphism, then we define 

( d ^ X)q (?)(^« -1 (?))] ' 

It is not hard to check (Problem 1) that oc*X is C°° on a{M). In particular, we 
have a vector field x*X on x(U) C R". There is a function f\x{U)->W 
with 

(x*X) q = f(q)q € R%, 

i.e., ( x*X) q has “components” f l (^), . . . , f n {q). Consider the curve c — xop. 
The condition 

J- t = 

means that 

p *(j\) = xw)) ’ 
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hence 


— x* {X{p{t))) — (A'* X)x{p(t)) 

If we use c f {t ) to denote the ordinary derivative of the Revalued function c, 
then this equation finally becomes simply 

c'{t) - f{c{t)). 

This is a simple example of a differential equation for a function c: M R", 
which may also be considered as a system of n differential equations for the 
functions c * , 



c if {t) = i= I 

We also want the “initial conditions” 

c*(0) = *'(/>). 

Solving a differential equation used to be described as “integrating” the 
equation (the process is integration when the equation has the special form 
c f (t) = f{t) for /: R — > R, a form to which our particular equations never 
reduce); solutions were consequently called “integrals” of the equation. Part of 
this terminology is still preserved. A curve p: {—e, e) M with 

p( 0) = P 

= X(p(t)) 

is called an integral curve for X with initial condition p{ 0) = p. Similar ter- 
minology is applied, of course, to the differential equations one obtains upon 
introducing a coordinate system. For quite some time, we will work entirely in 
Euclidean space, and for a while x, y, etc., will denote points of R". If U C R ,f 
is open and / : U -» R”, then a curve c : (—£,£)—» M with 

c(0) = x x g U 

c'(t) = /(c(0) 

is called an integral curve for f with initial condition c(0) = 
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Before stating the main theorem about the existence and uniqueness of such 
integral curves, we consider some special cases. 

The equation for a curve c with range M, 

c'(t) = -[c(/)f, 


which would be written classically in terms of a function y : 


as 


dy 

dx 


= -r, 


is the special case f{a ) = —a 2 . The standard method of solving this equation 
is to write 

dy 


l 


-y 2 

dy 

-y 2 


= dx 


= f dx 


Thus the curves 


— ~ + C 
y 

y= iic- 

i 


c{t) = 


t + C 


are supposed to be solutions. This can be checked directly if you don’t believe 
the above manipulations. (They really do make sense; the equation in question 
asserts that y' = f o y, so 


{r y ) / 


= I; 


hence, if F f = I//, then 

(F oy) f = l 
F(y(x)) =x + C 

for some C.) To obtain the initial conditions c(0) = a, we must take 

c{t) = . 

t + l/a 

This works in all cases except a = 0. In this case, the correct solution is 

c{t) = 0 


for all t 
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(which we missed by dividing by _y). In terms of vector fields, the curves c are 
the integral curves of 

Xia) = -a>± 




Notice that no integral curve, except c{t) = 0, can be defined for all t, even 
though X is defined on ah of M. It might be thought that this somehow reflects 
the fact that X (0) — 0, but this has nothing to do with the case. For a > 0, the 
curve c(t) = ]/(t + ] /a) is defined for ah large t, and as / -> oo it approaches, 
but never reaches, 0. On the other hand, as t — > —\fa the curve escapes to 
infinity because the vector field gets big too fast. This will continue to be true 
even if we modify the vector field near 0 so that it is never 0. 

Another phenomenon is illustrated by the equation 

c\t) = c(0 2/3 , 

written classically as 

il = 

dx y ' 

There are two different solutions with the initial condition c(0) — 0, namely 


(1) c{t) = 0 for ah /, 

(2) c{t) = ^ t 3 for all /. 

In this case, the function /, given by f{a) ~ , is not differentiable. Unique- 

ness will always be insured when / : U — > M" is C 1 , but it can also be obtained 
with a rather less stringent condition. We say that the function f satisfies a 
Lipschitz condition on U if there is some K such that 

l/(*)”/O0l < K\x-y\ for ah x,y g U. 

Notice that f (a) = a 2 A is not Lipschitz; in fact, there is no K with 

\f{x)~ f{V)\<K\x\ 
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A Lipschitz function is clearly continuous, but not necessarily differentiable {for 
example, f{x) ~ |jr|). On the other hand, a C 1 function is locally Lipschitz, 
that is, it satisfies a Lipschitz condition in a neighborhood of each point — this 
follows from Lemma 2-5. A Lipschitz function is also clearly bounded on any 
bounded set. 

The basic existence and uniqueness theorem for differential equations de- 
pends on a simple lemma about complete metric spaces. 

1. THEOREM (THE CONTRACTION LEMMA). Let (M,p) be a non- 
empty complete metric space, and let / : M M be a “contraction”, that is, 
suppose there is some C < 1 such that 

P (/(*)» /O0) < Cp{*>y) for allA'je M. 

Then there is a unique A' € M such that f (A') = A' (the function f has a unique 
“fixed point”). 

PROOF. Notice that / is clearly continuous. Let Xq g M and define a sequence 
{*„} inductively by 

“ /"(-*«)> 


i.e., 


A', J+ i = f n (* 0 ) - / o / o • • • o f{x o). 

^ V ' 

n times 


Then an easy induction argument shows that 


/£>(*„, *„ + i) < C n p{x 0 ,Jfi). 


Thus 


P(Xn,Xn+k) < p(X n ,X n+l ) + h 

Since C < 1 , the sum converges, so C n H — > 0 as n — > oo. 

Thus the sequence {aj,} is Cauchy, so there is some a* with 

A' — Jim x„. 

n-* oo 


Continuity of / then shows that 

f(x) = lim /( x„) = lim x n+ i = x. ❖ 

ft—* OO ft— *oo 
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We are going to apply the Contraction Lemma to certain spaces of functions. 
Recall that if (M,p) is a metric space and X is compact, then the set of all 
continuous functions f:X—>M is a metric space if we define the metric a by 

cr{f>g) - sup p(f(x),g(x)). 

X€X 

If M is bounded, then we do not even need X to be compact. Moreover, if M 
is complete, then the new metric space is also complete; this is basically just the 
theorem that the uniform limit of continuous functions is continuous, plus the 
fact that each lim f n (x) exists since M is complete. In particular, if M is a 

compact subset of M”, then the set of all continuous functions f : X M is 
complete with the metric 


0{f>8) = 11/ ” 8\\> wh ere \\f\\ = sup |/(*)|. 

xzX 

Our basic strategy in solving differential equations will be to replace differen- 
tiable functions and derivatives by continuous functions and integrals. If JJ c 
M" and /: U — > M" is continuous, then a continuous function a: (—6,6) — » t/, 
defined on some interval around 0, clearly satisfies 

“'(0 = /(<*( 0 ) 


if it satisfies the integral equation 


( 2 ) 


a(t) = a*+ f f(oc(u))du, 
Jo 


where the integral of an M” -valued function is defined by integrating each com- 
ponent function separately. Conversely, if a satisfies (I), then a is differentiable, 
hence continuous; thus a f — / o a is continuous, so 

a'(u)du~ f f(a(u))du. 

Jo 


a(t ) — A' ~ a{t) — a(0) = / 

Jo 


For the proof of the basic theorem, we need only one simple estimate. If a 
continuous function / ; [a,6] M 71 satisfies |/| < K , then 



< K{b ~ a). 


To prove this, we note that it is true for constant functions, hence for step 
functions, and thus for continuous functions, which are uniform limits on [a, b ] 
of step functions. 
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2. THEOREM. Let / : U — > K” be any function, where U c M” is open. 
Let A'o G U and iet a > 0 be a number such that the closed ball ^(Ao), of 
radius 2 a and center Ao, is contained in U. Suppose that 

{]) |/| < L on B 2a {x Q ) 

(2) | /(a) - f{y)\ < K\x~y\ for x,y g 5 2fl (A 0 ). 

Choose b > 0 so that 

(3) b < a/L 

(4) b < 1 (K. 

Then for each a g B a (xo) there is a unique a x : ( —b , b) — » U such that 

a x '{t) = /(<M0) 

<*x (0) = x. 


PROOF. Choose a g B a ( xo), which will be fixed for the remainder of the proof. 
Let 

M ~ {continuous a: (— b,b ) — > 

Then M is a complete metric space. For each a e M, define a curve Sa on 
{~b,b) by 

5a(t)=A + / f(a(u))du 

Jo 

{the integral exists since f is continuous on 52a (Ao)). The curve Sa is cieariy 
continuous. Moreover, for any t g {—b,b) we have 


|Sa(*) — a 



du 


< bL by (I) 

< a by (3) . 

Since |x — a*o| < a, it follows that |£a(*) — Xo| < 2 a, for all t G (— 6,6), so 

(*) Sa(t) G B 2 a (*o) C B^xq) for t G ( £, b). 

Thus S : A/ — > A/. 

Now suppose a^gM. Then 

II Sa - Sfi || = sup I f f{a(u)) - /(j8 («)) rfw 
t IJo 


< bK sup |a(w) - fi(u)\ by (2) 

—b<u<b 

= bK\\a-0\\. 



142 


Chapter 5 


Since we chose bK < ] (by (4)), this shows that S : M — > M is a contraction. 
Hence S has a unique fixed point: 


There is a unique or. (—6,6) -^(^o) with 

a(r) = * -f / f(a(u))du. 

Jo 


This, alas, is not quite what the theorem states. Having used the elegant Con- 
traction Lemma, we pay for it by finishing off with a finicky detail: 


The map a is the unique 0 : (—6,6) -» U satisfying 

p{t) = x+ f f${u))du. 

Jo 

Reason : We claim that any such actually lies in i? 2 a(A'o), in fact, in B 2q (xq). 
Consider first numbers t > 0. We have already seen (statement (*)) that for 
each t with 0 < t <6, 

(**) j8(0 — f f${u))du is in B 2a (x 0 ) [the open ball] 

Jo 

provided that 

fi(u) g B 2q (Xq) for all w with 0 < u < t, 

so certainly if 

(«) G B 2a (*o) for all u with 0 < u < t . 

We can now use a simple least upper bound argument. Let 

A = {t :0 <t <6 and ft (u) G B ^ (* 0 ) for 0 < u < t } . 

Let a ~ sup A. . Suppose a < 6. We clearly have fi ( u ) G B 2q {Xq) for 0 < u < a. 
So G B 2a { a*o), by (**). This clearly implies that f}(a + s) G .#2a(*o) for 
sufficiently small s > 0, which contradicts the fact that a — sup /l. So it must 
be that sup A = 6. A similar argument works for —6 < t < 0. 

To sum up, the unique fixed point a x of the map S is the unique curve with 
the desired properties. ♦> 
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Notice that solutions of the differentia] equation 

a f {t) = f(a(t)) 

remain solutions under additive changes of parameter; that is, if 

j8(0=a(*o+0, 

then 

0'(O - a' (t Q + t) = f(a(t Q + 0) - f(P(t))- 
This remark allows us to extend the uniqueness part of Theorem 2. 

3. THEOREM. Suppose / : U — > M” is locally Lipschitz, that is, around each 
point there is a ball on which / satisfies condition (2) of Theorem 2 for some K 
(and hence also condition (1) for some L ). Let x & U and let a\ , a 2 be two maps 
on some open interval / with aj (/) iCizD) C U and 

a^t) = f(ai(t)) . 

/ — 1 , 2 . 

tt/(0) = * 

Then a\ = 0:2 on I. 

PROOF. Suppose a\ (to) = & 2 (to) lor some to e /. If we define 

0/(0 =af(t 0 +t), 

then the functions 0,- satisfy the same differential equation, 0/(t) — /(0t(O)> 
and have the same initial condition 0,(0) = a\ (to) — 0:2 (to) e U. Hence 0i (t) = 
02 (t) for sufficiently small t, by Theorem 1. Thus the set 

{tel: ai(t) = a 2 (t)} 

is open. It is clearly also closed and non-empty, so it equals I. <♦ 

We now revert to the situation in Theorem 2. We will write a x (t) as aft,*), 
so that we have a map 

or. (~b,b) x ff^A-o) U 

satisfying 

a(0,x) = x 
~a(t,A) = /(a(t,*)) 

[i.e., /)]Q:(t, A') = f(a(t,x)), but we will frequently use d/dt or dfdt in this 
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discussion]. This map a is called a local flow for / in (—6,6) x ^(Xq). To 
picture this map a, the best we can do is to draw the images of the integral 



curves a x . If y = a* (to), then the integral curve a x with the initial condition 
a^(0) = x differs from the integral curve a y with initial condition a_j,(0) = y 
only by a change of parameter, so the two images overlap. For each fixed a% the 
map t i-» a(t,x) for — b < t < b lies along part of the curve through x. On the 
other hand, if we fix t, then the map 

a* i-» a(t,x) 

gives the result of pushing each A' along the integral curve through it, for a time 
interval oft. To focus attention on this map, we denote it by 4> { '- 

4>t(x) = a(t,x) Oa*(0]- 

This map 4>t is always continuous. In fact, the whole flow a is continuous (as a 
function of both t and x); 

4. THEOREM. If /:£/-> E" is locally Lipschitz, then the flow 

a : (-6, b) x B a (x 0 ) U 
given by Theorem 2 is continuous. 

PROOF. Let us denote the map S defined in the proof of Theorem 2 by S x , 
to indicate explicitly the role of a*. Then 


|®jc — I-*’ — Fl* 
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Reca]] that 

\\Sa~Sff\<bK\\a~ff\. 

If S” denotes the n-fold iterate of S y , then 

\\a x - £"<**11 < \\a x - SyCi x \\ + || S y a x - + h ||5'"~ , or je - Sy<x x || 

< ( , + b K + --- + (bK) n -')\x- y \ < — \x-y\. 

] — OK 

Recall also that in Theorem 1 the fixed point a y of S y is the limit of SyCt for 
any a. Hence a y ~ lim so we obtain 

n — *oo y 

\\a x -<Xy\\ < ~y\- 

Since ||a* —a y \\ = sup |a(t, A')—a(L /)|, this certainly proves continuity of a. 

t 

If additional conditions are placed upon the map /, then further smoothness 
conditions can be proved for a. In fact. 

If f : U -» R" tr C k t then the flow a: (—b,b) x B a (x o) -» U is also C k . 

Unfortunately, this is a very hard theorem. A clean exposition of the clas- 
sical proof is given in Lang’s Introduction to Differentiable Manifolds (2nd ed.), and 
a recently discovered proof can be found in Lang, Real and Functional Analysis 
(3rd ed.), pp. 371-379. In order to read this high-powered proof, you must first 
learn the elements of Banach spaces, including the Hahn-Banach theorem, and 
then read about differential calculus in Banach spaces, including the inverse and 
implicit function theorems [Real and Functional Analysis , pp. 360-365), but this is 
probably easier than reading the classical proof (and, besides, when you’re fin- 
ished you’ll also know about Banach spaces, and differential calculus in Banach 
spaces). 

We will just accept this fact. Notice that the maps 0/ are consequently C°° 
if / is C°°. 

Since the map 

or. (~b,b) x i? a (*o) U 
satisfies a(0, a) = a*, we have 

a: {0} x B a / 2 (x o) B a/2 (x Q ) c 5 *(a 0 ). 
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Continuity of a and compactness of {0} x B a /2 (*o) imply that there is some 
s > 0 such that 



[If x g B a j 2 (a*o), then the integral curve with initial condition * stays in B q {xq) 
for |/| < £.] 

So if |j| < £, and x G B a / 2 {xa)> then the point a(s,x) G B a (Jt 0 ), so we can 
also define 

y(t) = a(*,ot ($,*)) \t\<£. 

This satisfies 

/( 0 = f(Y( 0 ) 
y(0) = a(s,x). 

We have also noted that 


satisfies 


/?(*) = a (j + ?,jc), defined for |j + 1 \ < £, 


J8'(0 = /(J8(0) 

0(0) = a{s t x). 

Consequently, jS (/) — a(t,a(s,:v)) for \t \ < e. In other words, 

if |j|, \t |, \s + 1\ < £, then a(t,a(j,:v)) — a(s + t, a-). 

If we now let : B a j 2 (^ 0 ) — * M" be <fit(x) — a(t,x) for :v g B a / 2 (^ 0 ), we can 
say: 


if |j|, |/|, |j + / 1 < s and x,p t (x) g B a j 2(^0), then 
<f>s{<f>t(*)) = &+/(*)■ 

Roughly speaking, <fi 1+s ~ <p t o <p s = <fi s This shows, in particular, that for 
|j| < £ each <fis is a diffeomorphism, with inverse ~ <f>s- Everything we 
have said, since it is local, can be resaid, without requiring any more proof, on 
a manifold. 



Vector Fields and Differential Equations 


147 


5. THEOREM. Let A' be a C°° vector field on M, and let p e M. Then there 
is an open set V containing p and an f > 0, such that there is a unique col- 
lection of diffeomorphisms 0/ : V -»■ <fit(V) c M for \t | < e with the following 
properties: 

(1) 0: (-£,£) x K-> M, defined by 0 (/,/>) ” 0/(/>)> is C°°. 

(2) If \s\,\tl\s+t\ < e } and q,<f>t(q) e V, then 

4>s+t{q) = 4>s°4>t{q)- 


(3) If q g V, then X q is the tangent vector at t = 0 of the curve t i-> <f>t{q). 

The examples given previously show that we cannot expect 0/ to be defined 
for all t, or on all of M. In one case however, this can be attained. The support 
of a vector field X is just the closure of {p € M : X p ^ 0}. 


6. THEOREM. If X has compact support {in particular, if M is compact), 
then there are diffeomorphisms 0/ : M — » M for all / g R with properties (1), 

(2), (3). 

PROOF. Cover support A' by a finite number of open sets V \ , . . . , V„ given by 
Theorem 5 with corresponding and diffeomorphisms <p l t . Let £ — 

min(£j, . . . Notice that by uniqueness, 0* (q) = 0/ (q) for q e V t - n Vj. So 
we can define 


0r (?) = 


#(?) 

? 


if ? e Ef 

if q £ support A\ 


Clearly 0 : (-£,£) x M ^ M is C°°, and 0/+j ~ 0/ o 0j if |t |, |j|, |t + j| < £, 
and each 0/ is a diffeomorphism. 

To define 0/ for \t \ > £, write 


t = k(e/ 2) + r with an integer, and |r| < e/2. 


Let 

[0 £ /2 iterated k times] for k > 0 
[0„ £ /2 iterated — & times] for k < 0. 

It is easy to check that this is the desired {0/}. ♦♦♦ 


0 / = 


0e/2 ° ' ' ' ° 0e/ 2 ° 0r 
0-e/2 ° ■ ■ ■ ° 0-e/2 ° 0r 



148 


Chapter 5 


The unique collection {0 ( } given by Theorem 6, or more precisely, the map 
t i-» (pt from M to the group of al] diffeomorphisms of M, is called a I-parameter 
group of diffeomorphisms, and is said to be generated by X. In the local case of 
Theorem 5, we obtain a “local ] -parameter group of local diffeomorphisms”. 
The vector field X is sometimes called the “infinitesimal generator” of {0/} 
{vector fields used to be called “infinitesimal transformations”). 

Condition (3) in Theorem 5 can be rephrased in terms of the action of X q 
on a C°° function /: M — > M. Recall that 


w i_ ^ 

^(/) = 


df{c{t)) 


= (/ oC )'( 0 * 


Thus, to say that X q is the tangent vector at t — 0 of the curve t i-» 4>t{q) 
amounts to saying that 


(Xf)(») = x,f = Jim 

A-*- 0 


f(<f>h(q))-f(q) 

h 


This equation will be used very frequently. The first use is to derive a corollary 
of Theorem 5 which allows us to simplify many calculations involving vector 
fields, and which also has important theoretical uses. 


7. THEOREM. Let A' be a C°° vector field on M with X ( p ) ^ 0. Then there 
is a coordinate system (jc, U) around p such that 

a 

X ~ — T on U. 
dx ] 

PROOF. It is easy to see that we can assume M — M" {with the standard coor- 
dinate system r 1 , . . . say), and p — Oe M". Moreover, we can assume that 
X {0) — 3/3/ 1 | Q . The idea of the proof is that in a neighborhood of 0 there is a 
unique integral curve through each point {0, a 2 , . . . , a n ); if q lies on the integral 




Vector Fields mid Differential Equations 


149 


curve through this point, we will use a 2 ,. ..,a n as the last n — ] coordinates of q 
and the time interval it takes the curve to get to q as the first coordinate. To 
do this, jet X generate <fi t and consider the map x defined on a neighborhood 
of 0 in M" by 

X(a\... i a n ) =0 a ,(O t a 2 ,... y a”). 

We compute that for a — (a 1 , . . . , a"), 

/ 3 \ a 

x *l S? 7 J (/) “8^. ,/ ° X) 

= «")) ~ /(X(«))] 

/i — o ft 

~ T [/(&*> +A (°. A 2 , • • • . a")) ~ f(X (A))] 

/(— >■ o ft 

= jim j [/«>;. (X(«))) - /(X(a))] 

// — ft 

- (^/)(X(a)). 

Moreover, for / > 1 we can at least compute 

= lim }[/(X(°,.-.,/i, ••■,<>)) - /(0)] 

/(— >0 ft 

= t[/(0,...,A,...,0)-/(0)] 

A— > 0 ft 

dd 0 ' 

Since A'(O) — 3/3; 1 | Q by assumption, this shows that x*o = / is non-singular. 
Hence .x = x” 1 ma Y be used as a coordinate system in a neighborhood of 0. 
This is the desired coordinate system, for it is easy to see that the equation 
X* (3/3; 1 ) — X o x, which we have just proved, is equivalent to X ~ 3/Sx 1 . 

The second use of the equation 

(*/)(/>) = ,i™ 

/i— >0 ft 

is more comprehensive. The fact that X f can be defined totally in terms of 
the diffeomorphisms 4>h suggests that an action of X on other objects can be 
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obtained in a similar way. To emphasize the fundamental similarity of these 
notions, we first introduce the notation 

L x f for Xf. 

We call Lx f the (Lie) derivative of / with respect to A'; it is another function, 
whose value at p is denoted variously by (Lx f)(p) = Lx f(p) ” (Xf)(p) = 
Xp(f). Now if a) is a C°° covariant vector field, we define a new covariant 
vector field, the Lie derivative of co with respect to A', by 

(Lx(o)(p) = lim \[(4>h*co)(p) “ co(p)]. 
h ^> o h 

This is the limit of certain members of M p *. Recall that if X p € M Pi then 

(<f> h *co)(p)(X p ) = a)(4} h (p))(4>h*X p ). 

A fairly easy direct argument (Problem 8) shows that this limit always exists, 
and that the newly defined covariant vector field Lx co is C°°, but we will soon 
compute this vector field explicitly in a coordinate system, and these facts will 
then be obvious. 

If Y is another vector field, we can define the Lie derivative of Y with respect 
to A', 

(L x Y)(p) = lim j[Y p - (4>^Y) p }. 

/i— *0 n 

The vector field <fih*Y appearing here is a special case of the vector field a*Y 
defined at the beginning of the chapter, for oc : M N a diffeomorphism and Y 
a vector field on M. Thus (<j>h*Y) p = is obtained by evaluating Y 

at 0/,” 1 (p) =t (/>), and then moving it back to p by <£/,*. 



The definition of Lx Y can be made to look more closely analogous to Lx f 
and Lx co in the following way If a : M N is a diffeomorphism and Y is a 
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vector field on the range N, then a vector field a*Y on M can be defined by 

(a*Y) p = (orVn.t,)). 

Of course, a*(7) is just (a” 1 )*/. Now notice that 

hm o I[(«m - Y p ] = Hm /^* y)/ = &nl[r, - (<t>- k *Y) p ] 

= lim Uy p - (0*,y),] = (L x Y)(p). 

*-»■ 0 K 

Nevertheless, we will stick to the original (equivalent) definition. 

We now wish to compute Lx co and Lx Y in a coordinate system. The cal- 
culation is made a lot easier by first observing 


8. PROPOSITION. If LxY t and Lxcoj exist for r = 1,2, then 

( 1 ) L x (Y 1 + Y 2 ) = LxY l +L x Y 2y 

(2) Lx(coi -f C 02 ) = Lx co] + Lx 0)2- 

If Lx Y and Lx co exist, then 

( 3 ) LxfY^Xf-Y + f-LxY , 

( 4 ) Lx f ■ co = Xf • co + f ■ L x co. 

Finally, if co(Y) denotes the function p i-» co(p)(Y p ) and Lxco and LxY exist, 
then 

( 5 ) Lx{co{Y)) = {Lxco){Y) + (d{L x Y). 


PROOF. (1) and (2) are trivial. The remaining equations are ail proved by the 
same trick, the one used in finding (fg)'{ x). We will do number (3) here. 


(LxfY) p = lim -A{fY) p - (<fk,/Y)p] 

H -*0 ft 

= lim \[f(p)Yp - 

/*— *0 it 

- “ f {4>~h{p))4>h*Y^ b { P )] 

/j— >0 fl 
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The first limit is clearly f(p)- Lx Y{p). In the second limit, the term in brackets 
approaches 


lim 


f{P) ~ /(&(/>)) 
~k 


= Xf(P ), 


while an easy argument shows that 0 a*P0„ /) o?) -» Y p . ♦> 


We are now ready to compute Lx in terms of a coordinate system (x, U ) 
on M. Suppose X ~ a'd/dx 1 . We first compute Lx(dx‘). Recall (Prob- 
lem 4-1) that if / : M — » N and y is a coordinate system on N , then 


/W) 


E 


j~ i 


d (y‘ °f) 

dx-t 


dx J . 


We can apply this to 0a*, where y is :v. Then 

Lxidx^p) = lim Utyh^dx 1 {p) - dx i (p)] 
A-* o n 


— lim ~ 

/i— *0 /i 


E 

j = i 


d(** Q0 a) 
3*^ 




Now the coefficient of dx-? (p) is 


Jim t 
A — ^ 0 


3 (x 


3x y y J >o 


d(* f °0 a) 
3jv' 


(/>) 


°0 o),„J 

3 ^ (/?) J 


(*) = 


o : I lim - [(x‘ O 0 A ) - {x‘ O 00)] 

OX-f //— >0 /2 

{this step will be justified in a moment} 

3xJ L ^ 


To justify (*) we note that the map A(h,q) ~ **(0a(#)) is C°° from M x M 
to M; thus d 2 A/dhdxJ ~ d 1 A/dx^ dh t which is what the interchange of limits 
amounts to. 

It now follows that 


Lx dx 



We could now use (2) and (4) of Proposition 8 to compute Lxco in general, but 
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we are rea]]y interested in computing LxY. To compute Lx(d/dx') we could 
imitate the calculations of Lx dx l \ but there would be a complication, because 
4>h * on vector fields involves one more composition than <£/,* on covariant vector 
fields. The trick needed to deal with this complication has already been used to 
prove (3), (4), and (5) of Proposition 8, and we can now use (5) to get the answer 
immediately: 


* 

II 

'So" 

>5 

11 

o 

H^)] 

= iLxdX,) {3 X j) +dX '{ Lx B X >)' 

so 

dx ' (^av) = "3V ; 

thus, 

3 

Lx 3 xJ 

A 3fl*‘ 3 
^ dx-f dx‘ ‘ 

j— 1 

Using (3) we obtain 




L x{ bJ ij) = L * bJ -b +bJL *{-t) 

__ A tdb* 3 A ■ da 1 3 

A Q dx‘ dxi ^ dx-t dx* ' 
/=] /=] 


Summing over j and then interchanging i and j in the second double sum we 
obtain 



This somewhat complicated expression immediately leads to a much simpler 
coordinate-free expression for Lx Y. If is a C°° function, then Y f 

is a function, so XY f ~ X(Yf) makes sense. Clearly 


1 =] 7=1 ' t,J 


d 2 f 

dx-idx 1 


The second partial derivatives which arise here cancel those in the expression 
for Y{Xf) y and we find that 


L X Y ~ XY - YX, also denoted by [X, Y]. 
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Often, [A', Y] {which is called the “bracket” of X and Y) is just defined as 
XY -YX\ note that this means 

lX,Y] p (f) = X p (Yf)-Y p (Xf). 

A straightforward verification shows that 

[*> YUfg) = /(/>)[*, YUS) + g(P)[*> Y]p{f)> 

so that [A', Y] p is a derivation at /?, and can therefore be considered as a member 
of M p . 

We are now in a very strange situation. Two vector fields Lx Y and [ X , Y] 
have both been defined independently of any coordinate system, but they have 
been proved equal using a coordinate system. This sort of thing irks some 
people to no end. Fortunately, in this case the coordinate-free proof is short, 
though hardly obvious. 

In Chapter 3 we proved a lemma which for the special case of M says that a 
C°° function / : (—£,£) — » M with /( 0) ~ 0 can be written 

f{t)^tg{t) 

for a C°° function g : {-£,£) M with g(0) ~ /'(()), namely 

2(0 = f f{st)ds. 

Jo 

This has an immediate generalization. 

9. LEMMA. If / : (—£,£) x M — > K is C°° and f (0,/?) = 0 for all p e M, 
then there is a C°° function g\ {-£>£) x M -> R with 

/(*» P) — l g(L p) 

^(0,/?) -g(0,p). 

d 

g(Lp) = J ^ fcfist,p)ds. ❖ 


PROOF. Define 
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1 0. THEOREM. If X and Y are C°° vector fields, then 

L X Y = [X, Y]. 

PROOF. Let / : M — > M be C°°. Let X generate <f> u \t\ < e. By Lemma 9 
there is a family of C°° functions g t on M such that 

/ O (fit = f + tgt 

go = Xf. 

Then 

{4 > h*Y)p{f) “ 4 > h*{Y<j}_ u {p)){f) — I^_/,(j7)(/ 0 ^/i) 

* + h Sh)> 

so 

jim hr, - (^.r),]</) = jim }[(r/)( P ) - <r/)W-*(p))] 

A-s-o h h -> o n 

- \im (Yg h )(<t>-h(P)) 

A— >o 

= {LxYfm - (rgo)(P) 

= *,(r/) - r,(x/). ❖ 

The equality Lj^E = [A', E] — ZE - EZ reveals certain facts about LxY 
which are by no means obvious from the definition. Clearly 

[*,E] = -[E,AJ, so [X,X] = 0. 

Consequently 

LxY ~ — LyX , so Lx X = 0. 

Since we obviously have Lx{aY\ + 6E2) = aLxY\ + bLxY 2 , it follows imme- 
diately that L is also linear with respect to X : 

L a Xi+bx 2 Y = oLa-, E -f bL Xl Y. 

Finally, a straightforward calculation proves the “Jacobi identity”: 

[X, [E, Z]] + [Z, [A\ E]] + [E, [Z, Z]] = 0. 

This equation is capable of two interpretations in terms of Lie derivatives: 

(a) L X [Y,Z] = [LjrE,Z] + [E,LjrZ], 

(b) as operators on C°° functions, we have 

L[x,y\ ~ Lx o Ly - Ly o Lx (which might be written as [Ljr, Ly]). 
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Finally, note that Lx Y is linear over constants only, not over the C°° functions P. 
In fact, Proposition 8, or a simple calculation using the definition of [ X , Y], 
shows that 

[fX, gY] = fg[X, Y] + f(Xg)Y - g(Yf)X. 

Thus, the bracket operation [ , ] is not a tensor— that is, [X, Y] p does not de- 
pend only on X p and Y p (which is not surprising — what can one do to two 
vectors in a vector space except take linear combinations of them?), but on the 
vector fields X and Y. In particular, even if X p — 0, it does not necessarily 
follow that [X y Y] p = 0— in the formula 

[X,Y] p (f)^X p (Yf)~Y p (Xf) 

the first term X p (Yf) is zero, but the second may not be, for X f may have a 
non-zero derivative in the Y p direction even though (X f){p) = 0. 

The bracket [T, F], although not a tensor, pops up in the definition of prac- 
tically all other tensors, for reasons that will become more and more apparent. 
Before proceeding to examine its geometric interpretation, we will endeavor 
to become more at ease with the Lie derivative by taking time out to prove 
directly from the definition of Lx Y two facts which are obvious from the defi- 
nition of [X, F]. 

(I) L x X=Q. 

If X generates <f> t) it certainly suffices to show that {4>h*X) p ~ X p for all h. 
Recall that {4>h*X) p = Now X < p_ l ^ p ) is just the tangent vector at 



time t ~ ~h to the curve t i-> 4>t ( p ), and thus the tangent vector, at time t = 0, 
to the curve 

Y{t)^4>t-h{P)- 

Thus <Ph*X^_ tl ( p ) is the tangent vector, at time t = 0, to the curve 

4>h o Yi0~ MQt-hiP)) ~ 4>t{p)- 

But this tangent vector is just X p . 
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(2) If X p and Y p are both 0, then L X Y ( p ) = 0. 

Since X p — 0, the unique integral curve c with c(0) — p and dcjdt ~ X (c(;)) 
is simpiy c{t) = p {an integral curve starting at p can never get away; conversely, 
of course, an integral curve starting at some other point can never get to p). 
Then Y p ~ 0 and 


($h*Y) p — 4 > h*Y<j > '_f l ( p ) — $h*Y p — 0/r*O — 0, 


so L x Y{p) ~ 0. 

To develop an interpretation of [ X , Y] we first prove two lemmas. 

1 1 . LEMMA. Let a : M —> N be a diffeomorphism and X a vector field on M 
which generates {0/}. Then a*X generates {cto^o a" 1 }. 

PROOF. We have 

/i — a- 0 n 

= Hm }[/(<* o^oa" 1 (q)) - f{q)]. <♦ 

/i— *o h 

12. COROLLARY. If a: M — > M, then a* A' ~ X if and only if <p t oa ~ ao<p { 
for all t . 

13. LEMMA. Let X generate {<£/} and Y generate {^/}. Then [X, Y] = 0 if 
and only if 4>t 0 tys ~ tys ° 4>t for all s,t. 

PROOF. If <f> t o yjf s ss: yjf s o for all s , then 4> t *Y ~ Y by Corollary 12. If this 
is true for all t, then clearly L x Y = 0. 

Conversely, suppose that [X, Y] = 0, so that 

(*) 0 = hm j[Y g - (. 4>h*Y)q ] for all q. 

A->o 

Given p e M, consider the curve c : (— e,e) -> M p given by 


c{t) — (d>t*Y) p . 
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For the derivative, c f (t), of this map into the vector space M p we have 
c 7 (0 = Jim + 

A-* o n 

~ } im n l;[(<f>[t+h]*Y)p “ {4>t*Y)p\ 

h — ^0 tl 

A—* 0 /7 

= “ **-/ (/>)]} 

= 4>t* (0) using (*) with q = 0_, (p) 

= 0 . 

Consequently c(t) ~ c(0), so 4> t *Y ~ Y. By Corollary 12, 4>t o ^ ~ ij/ s o <£ ( for 
all 5,t. <♦ 


We have already shown that if X (p) ^ 0, then there is a coordinate system jc 
with X — d/dx 1 . If Y is another vector field, everywhere linearly independent 
of X , then we might expect to find a coordinate system with 



However, a short calculation immediately gives the result 



so there is no hope of finding a coordinate system satisfying (*) unless [X, Y] = 0. 
The remarkable fact is that the condition [ X , Y] = 0 is sufficient , as well as 
necessary', for the existence of the desired coordinate system. 


14. THEOREM. If X\, . . . , A* are linearly independent C°° vector fields in 
a neighborhood of p, and [X a ,Xp\ = 0 for ] < < k } then there is a 

coordinate system (a*, U) around p such that 

a 

Xa = ^~z on U f a ~ k. 
dx a 

PROOF. As in the proof of Theorem 7, we can assume that M = M”, that 
p = 0, and, by a linear change of coordinates, that 

a 

(0) — o: — 
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If X a generates {<£“}, define x by 


X{a\.,.,a n ) = ^,(^ 2 (. .. (^ A .(0 ; ... ,0,a k+ \...,a n )) ■■■))• 


a h 


Jt+1 


As in the proof of Theorem 7, we can compute that 


X * 




{ dt a 


o 


a = I, . . . ,k 
a = k + 1,. . .,n. 


Thus x ~ x 1 2 3 4 can be used as a coordinate system in a neighborhood of p ~ 0. 
Moreover, just as before we see that 


X\ 


_a_ 

9* 1 * 


Nothing said so far uses the hypothesis [X a ,Xp\ — 0. To make use of it, we 
appeal to Lemma 1 3; it shows that for each a between ] and k, the map x can 
also be written 




and our previous argument then shows that 




a 

3jc“ ' 


❖ 


We thus see that the bracket [ X , Y] measures, in some sense, the extent to 
which the integral curves of X and Y can be used to form the "coordinate 
lines” of a coordinate system. There is a more complicated, more difficult to 
prove, and less important result, which makes this assertion much more precise. 
If X and Y are two vector fields in a neighborhood of p , then for sufficiently 
small h we can 


(1) follow the integral curve of X 
through p for time h; 

(2) starting from that point, follow the 
integral curve of Y for time h ; 

(3) then follow the integral curve of X 
backwards for time h\ 

(4) then follow the integral curve of Y 
backwards for time h. 
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If there happens to be a coordinate system * with x{p) = 0 and 


X ~ 


3 

3^’ 


Y 


3 

a?' 


then these steps take us to points with coordinates 


0) 

(A, 0,0,. 

..,0) 

(2) 

(M, 0,. 

...,0) 

(3) 

(0,M,. 

..,0) 

(4) 

(0,0,0,. 

..,0), 


so that this "parallelogram” is always closed. Even when X and Y are (linearly 
independent) vector fields with [ X , Y] ^ 0, the parallelogram is "closed up 
to first order”. The meaning of this phrase [an extension of the terminology 
“c = y up to first order at 0”, which means that c'(0) = y'(0)] is the following. 
Let c{h) be the point which step (4) ends up at, 


c{h) = (0_ A (0* (0))) . 



Then the cum c is the constant curve p up to first order, that is, 


15. PROPOSITION. c'(0) = 0. 
PROOF. If we define 


then 

Moreover, 

(a) 

(b) 


«iM) = ( 4>h{P )) 

a 2 {t,h) ^ 4>~t{fh{4>h{P))) 
oc 3 (t,h) = f„t(<f>-h('j'f t (<f>h(p)))). 


c(t) ^a 3 (t,t). 


a 2 (0,/) = a,\ (t,t) 
a 3 (0,t) = a 2 (t,t) 
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and for any C°° function f : M 


(c) 

(d) 

(e) 


d(foa]) 

dt 

d(f o a 2 ) 
dt 

d(/ o«3) 
3/ 


y/ooti 

-A7ooe 2 

-y/ oa 3 


while 

(f) 3( / r i) ( M ) = , /(a , ( M )) . 

Consequently, repeated use of the chain rule gives 


(/ O c)'(0) = />!(/ O qe 3 )(0, 0) + D 2 (f o ot 3 )(0,0) 

= />l(/ °ff3)(0,0) 

+ [Z)i(/°a 2 )(0,0) + /?2(/oot2)(0,0)] using (b) 
- />i(/off 3 )(0,0)+ A(/o«2)(0,0) 

+ [£>i(/ooti)(0,0) + /?2(/°«i)(0,0)] using (a). 


Thus, (c), (d), (e), and (f) give 

if 0 c)'(0) - -r/(p) - Xf{p) + r/(p) + */(/>) = 0. *:* 


Whenever we have a curve c: (—£,£) — > M with c(0) = p and c'(0) = 0e 
M p , we can define a new vector c"(0) or d 2 c/dt 2 \ Q by 

c u mf) = {focy'{0). 

A simple calculation shows, using the assumption c'(0) = 0, that this operator c"(0) 
is a derivation, c"(0) g M p . (A more general construction is presented in Prob- 
lem 17.) It turns out that for the curve c defined previously, the bracket [X, Y] p 
is related to this “second order” derivation. Until we get to Lie groups it will 
not be clear how anyone ever thought of the next theorem. The proof, which 
ends the chapter, but can easily be skipped, is an horrendous, but clever, cal- 
culation. It is followed by an addendum containing some additional important 
points about differential equations which are used later, and a second addendum 
concerning linearly independent vector fields in dimension 2. 
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16 . THEOREM. c"( 0) = 2 [X, Y] p . 

PROOF. Using the notation of the previous proof, since {foc){t) = (/ 00:3 
we have 

(*) (/ 0 c)"(0) = £ 1,1 (/ 0 qe 3 )(0, 0) + 2 D za (f o 0 : 3 ) (0,0) + D 2 ,2(/ o ot3)(0, 0). 
Now 


0 ) A,i(/^3 )(0 ,0) » Dxir-Yf ooe 3 )(0,0) by (e) 

= YYf{p) by (e). 


Ue also have 


(2)2Z) 2 , 1 (/oar 3 )(0,0) 

= 2Z>,(-y/oa 3 ) 

= 2[£>,(y/oc< 2 )(0,0) 

+ Z) 2 (y/oa 2 )(0,0)] 

= 2XYf(p) - 2 D,(Yf O a 2 )(0, 0) 

= 22ry/(p) - 2[A (Yf 0 a,)(0, 0 ) 

+ Z) 2 (y/oa,)(0,0)] 

= 2XYf(p) - 2YYf(p) - 2 XYftp) 


by (e) 

by (b) and the chain rule 
by (d) 

by (a) and the chain rule 
by (c) and (f). 


Since (b) gives 

£>z(f 0 «3)(0,j) — D\{f o a 2 )(J, j) + D z {f o a 2 )(j, j), 


we have 

(3) D 2 , 2 (/°a 3 )(0,0) = fli,i(/oa 2 )(0,0) + 2fl 2l i(/oa 2 )(0,0) 

+ °£< 2 )( 0 , 0 ) 

= D\(-Xf °a 2 )(0,0) + 2Di(-Xf °a 2 )(0,0) 

+ /) 2 , 2 (/oa 2 )(0,0) by(d) 

= **/(/>) - 2[D\(Xf oaj)(0,0) + D 2 (A'/oa,)(0,0)] 
+ 2hMf oo 2 )(0,0) by (d) and the chain rule 
= XXf(p) - 2YXf(p) - 2 XXf(p) 

+ £> 2,2 (/ o a 2 ) (0, 0) by (c) and (f). 
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Finally, from 

Dz{f °a 2 )(0,$) = A(/ o a i )($,$) + D 2 {f oa 2 ){s i s) [from (a)] 
we have 

(4) £ 2,2 (/ 0 ^ 2 ) (0,0) = A,i(/ oai)(0, 0) 

+ 2D 2 ,\{f 0 ffi)(0,0) + D 2 ,2{f o ai)(0,0) 
- YYf(p) + 2 XYf(p) + XXf(p) 
by (c) and (f). 


Substituting (l)-(4) in (*) yields the theorem. 
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ADDENDUM 1 

DIFFERENTIAL EQUATIONS 
Although we have always solved differential equations 

a 

— a{t,x) = f{a{t,x)) 

with the initial condition 

a(0,x) = *, 

we could just as we]] have required, for some to, that 

a(*o,x) = x. 

To prove this, one can replace 0 by to everywhere in the proof of Theorem 2, 
or ejse just replace a by t i-» a(t — to,*). 

Another omission in our treatment of differential equations is more glaring: 
the differentia] equations a'(t) = do not even include simple equations 

of the form a'(t) = g(t), let alone equations like a'{t ) = tail). In general, we 
would like to solve equations 

g 

— or(t,jc) = /(t,a(t,x)) 

a(0,x) = x, 

where / : (— c,c) x U -»■ M”. One way to do this is to replace /(a(t,x)) by 
/ (t, a(t, x)) wherever it occurs in the proof. There is also a clever trick. Define 

/: (— c,e) x U M” +1 


by 

/(j,x) = (1,/(j,x)). 
Then there is a flow (a 1 , a 2 ) = a : (—6,6) x VF -> 


x M" with 


— d(t,J,x) = /(a(t,j,x)) 
a(0, j,x) = (j, x). 


For the first component function a 1 this means that 


3 i 

—a 1 (*,*,*) = 1 
a'(0, j,x) = s\ 
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thus 


a 1 (/, s,x) ~ s + t. 

For the second component a 2 we have 


3 

— a 2 (*,$,*) = f{a(t,s t x)) 

~ f(a l (t,s,x),ci 2 (t,s,x)) 
= f(s + t,a 2 (t,s, a')). 


Then 

is the desired flow with 


£(/,*) = a 2 (/,0,*) 

g 

(*,*) = /(*, £(*,*)) 

|8(0 # Jt) - a*. 


Of course, we could also have arranged for /J(*o,A') — x (by first finding a 
with a(;o,j,.v) = (J, a), not by considering the curve t i-» /?(* -—/o, a)). 

Finally, consider the special case of a linear differential equation 

a ' (0 =£(*) *“( 0 » 


where g is an n x n matrix-valued function on (a, 6). In this case 

f {t^x) ~ g{t) • x. 

If c is any n x n (constant) matrix, then 

(c • a)'(0 = c ■ a'(t) = g(t) ■ c • a(t) 

so c* a is also a solution of the same differential equation. This remark allows us 
to prove an important property of linear differential equations, distinguishing 
them from general differential equations a‘{t) — /(t,a(t)), which may have 
solutions defined only on a small time interval, even if f : (a, b) x M” — > M” 
is C°°. 


1 7. PROPOSITION. If g is a continuous n x n matrix-valued function on 
(a, &), then the solutions of the equation 

« V ) = 8(0 - a (0 


can all be defined on (a, b). 
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PROOF. Notice that continuity of g implies that /(*,*) = g{t) • * is locally 
Lipschitz. So for any to e (a, b) we can solve the equation, with any given initial 
condition, in a neighborhood of to* Extend it as far as possible. If the extended 
solution a is not defined for all t with to < t c let i\ be the least upper bound 
of the set of t ’s for which it is defined. Pick with 

£'(/) ~g{t) for t near t\ 

^ 0. 

Then ft (;*) ^ 0 for t* c t\ close enough to t\ . Hence there is c with 

(c ■£)(/*) = «(/*). 

By uniqueness, c • /3 coincides with a on the interval where they are defined. 

1 hus a may be extended past i\ as c ■ /3, a contradiction. Similarly, a must be 
defined for all t with a < t < to. ♦> 
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ADDENDUM 2 

PARAMETER CURVES IN TWO DIMENSIONS 

If / : U — » M is an immersion from an open set U CR” into an /7-dimen- 
sionaJ manifold M, the curve t i-> /(fli,.. . .. ,a„) is called a 

parameter curve in the / th direction. Given n vector fields A'i,. . . , X„ defined 
in a neighborhood of p e M and linearly independent at /?, we know that there 
is usually no immersion f\U—±M with p e /(£/), whose parameter curves 
in the / th direction are the integral curves of the Xi — for we might not have 
[Xi^Xj] — 0. However, we might hope to find an immersion / for which the 
parameter curves in the / th direction lie along the integral curves of the A'), but 
have different parameterizations. A simple example (Problem 20) shows that 
even this modest hope cannot be fulfilled in dimension 3. 

On the other hand, in the special case of dimension 2, such an imbedding 
can be found: 

18. PROPOSITION. Let X\ y X% be linearly independent vector fields in a 
neighborhood of a point p in a 2-dimensional manifold M. Then there is 
an imbedding / : U -» M, where U c M 2 is open and p e /(£/), whose / th 
parameter lines lie along the integral curves of A/. 

PROOF. We can assume that p = 0 € M 2 , and that A/(0) = (e/)o. Every 
point q in a sufficiently small neighborhood of 0 is on a unique integral curve 
of X\ through a point (0, x 2 (q))— we proved precisely this fact in Theorem 7. 
Similarly, q is on a unique integral curve of X % through a point (^'(^),0). 



The map q i-» (.v 1 (q)>x 2 (q)) is C°°, with Jacobian equal to / at 0 (these facts 
also follow from the proof of Theorem 7). Its inverse, in a sufficiently small 
neighborhood of 0, is the required diffeomorphism. <{♦ 
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We can always compose / with a map of the form (A,_y) i-» (a(A), /3(.y)) 
for diffeomorphisms a and of M, which gives us considerable flexibility. If, 
for example, C C M 2 is the graph of a monotone function g, then the map 



f.v, ,)') i-> (A', g(>’)) takes the diagonal {(a, A')} to C. Moreover, for any particular 
parameterization c = M — > M 2 of C, we can further arrange that c(r) 

maps to (£*(?), c(r)), by composing with (A,_y) i-» (c 3 “ ] (a), y). Consequently, 
we can state 

19. PROPOSITION. Let X\,Xz be linearly independent vector fields in a 
neighborhood of a point p in a 2-dimensional manifold M, and let c be a 
curve in M with c(0) = p and c'{t) never a multiple of X\ or AV Then there 
is an imbedding / : U — > M, where U c M 2 is open and p e f{U), whose / th 
parameter lines lie along the integral curves of X and for which = c{t). 
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PROBLEMS 

1. (a) If a : M N is C°°, then a n :TM TN is C°°. 

(b) If a : M -»■ N is a diflfeomorphism, and A' is a C°° vector field on M, then 
a*X is a C°° vector field on N. 

(c) If a : M — > M is a(/) = / 3 , then there is a C°° vector field X on M such that 
a*X is not a C°° vector field. 

2. Find a nowhere 0 vector field on M such that all integral curves can be defined 
only on some interval around 0. 

3. Find an example of a complete metric space (M, p ) and a function / : M — > 
M such that p (/(*), f(y)) < p{x, y) for all x, y e M, but f has no fixed point. 

4. Let / : (~c, c) x U x V -» R" be C°°, where U, V c M 71 are open, and let 
(a'o, >’o) gI/xK. Prove that there is a neighborhood W of (A'o,>>o) and a num- 
ber b > 0 such that for each (x, y) e W there is a unique a = <X{ x ,y) ■ (~b, b) — > 
U with a'{t) G V for t e (—b,b) and 

'<*"(/) = f{t,a(t),a'(t)) 

< a(0) = * 

, a'(0) = y. 

Moreover, if we write = a(t,x,y), then a: ( ~b,b ) x W U is C°°. 

Hint-. Consider the system of equations 

$ ! {t) = f(t,a(t),f}(t)). 

5. We sometimes have to solve equations “depending on parameters”, 

d 

(*) y * *) = /(*> y> y> x )) 

at 

a(0,y,x) = x , 

where f : (— c,c') x V x U — > M w , for open U C M” and V C R m , and we are 
solving for : (~b, b) — > U for each initial condition a* and “parameter” y. 

For example, the equation 


a'{t) = ycc(t) 

a(0) = *, 
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with solution 
is such a case. 


a(0 = xe yt , 


(a) Define 


/: (~c,c) x V x U M m x R" 


by 


f{t,y,x) - (0 ,f(t,y,x)). 

If (a 1 , a 2 ) ~ a: (— b,b ) x W -» M m x is a flow for / in a neighborhood of 
(yo,*o), so that 


= f(t,a(t,y, x)) 
at 

a(0,y,*) = O', a), 


show that we can write 


a{t t y,x) = {y,a(t,y,x)) 

for some a, and conclude that a satisfies (*). 

(b) Show that equations of the form 

g 

(**) = /(f,x, a (*,*)) 

a (0, A') = x 

can be reduced to equations of the form (*) (and thus to equations 

— = f(oc(t,x)), 

ultimately). [When one proves that a C k function f: U -» M" has a C k flow 
a: {—b,b) x W — > £/, the hard part is to prove that if / is C 1 , then a is 
differentiable with respect to the arguments in VV, and that if the derivative with 
respect to these arguments is denoted by Dzct, then 

(***) D\ D%a (/> x) — Dzf (a a)) ■ Dta (?, x) 

(a result which follows directly from the original equation 

D x a{t,x) = f(a(t,x)) 

if f is C 2 , since D\ £>2 = DzDj). Since (***) is an equation for Dt<x of the 
form (**), it follows that D%a is differentiable if D%f is C l , i.e., if / is C 2 . 
Differentiability of class C k is then proved similarly, by induction.] 
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6. (a) Consider a linear differential equation 

<*'(0 = S(0 a ( 0. 

where g : M K, so that we are solving for a real-valued function cc. Show 
that all solutions are multiples of 

C ,(t) = e! , 

where f g{t)dt denotes some function G with G'(t) = g (one can obtain all 
positive multiples simply by changing G). The remainder of this problem inves- 
tigates the extent to which similar results hold for a system of linear differential 
equations. 

(b) Let A = (ay) be an n x n matrix, and let \A\ denote the maximum of all 
| fly | . Show that 

\AB\ <n\A \ - |5|. 

(c) Conclude that the infinite series of n x n matrices 

A 2 A 3 A 4 

exp A — e A =zI + A + — + — + “ H 

converges absolutely [in the sense that the entry of the partial sums 

converge absolutely for each (i, j)] and uniformly in any bounded set. 

(d) Show that 

exp {TAT~ l ) = T{txpA)T~ l . 

(e) If AB = BA, then 

exp(^4 + B) — (exp y4)(exp B). 


Hint : Write 


2 N 

E 

p~ o 


(A + B) p 


-(£$(££)** 


and show that \Rn \ —■ ► 0 as N — > oo. 

(f) (exp y4)(exp — A) = I, so exp A is always invertible. 

(g) The map exp, considered as a map exp : M" — » , is clearly differentiable 

(it is even analytic). Show that 


exp' (D)(5) = B (~ exp(O) - B). 

2 

(Notice that for \A\, the usual norm of A e M”~, we have | >1 1 < \A\ <n\A \ .) 



172 


Chapter 5 


(h) Use the limit established in part (g) to show that exp , (y4)( J 6) = exp(/l) ■ B 
if AB = BA. 

(i) Let A : R -*■ M” 2 be differentiable, and let 

B{t) = exp(y4(0). 

If B‘{t) denotes the matrix whose entries are the derivatives of the entries of 5, 
show that 

B'(t) = A f (t) • exp(^4 (?)), 

provided that A(t)A , (t) = A‘{t)A{t). (This is clearly true if A{s)A(t) = A(t)A(s) 
for all 5,/.) 

(j) Show that the linear differential equation 

a' it) ~g ( 0 ■«(*) 


has the solution 


a(/) = exp 



provided that g(s)g(t) = g(t)g{$) for all s,t. (This certainly happens when g(t) 
is a constant matrix A, so every system of linear equations with constant co- 
efficients can be solved explicitly— the exponential of g(s ) ds ■=. tA can be 
found by putting A in Jordan canonical form.) 


7. Check that if the coordinate system x is x = x 3 , for x : K" — : ► M, then 
X = d/dx J is equivalent to x*(3/3f ') = X o 


8. (a) Let M and N be C°° manifolds. For a C°° function / : M x N — > M 
and q e N, let f{-,q) denote the function from M to R defined by 


P i-> /(/>.?)■ 


If (*,£/) is a coordinate system on M, show that the function dffdx 1 , defined 
by 


V. 

dx‘ 


(P>q) 


3(/(->g)) 

dx* 


(P), 


is a C°° function on M x N. 

(b) If 4> \ (—£,£) x M — > M is a 1-parameter group of difleomorphisms, show 
that for every C°° function f \ M M, the limit 


lim ~[f(<(>h(P)) ~ f(P)) 

0 n 
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exists, and defines a C°° function on M. 

(c) If <j)*: {—£,£) x TM — > TM is defined by 

v) = <f> t *(v), 

show that <p* is C°°, and conclude that for every C°° vector field X and covari- 
ant vector field o) on M , the limit 

lim jMfwHXp) - <ti(X p )} 
h-*0 h 

exists and defines a C°° function on M. 

(d) Treat LxY similarly 

9, Give the argument to show that <j>h*Y<t>_ /t {p) Y p in the proof of Proposi- 
tion 8. 

10. (a) Prove that 


Lxif-o)) = Xf ■ eo + / • L X (o 
L X [<*>{Y)] — (L x aj)(Y) -\-eo(L x Y). 

(b) How would Proposition 8 have to be changed if we had defined (LxY)(p) 
as 

Km \m,Y) p -Y p ]1 

11. (a) Show that 

4>*{df){Y) = Y{fo4>). 

(b) Using (a), show directly from the definition of Lx that for Y e M p , 

[Lxdf(p)](Y p ) = Y p (Lxf), 


and conclude that 

L x df = d{L x f). 

The formula for Lx dx 1 , derived in the text, is just a special case derived in an 
unnecessarily clumsy way. In the next part we get a much simpler proof that 
LxY = [X y Y], using the technique which appeared in the proof of Proposi- 
tion 15. 

(c) Let X and Y be vector fields on M, and / : M — > U a C°° function. If X 
generates {<pi}, define 


a{t,h) ~ Y#_ tip )(f o <j) h ). 
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Show that 


/),ff(o,o) = -A>(y/) 

D2tt{0,0) = Y p (Xf). 


Conclude that for c{h ) = a{h,h) we have 


-m = L x Y{p){f)~{X t Y] p (f). 


12. Check the Jacobi identity. 

13. On R 3 let X, Y, Z be the vector fields 


X = Z Ty- y Tz 

„ a a 
r = _ *aS + *aI 


Z = y- X -r . 

3* dy 


(a) Show that the map 

aX + bY + cZ i-> (a, b, c) e R 3 

is an isomorphism (from a certain set of vector fields to R 3 ) and that [U, V ] \-> 
the cross-product of the images of U and V. 

(b) Show that the flow of a X + bY + cZ is a rotation of R 3 about some axis 
through 0. 

14. If A is a tensor field of type (*) on N and <p: M — > N is a difleomorphism, 
we define <fi*A on M as follows. If U| , . . . , u* € M p , and X i , . . . , A/ e M p *, then 

[0 j ■ . ■ j u/. , X i , . . . , X/) 

= A{f(p))(f, v *,«*. (*'')**■ W')*x,). 


(a) Check that under the identification of a vector field [or covariant vector 
field] with a tensor field of type (°) [or type (q)] this agrees with our old <j)*Y. 

(b) If the vector field X on M generates {&}, and A is a tensor field of type (*) 
on M, we define 


(L x A)(p) = lim \[(4> h 'A)(p) - A(p)}. 

/ i — >0 /? 
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Show that 

L X {A + B) = Lx A + L X B 

L X {A <g > J?) = (L;H) ® ^ ® £ 

(so that 

L x {fA) = X{f)A + f L X A\ 

in particular). 

(c) Show that 

L X] +x 2 A = L X] A + Lx 2 A. 

Hint : We already know that it is true for A of type Q, (J), (J). 

(d) Let 

C:T k (V)^ T k ~'(V) 

be any contraction 
{CF){v i , . . . , Vfc— 

= contraction of 

(u, A.) i— >■ T{v \ , . . . , u a _i , v, Uq,^_| , . . . , i , A| , . . . ,A.jg_|,A., Ajg_j_| , . . . , A/_j ). 

Show that 

Lx(CA) = C(LxA). 

(e) Noting that A ( X \ , . . . , A* , a >\ , . . . , <y/) can be obtained by applying contrac- 
tions repeatedly to A <g) X\ <g) • • ■ <g) X^ ® coi <g> • ■ • <g> w/, use (d) to show that 

L X (A{X i, . . .,Xfc,(0 \,.. . ,w/)) 

= {L X A){X\,.. A* 
k 

+ ^ ' A ( X \ , . . . , L x Xi, , Xfc , (o i , . . ■ , ) 

i = i 
/ 

-I- ^ , . . . , Xfc , coi , . . . , Lx o>i, . . . , o)}). 


(f) If A has components A J F‘‘V in a coordinate system x and X = a l d/d x 1 . 


show that the coordinates of Lx A are given by 

k n 


/=! 


n dA Jl ’" Jt 

i = l a=l j = I 

/ a 


dxJ 


da 1 


+ W/ 4 ^" 7 / .. . 

/ J J h -Jcr-lilcr+l —i* g y ; ct 


O'” I i = l 
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15 . Let D be an operator taking the C°° functions 3 : to 3 *, and the C°° vector 
fields V to Vj such that D : 3 * — > 3 and D: V — > V are linear over IK and 

D(fY) = / • DY + Df -Y. 


(a) Show that D has a unique extension to an operator taking tensor fields of 
type (*) to themselves, such that 

(1) D is linear over IK 

(2) D(A <g> B) = DA <g> B + A <g> DB 

(3) for any contraction C, DC = CD. 

If we take Df = X f and DY = LxY, then this unique extension is Lx • 

(Id) Let A be a tensor field of type ([), so that wc can consider A(p) e End{M p )\ 
then A{X) is a vector field for each vector field X. Show that if we define 
Da f ~ 0, DaX — A(X ), then Da has a unique extension satisfying (1), (2), 
and (3). 

(c) Show that 

(D A (o)(p) = -A(p)*(to(p)). 


(d) Show that 


C/x — f Lx — D x ®df- 


Hint : Check this for functions and vector fields first, 

(e) If T is of type (j), show that 


{DaTH 


= E 

a— I 


4 + 


E 

a— I 


T I0t A J 
J k A a 


-E 

Of— I 


T*J A a 
J a A k' 


Generalize to tensors of type (*). 

16. (a) Let _/" : IK — > IK satisfy /'( 0) = 0. Define g{t ) = /(v7) for t > 0. Show 
tli at the right-hand derivative 


4(°) = 


lim 

A->0+ 


g{h) - g(0) 

h 


f"( 0 ) 
2 


(Use Taylor’s Theorem.) 

(b) Given c: IK — > M with c'(0) ~ 0 e M p , define y(t) = c(V7) for t > 0. 
Show that the tangent vector c"(0) defined by c"(0)(/) = (/ oc)"(0) can also 
be described by c"(0) = 2y'(0). 
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17. (a) Let f:M—> IK have p as a critical point, so that f* p = 0. Given 

vectors X p > Y p € M p , choose vector fields X, Y with X p ~ X p and Y p ~ Y p . 
Define 

f**(X P >Y p ) = X p (Yf). 

Using the fact that [X, Y] p {f) = 0, show that f**{X Pi Y p ) is symmetric, and 
conclude that it is well-defined. 

(b) Show that 



(c) The rank of (d 2 f/dx l dx-i(p)) is independent of the coordinate system. 

(d) Let / : M — > N have p as a critical point. For X p , Y p e M and g: N — > K 
define 

f**{X, Y){g) = X p {Y{gof)). 

Show that 

F**’- M p x M p ^ Nf( P ) 

is a well-defined bilinear map. 

(e) If c : R — > M has 0 as a critical point, show that 

c**(0): K 0 x Mq ^ M c{0 ) 

takes (lo, lo) to the tangent vector c"( 0) defined by c"(0)(/) = (/ oc)"(0). 

18. Let c be the curve of Theorems 15 and 16. If A' is a coordinate system 
around p with a :(p) = 0, and 

/=i p 

show that 

x l (c(/)) = a 1 ! 2 + o(t 2 ), 
where o(t 2 ) denotes a function such that 

lim o{t 2 )/t 2 = 0. 
r-»o 

19. (a) If M is compact and 0 is a regular value of / : M — > IK, then there is 
a neighborhood V of 0 e IK such that / -I (U) is diffeomorphic to /“‘(O) X U , 
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by a diffeomorphism / -1 ( 0) x U — > f~ l (U) with f(<fi(p,t)) — t. Hint : 
Use Theorem 7 and a partition of unity to construct a vector field X on a 
neighborhood of / -I ( 0) such that /*Z — d/dt . 

(Id) More generally if M is compact and # € TV is a regular value of / : M — > 
N, then there is a neighborhood U of q and a diffeomorphism : f~ 1 (?) x U — > 

/-'(£/) with /(*(/>, ?'))=?'■ 

(c) It follows from (b) that if all points of N are regular values, then / -1 (<7i) 
and are diffeomorphic for q\„qt sufficiently close. If / is onto N, does 

it follow that M is diffeomorphic to f~ l {q) x TV? 

20. In K 3 , let Y and Z be unit vector fields always pointing along the y- and 
r-axes, respectively and let X will be a vector field one of whose integral curves 
is the -Y-axis, while certain other integral curves are parabolas in the planes 
y — constant, as shown in the first part of the figure below. Using the second 
part of the figure, show that Proposition 18 does not hold in dimension 3. 





CHAPTER 6 

INTEGRAL MANIFOLDS 


PROLOGUE 


A mathematician’s reputation rests on 
the number of bad proofs he has given. 
[Pioneer work is clumsy] 

A.S. Besicovilch, 
quoted in J. E. Littlewood, 
A Mathematician k Miscellany 


Beauty is the first test: there is no 
permanent place in the world for 
ugly mathematics. 

G. H. Hardy, 

A Mathematician ’s Apology 


I n the previous chapter, we have seen that the integral curves of a vector field 
on a manifold M may be definable only for some small time interval, even 
though the vector field is C°° on all of M. We will now vary our question 
a little, so that global results can be obtained. Instead of a vector field, sup- 
pose that for each p € M we have a 1 -dimensional subspace A p c M p . The 
function A is called a 1 -dimensional distribution (this kind of distribution has 
nothing whatsoever to do with the distributions of analysis, which include such 
things as the “(5-function”). Then A is spanned by a vector field locally, that is, 
wc can choose (in many possible ways) a vector field X such that 0 ^ X q e A q 
for all q in some open set around p. We call A a C°° distribution if such a 
vector field X can be chosen to be C°° in a neighborhood of each point. 

For a 1 -dimensional distribution the notion of an integral curve makes no 
sense, but wc define a (1 -dimensional) submanifold /V of M to be an integral 
manifold of A if for every p € /V we have 

i*{N p ) ~ A p where i: N —> M is the inclusion map. 

For a given p e M, we can always find an integral manifold /V of a C°° 
distribution A with p e /V; we just choose a vector field X with 0 ^ X q e A ? 
for q in a neighborhood of />, find an integral curve c of X with initial condition 
c(0) — />, and then forget about the parameterization of c, by defining N to be 
{e(/)}. This argument actually shows that for every p € M there is a coordinate 
system (*, U) such that for each fixed set of numbers a z , . . . ,ci n , the set 

iq € U : x z (q) ~a 1 ,...,x n {q) = a n } 
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is an integral manifold of A on U, and that these are the only integral manifolds 
in U. 

This is still a local result, but because we are dealing with submanifolds, 
rather than curves with a particular parameterization, we can join overlapping 
integral submanifolds together. The entire manifold M can be written as a 
disjoint union of connected integral submanifolds of A, which locally look like 


(rather than like 


or something even more complicated). For example, there is a distribution 
on the torus whose integral manifolds all look like the dense 1-dimensional 



submanifold pictured in Chapter 2. On the other hand, there is a distribution 
on the torus which has one compact connected integral manifold, and all other 



integral manifolds non-compact. It happens that the integral manifolds of these 
two distributions are also the integral curves for certain vector fields, but on the 
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M obi us strip there is a distribution which is spanned by a vector field only 
locally 



We are leaving out the details involved in fitting together these local integral 
manifolds because we will eventually do this over again in the higher dimen- 
sional case. For the moment we will investigate higher dimensional cases only 
locally. 

A A' -dimensional distribution on A/ is a function p i-» A^, where A p C M p 
is a A -dimensional subspace of M p . For any p £ M there is a neighborhood U 
and A vector fields A'j,. . ., A* such that X\{q) t . . . , X^q) are a basis for 
for each q £ U. We call A a C°° distribution if it is possible to choose C°° 
vector fields AT . . . , X q with this property in a neighborhood of each point p. 
A (A -dimensional) submanifold N of M is called an integral manifold of A if 
for every p £ N we have 

i*(N p ) ~ A p where / : N — > M is the inclusion map. 


Although the definitions given so far all look the same as the 1-dimensional 
case, the results will look very different. In general, integral manifolds do not 
exist , even locally. 

As the simplest example, consider the 2-dimensional distribution A in R 3 for 
which A p ~ A {a,b,c) is spanned by 


d 


dx 


i p 


+ 



and 


a 


By 


p 


Thus 


dx 


+ s 


By 


-4 


: r,s £ 


Ifwe identify TR 3 with R 3 x R 3 , then A p consists of all (i\s i br) p . Thus A p 
may be pictured as the plane with the equation 
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The figure below shows A p for points p — (a,b, 0). The plane A ( a ,b,c) through 
(a,b,c) is just parallel to the one through (a,b,0). 



If you can picture this distribution, you can probably see that it has no integral 
manifolds; a proof can be given as follows. Suppose there were an integral 
manifold /V of A with 0 e N . The intersection of N and z)} would be a 

curve y in the (y, r)-plane through 0 whose tangent vectors would have to lie 
in the intersection of A(o j>sr ) and the (_y, z)-plane. The only such vectors have 
third component 0, so y must be the j'-axis. Now consider, for each fixed yo, 
the intersection N Pi {(*, vo,=)}. This will be a curve in the plane {(a*, 
through (0, _}>()> 0)j with all tangent vectors having slope so it must be the 
line fO', J'o, >’()*)}* Our integral manifold would have to look like the following 
picture. But this submanifold does not work. For example, its tangent space at 
(1,0,0) contains vectors with third component non-zero. 
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To see in greater detail what is happening here, consider the somewhat more 
general case where A ( a ,b jC ) ~ A p is 


3a' 


+ 5 


By 


+ [rf(a,b) + sg(a,b)] — 

oz 


: r,ie 


geometrically, A p is the plane with the equation 

z-c ~ f(a,b)(x - a)+g(a,b)(y - b). 


As in the first example, the plane A( a ,b, c ) through (a, b, c) will be parallel to 
the one through (a,b, 0), since f and g depend only on a and b. 

We now ask when the distribution A has an integral manifold N through each 
point. Since A p is never perpendicular to the (,y, _y) -plane, the submanifold is 
given locally as the graph of a function: 



Now the tangent space at p — (a, b, a(a, b)) is spanned by 

d da d 

ox „ dx dz 


A 

dy 


da d 

+ Ty (a ’ b) T; 


These tangent vectors are in A p if and only if 

/(<7,i) = £(«,*), 
g(a,b) = i,b ). 

By 

So we need to find a function a: R 2 — > R with 

da ^ da 
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It is well-known that this is not always possible. By using the equality of mixed 
partial derivatives, we find a necessary condition on / and g: 


(**) 

In our previous example, 


Bf 

By 


dg_ 

dx 


f(a,b) = b 3 
g{a,b) == 0, 


Bf 

dy 


h 


Bg 

dx 


-0, 


so this necessary condition is not satisfied. It is also well-known that the neces- 
sary condition (**) is sufficient for the existence of the function a satisfying (*) in 
a neighborhood of any point. 


0. PROPOSITION. If fg\ 
(**) 


IK satisfy 

Bf __ dg_ 

dy dx 


in a neighborhood of 0, and co e IK, then there is a function or, defined in a 
neighborhood of 0 € IK 2 , such that 


(*) 


or (0,0) = z Q 


dot 

dx 

da 

dy 


= / 


= 8‘ 


PROOF. We first define or(,v, 0) so that or (0,0) — rro and 




da 

dx 


(a*,0) — /(,\\0); 


of (-V, 0) 

“0 


or(A-,0) 


~ -0 + 



,0 )dt. 


namely, we define 
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Then, for each x, we define cr(x, y) so that 


(2) (*,.?') = g(x,y); 

dy 


namely, we define 


Of(x,;0 =0f(x s 0) + 


Jo 


t)dt 


20 + /" f{t,0)dt-\- f g(x,t)dt. 
Jo Jo 


This construction does not use (**), and always provide us with an a satisfy- 
ing (2), da/dy = g. We claim that if (**) holds, then also da/d x =* f. To prove 
this, consider, for each fixed A', the function 


y ^ 


^y)-f(xyy). 


This is 0 for y = 0 by (1). To prove that it equals 0 for all j’, we just have to 
show that its derivative is 0. But its derivative at y is 

d 2 a , x df t ^ d fda\ / , df t ^ 

j -) - p x ’ j -) = 5 ; (fy ) <*• <*• 

= 0 by (**). ♦♦♦ 


Wc are now ready to look at essentially the most general case of a 2-dimen- 
sional distribution in R 3 : 


1 

f d 

d 

d 

A #-=| 

c — 

[ dx 

+ S ~ 

p d y 

+ Vf(p) + S£(/0] T- 

p dz 


where /, g: R 3 — > R. Suppose that 


N = {(x,y,z) : z = or(x,j^)} 
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is an integral manifold of A. The tangent space of TV at p = (a, b, a(a, b)) is 
spanned, once again, by 


a 

3 * 


da a 

a* a 2 


_a_ 

dy 


da 3 

+ -T- 

dy dz 


These tangent vectors are in A p if and only if 


(*) 


f(a 7 b,a(a 7 b)) = -£-{a,b\ 
dx 

da 

g{a,b,a{a,b)) ~ -r~(a>b). 

dy 


In order to obtain necessary conditions for the existence of such a function a, 
we again use the equality of mixed partial derivatives. Thus (*) and the chain 
rule imply that 


d 2 a 

dydx 


(a,b) 


~~{a,b,a{a,b)) + ^f(a,b,a(a,b)) ■ ^-(a,b) 
dy dz dy 


II 


d 2 a 

dxdy 


(a,b) 


dg dg . da 

~(ci 7 b,ct(a,b)) + -~-(a 7 b 7 a(a 7 b)) • — (a,b). 
ox dz dy 


This condition is not very useful, since it still involves the unknown function a, 
but we can substitute from (*) to obtain 


df df 

-^-(a,b,a(a,b)) + (a , b ,a{a > b)) ■ g{a,b,a{a,b)) 
dy dz 


~(a 7 b,a(a,b)) + ^-(a,b,a(a,b)) • f(a,b,a(ct,b)). 
ox dz 


Now wc are looking for conditions which will be satisfied by f and g when 
there is an integral manifold of A through every pointy which means that for each 
pair (a, b) these equations must hold no matter what a (a, b) is. Thus we obtain 
finally the necessary condition 
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In tills more general case, the necessary condition again turns out to be suf- 
ficient. In fact, there is no need to restrict ourselves to equations for a single 
function defined on R 2 ; we can treat a system of partial differential equations 
for n functions on R m (i.e., a partial differential equation for a function from R m 
to R”). In the following theorem, we will use t to denote points in R m and x 
for points in R”; so for a function f : R m x R” — > R* we use 

for D{f 
for D m +if. 


EL 

dt* 

3 / 

dxi 


1. THEOREM. Let U x V C R m x R n be open, where U is a neighborhood 
of 0 G R rt ', and let f : U x V — > R" be C°° functions, for i = 1, . . . ,m. Then 
for eve 17 x g V, there is at most one function 

a: W -► V, 


defined in a neighborhood IT of 0 in R m , satisfying 

or(0) = x 

(*) da 

— = for all /G W. 

(More precisely, any two such functions a\ and a^ defined on W\ and Wz 3 agree 
on the comjDonent of W\ n W 2 which contains 0.) Moreover, such a function 
exists (and is automatically C°°) in some neighborhood W if and only if there 
is a neighborhood of (0, a) g U x V on which 



PROOF. Uniqueness will be obvious from the proof of existence. Necessity of 
the conditions (**) is left to the reader as a simple exercise, and we will concern 
ourselves with proving existence if these conditions do hold. The proof will be 
like that of Proposition 0, with a different twist at the end. 

We first want to define a(t, 0 , . . . , 0) so that 


cr(0, 0, ... ,0) = x 
da 

{U 0,...,0) = fi{u 0,...,0,or(r,0, ...,0)). 


dt ] 


( 1 ) 
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To do this, we consider the ordinary differential equation 

fr(0)=x 

This equation has a unique solution, defined for j/| < E\. Define 

or(/,0 0) = fa(l) 

Then (1) holds for j/1 < E\. 

Now for each fixed t l with |/ ! i < e\, consider the equation 

p 2 (0)=a(t',0,...,0) 

P 2 '(t) = f 2 (t',t,0, ■■■,<>, PM)- 

This has a unique solution for sufficiently small t. At this point the reader must 
refer back to Theorem 5-2, and verify the following assertion: If we choose £\ 
sufficiently small, then for l/ 1 ] < E\ the solutions of the equations for fa with 
the initial conditions ^(0) =■ a(t l , 0, ... ,0) will each be defined for j/j < e z for 
some £2 > 0. We then define 

Of(/ 0, . . . , 0) ~fa{t) \t' \ < £u \1\ < £2- 

Then 

<*( 0 , 0 , 0 , . . ., 0 ) = x 
3a 

(2) ^2 (/’,/, 0.....0) = 0 0,aU',r,0,...,0)) 

\t l \ < E \ , 1 *| < E Z . 

Wc claim that for each fixed t l with jZ 1 j < e\ we also have, for all t with id < e z> 

(3) 0 = ^(r) = ,0) — y, (r',/,0, . . . ,0,cf(/',r,0 o)). 

Note first that 

(4) g(0) = 0 by (1). 

We now derive an equation for g'{t). In the following, all expressions involv- 
ing oc are to be evaluated at (z 1 , t, 0, . . . , 0) and all expressions involving f- are 
to be evaluated at (z 1 , /, 0, . . . , O.orf/ 1 , /, 0, . . . , 0)). We have 

_ 3 2 <* 3/. ^ 3/i 3a k 

S 1 dl^dl 1 dl 2 *- dx k 9 1 2 ’ 

k = I 
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and thus 



by (2) 

9/2 . 9/2 da* 3/i dfi k 

dt * dx^ dt * dfi dx^ ^ 

k = l k = l 

_ 3/ 2 A 3/2 r * . fk i 

- Bt > + 2- 3jf * [* « + •* J 

k~\ 

by (2) again 

V. fi /1 ,* 

dfi f- dx kJ1 
k= 1 

by definition, (3) 

k = 1 ox 

by (**). 


Now equation (5) is a differential equation with a unique solution for each 
initial condition. The solution with initial condition g(0) = 0, given by (4), is 
clearly g(t) = 0 for all /. So (3) is true. 

It is a simple exercise to continue the definition of a until it is eventually 
defined on (— £i, £i) x • ■ • x (— e n , e„) and satisfies (*). 

Theorem 1 essentially solves for us the problem of deciding which distributions 
have integral manifolds. Our investigation of the problem so far illustrates one 
basic fact about theorems in differential geometry: 

Many of the fundamental theorems of differential geometry fall into 
one of two classes. The first kind of theorem says that if one has a 
certain nice situation (e.g., a distribution with integral submanifolds 
through every point) then certain other conditions hold; these con- 
ditions are obtained by setting mixed partials equal, and are called 
“integrability conditions”. The second kind of theorem justifies this 
terminology, by showing that the “integrability conditions” are suffi- 
cient for recovering the nice situation. 

The remaining parts of our investigation, in which we will essentially begin 
anew, illustrates an even more important fact about the theorems of differential 
geometry: 

There are always incredibly concise and elegant ways to state the in- 
tegrability conditions, and prove their sufficiency, without ever even 
mentioning partial derivatives. 
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LOCAL THEORY 

If / : M — > N is a C°° function, and X and Y are C°° vector fields on M 
and N, respectively, we say that X and Y are /-related if f* P {X p ) = Y/( P ) for 
each p € M. If g : N — > R is a C°° function, then 

Yf{p)(s) = f*pX p {g) 

= X p {gof), 

50 (Yg)of = X(fog). 

Conversely, if this is true for all C°° functions g : N — > R, then J and f are 
/-related. 

Of course, a given vector field X may not be / -related to any vector field Y, 
nor must a given vector field Y be /-related to any vector field on M. In one 
case, the latter condition is fulfilled: 

2. PROPOSITION. Let f : M —> N be a C°° function such that / is an 
immersion. If Y is a C°° vector field on N with 

y Ap) e fp*(M p ), 

then there is a unique C°° vector field X on M which is /-related to Y. 

PROOF. Clearly we must define X p to be the unique element of M p with 
Yap) = fp*X p . To prove that X is C°°, we use Theorem 2-10(2): there are 
coordinate systems (jr, U) around p e M and (7, V) around /(/>) e N such 
that 

This is easily seen to imply that 



Thus if 

Y = 

1=1 

where a 1 are C°° functions, then 

X = 

where or' ° / = yS' . This implies that the functions yS' are C°° (Problem 3). ♦> 
The most important property of /-relatedness for us is the following: 

3. PROPOSITION. If Xj and Y; are /-related, for / = 1,2, then [X\ t X2] and 
[Ti , T 2 ] are /-related. 
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PROOF. If g : N R is C°°, then 

(1) (Y i g)of = X i (gof) i = 1,2. 

So 

{{YuY 2 ] g } o / = {y, (y 2 g)} o / - {y 2 (r lir )} o / 

= Jfi([y25]o/)-jr 2 ([y^]o/) 

by (1), with g replaced by Y 2 g and Y\g , respectively 
= X ] (X 2 (gof))~X 2 (X ] (gof)) by (1) 

= [X u X 2 ](gof). ♦> 


Now consider a /: -dimensional distribution A. We will say that a vector 
field X belongs to A if X p € A p for all p. Suppose that N is an integral 
manifold of A, and / : /V — > M is the inclusion map. If X and Y are two vector 
fields which belong to A, then for all p € /V there are unique X p ,Y p € N p such 
that 

X p ~ t*X p , Y p ~ i*Y p . 

In other words, X and X are / -related, and Y and Y are / -related. Proposition 2 
shows that X and Y are C°° vector fields on N, and Proposition 3 then shows 
that [ X , F] and [ X , Y] are /-related. Thus 

U[X, Y] P = [X , Y] p . 


Here [X, Y] p e N p -, this therefore shows that [X, Y] p € A p . Consequently, if 
there is an integral manifold of A through every point />, then [ X , y] also belongs 
to A. 

For a moment look back at the distribution A in R 3 given by 


A p = { 




+ s 


dy 


+ [rf(p) + sg(p)] — 

uZ 


r, s € R 


1 


The vector fields 



y = 


A 


+s Fz 


belong to A. Using the formula on page 156, we see that 


> "'-(£- 5 * 4 - 4 ) 


a 

Yz 


This belongs to A only when the expression in parentheses is 0, which is precisely 
the condition for A to have an integral manifold through every point. 
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In general, A is called integrable if [ X , Y] belongs to A whenever X and Y 
belong to A. This condition can be checked fairly easily: 

4. PROPOSITION. If X ], . . . , Xk span A in a neighborhood U of p, then A 
is integrable on U if and only if each [X^ Xj ] is a linear combination 

k 

lx,,Xj] = J2c!jx° 

a = 1 

for C°° functions Cfj. 

PROOF. Such functions clearly exist if A is integrable, since [X t -,Xj] q € A q> 
Inch is spanned by the X a (q). Conversely, suppose such functions exist. If X 
and Y belong to A we can clearly write 

k 

X = J2 f,X, 

i—\ 

r = £>*,. 

)=] 

To prove [X,Y] belongs to A, it obviously suffices to treat each [fiX^gjXj] 
separately. Since we have 

[fX,gY] = fg[X, Y] + f(Xg)Y - g(Yf)X, 

clearly [fX^gY] belongs to A if X, Y and [X y Y] do. ♦♦♦ 

We are now ready for the main theorem. It is equivalent to Theorem 1; in 
fact, Theorem 1 can be derived from it (Problem 7). But the proof is quite 
different. 

5. THEOREM (THE FROBENIUS INTEGRABILITY THEOREM; 
FIRST VERSION). Let A be a C°° integrable k -dimensional distribution 
on M. For every p € M there is a coordinate system (a*, V) with 

x(p) = 0 

x(U) = (~e,e) x . . x (~e,e), 
such that for each (7* +1 , , . . , a n with all \o‘\ < £, the set 

{cj eU: x k+x {q) - a k+ \ . . . , x n {q) ~ a n } 
is an integral manifold of A. 

Any connected integral manifold of A restricted to V is contained in one of 
these sets. 
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PROOF, \ We can clearly assume that we are in IK", with p = 0. Moreover, we 
can assume that Aq C IK"o is spanned by 


a 


a 


di ] 


0 


dt k 


Let 7i : IK" — > IK* be projection onto the first k factors. Then 7r* : A 0 — > IK*o is 
an isomorphism. By continuity, 7r* is one-one on A q for q near 0. So near 0, 
we can choose unique 

X\ (?)) - • - ’ X/c(q) e Aq 


so that 


n * Xi(q) = 377 


/ = I, At. 


*■(<?) 


Then the vector fields X\ (on a neighborhood of 0 € IK") and djdt 1 (on IK*) are 
jt - related. By Proposition 3, 


7t *\.X i ) X j“\q — 


dp dti 




= 0. 


But, [Xj f Xj]q € Aq by assumption, and jt* is one-one on A q . So [X/,Xj] = 0. 
By Theorem 5-14, there is a coordinate system x such that 


Xi = 


a 

dx‘ 


i = 1 


The sets {q € U : x k+l (q) ~ a k+l , . . , , x n (q) ~ a n } are clearly integral man- 
ifolds of A, since their tangent spaces are spanned by the d/d x‘ = X; for 
/ = L- ■ ■ ,k. 

If N is a connected integral manifold of A restricted to U, with inclusion map 
i : N U, consider d{x m o /) for k + 1 < m < n. For any tangent vector X q 
of Nq we have 


d{ X m O 0(Xq) = X q {X m O /) = UX q ( Jf") 

-o, 

since t*X q € A q> which is spanned by the d/dx J \ q for j = 1,.,.,/c. Thus 
d(x n> o /) = 0, which implies that x m o / is constant on the connected mani- 
fold n, ♦> 
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GLOBAL THEORY 

In order to express the global results succinctly, we introduce the following 
terminology. 

If M is a C°° manifold, a (usually disconnected) k -dimensional submani- 
fold N of M is called a foliation of M if every point of M is in (some com- 
ponent of) N, and if around every point p € M there is a coordinate system 
(a*, U), with 

a' ( (/ ) = (—£, e) x • • • x (— e f e), 


such that the components of N n V are the sets of the form 

{q e U: x k+] (q) = a k+i , . . . , x n {q) = a n } W\ < e. 

Each component of N is called a folium or leaf of the foliation N. Notice that 
two distinct components of N Pi U might belong to the same leaf of the foliation. 



6. THEOREM. Let A be a C°° k -dimensional integrable distribution on M. 
Then M is foliated by an integral manifold of A (each component is called a 
maximal integral manifold of A), 

PROOF. Using Theorem 1-2, we see that we can cover M by a sequence of 
coordinate systems (Xj,Ui) satisfying the conditions of Theorem 5. For such a 
coordinate system (a, U), let us call each set 

{q & U: x k+1 (q) = a k+] , . . . , x N (q) - a n } 


a slice of V. 

It is possible for a single slice S of Uj to intersect Uj in more than one slice 
of Uj, as shown below. But S Pi Uj has at most countably many components. 
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and each component is contained in a single slice of Uj by Theorem 5, so S C\Uj 
is contained in at most countably many slices of Uj. 



Given p e M, choose a coordinate system (xo> Uq) with p e Uq, and let So 
be the slice of Uq containing p. A slice S of some (/,- will be called joined to p 
if there is a sequence 

0 !q, — / 

and corresponding slices 

So = S; l} , Sj x , . . . , S,j = S 

with 

Si a Pi S,- a+l 7^0 or = 0 , — I . 

Since there are at most countably many such sequences of slices for each se- 
quence z‘o, . . . , and only countably many such sequences, there are at most 
countably many slices joined to p. Using Problem 3-1, we see that the union 
of all such slices is a submanifold of M. For q p, the corresponding union 
is either equal to, or totally disjoint from, the first union. Consequently, M 
is foliated by the disjoint union of all such submanifolds; this disjoint union is 
clearly an integral manifold of A. 

[If we are allowing non-metrizable manifolds, the proof is even easier, since 
we do not have to find a countable number of coordinate systems for each leaf, 
and can merely describe the topology of the foliation as the smallest one which 
makes each slice an open set. In this case, however, the discussion to follow 
will not be valid — in fact, Appendix A describes a non-paracompact manifold 
which is foliated by a lower- dimensional connected submanifold.] 
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Notice that if (x , V) is a coordinate system of the sort considered in the proof 
of the theorem, then infinitely many slices of V may belong to the same folium. 



However, al most countably many slices can belong to the same folium; otherwise 



this folium would contain an uncountable disjoint family of open sets. This 
allows us to apply a proposition from Chapter 2. 

7. THEOREM. Let M be a C°° manifold, and M\ a folium of the folia- 
tion determined by some distribution A. Let P be another C°° manifold and 
f : P — > M a C°° function with f(P) C M\. Then / is C°° considered as a 
map into M\. 

PROOF . According to Proposition 2-1 1, it suffices to show that f is continuous 
as a map into M\. Given p € P, choose a coordinate system (jc,£/) around 
/(/>) such that the slices 

{q e V : ,y* +1 (q) ~ a k+] t ... t x n (q) = a n ) 

are integral manifolds of A. Now / is continuous as a map into M, so f takes 



Mi 

f(p)_ 

Mi 


Mi 
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some neighborhood W of p into U ; we can choose W to be connected. For 
k + 1 < / < n, if we had x‘ (/(//)) ^ a 1 for any p' e W, then x‘ o f would take 
on all values between a 1 and x‘ (/(/)')), by continuity. This would mean that 
f(W) contained points of uncountably many slices, contradicting the fact that 
f{W) c Mi. 

Consequently, x ! (f(p')) = a 1 for all p' e W. In other words, f(W) is 
contained in the single slice of U which contains p. This makes it clear that f 
is continuous as a map into M \ . 
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PROBLEMS 


L (a) Let f = n : E — > B be an n-plane bundle, and ^ = n l : E' B a 
/: -plane bundle such that £’ / C £. If / : E l — > E is the inclusion map, and 
Ib : B — > B the identity map, we say that is a subbundle of f if (/, I 5 ) is a 
bundle map. Show that a /r -dimensional distribution on M is just a subbundle 
of TM. 

(b) For the case of C°° bundles £ and £' over a C°° manifold M, define a C°° 
subbundle, and show that a /^-dimensional distribution is C°° if and only if it is 
a C°° subbundle. 

2. (a) In the proof of Theorem 1, check the assertion about choosing ej suffi- 
ciently small. 

(b) Supply the proof of the uniqueness part of the theorem. 

3. (a) In the proof of Proposition 2, show that 


f* 



dy‘ 


f(p) 


(b) Complete the proof of Proposition 2 by showing that if 





so that 


*-£0' 

/=] 



with a‘ o f — then the functions are C°°. 


4. In the proof of Proposition 4, show that the functions Cf. actually are C°°. 

5, Let Ai, . . . , A/, be integrable distributions on M, of dimensions d^. 
Suppose that for each p e M, 


M p — (A])p ® * * * © (A/f)^. 

Show that there is a coordinate system (a', U) around each point, such that A] 
is spanned by 3/3 jt 1 , . , . , 3/3 , etc. 
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6. Prove Theorem 1 from Theorem 5, by considering the distribution A in 
R m x R” (with coordinates t, jc), defined by 


A, = < 


m 


3,1 


+ 

P k 


V ;=l 7 





Notice that even when the fj do not depend on x, so that the equations are of 
the form 

da 

with the integrability conditions 


= M 

dv dtJ ’ 


we nevertheless work in R m x R”, rather than R m . This is connected with the 
classical technique of “introducing new independent variables”. 

7. This problem outlines another method of proving Theorem 1, by reducing 
the partial differential equations to ordinary equations along lines through the 
origin. A similar technique will be very important in Chapter 11.7. 

(a) If we want a(ut ) = for some function [0,0 x W — > V, show 

that J3 must satisfy the equation 


= XV ‘ fj(ut,fi(u,t)) 


j-i 
J8(0,/)=A'. 


We know that we can solve such equations (we need Problem 5-5, since the 
equation depends on the “parameter” t € R m ). One has to check that one e 
can be picked which works for all / € W. 

(b) Show that 

j8(w, vt) = fi(uv,t). 


(Show that both functions satisfy the same differential equation as functions 
of u, with the same initial condition.) By shrinking IT, we can consequently 
assume that e — 1. 

(c) Conclude that 


df_ 

dtJ 


(v.O = v • 


df_ 

dtJ 


(Uvt). 
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(d) Use the integrability condition on f to show that 




dtJ 




and v * f/(vt, /)) 


satisfy the same differential equation, as functions of v. Use (c) to conclude that 
the two functions are equal. 

(e) Define cr(0 = yS(l ,t). Noting that oc(vt) — fi(v,t), show that a satisfies the 
desired equation. 


8. This problem is for those who know something about complex analysis. Let 
/ : C x C — > C be complex analytic. If we denote the coordinate functions in 
CxCbyzi,: 2 = yi,X 2 > y 2 , then / = u + iv satisfies the Cauchy- Riemann 
equations 


du dv 

dxj dyt 

du dv 


i = 1 , 2 . 



Use Theorem 1 to prove that we can solve the equations 


dcr 1 

17 


u(A', j y,Gr 1 (A',.y),Qr 2 (*,;0) 


da 2 

dy 


da 2 

17 


= v(*,^ff 1 (^jO,or 2 (A-,.>0) = “ 


Scr 1 

dy 


in a neighborhood of 0 € C (or of any point -o € C), and conclude that the 
differential equation 

0'(z)=/(z,0(z)) 

(in which ' denotes the complex derivative) has a solution in a neighborhood 
of zo, with any given initial condition 0 (zq) = u>o. 



CHAPTER 7 

DIFFERENTIAL FORMS 


W e turn our attention once more to tensor fields, but we will be concerned 
with a special kind of tensor field, the discussion of which requires some 
more algebraic preliminaries. 

Let V be an ft-dimensional vector space over R, An element T G T k (V) is 
called alternating if 

r(U] , . . . , v it . . . , u/, . . . , v k ) = 0 if Vi = vj ( i ^ j). 

If T is alternating, then for any V ] , . . . , v k , we have 

0 = T{v \ , . . . , vt + vj , . . . , v/ + v/, ...,v k ) 

= rfv] ..... v/, .... V,- v k ) + r(u] , . . . , Vi , . . . , vj , . . . , v k ) 

+ Tfu] ..... II/. .... V,-. .... v*) + T(v l7 . ... V/. .... V/, .... V*) 

= 0 4- T(i 'I , . . . . v/, . . . , II/, . . . , v k ) + T{V \ , .... U/, .... U;, ... , v k ) + 0. 

Therefore, T is skew-symmetric: 


Tfit] ..... it/, .... ii/, .... v*) = -T(v i, u/, .... u/, .... uj t ). 


Of course, if T is skew-symmetric, then T is also alternating. [This is not true 
in the special case of a vector space over a field where 1 + I = 0; in this case, 
skew-symmetry is the same as symmetry, and the condition of being alternating 
is the stronger one.] 

We will denote by the set of all alternating T € T k {V). It is clear 

that C T k (V) is a subspace of T k (V). Moreover, if /: V -► W is a 

linear transformation, then /*: T k (W) — > T k {V) preserves these subspaces — 
/*: Q k {W) Q k {V). Notice that Q'(V) = T ] (V) = V*, so Q l (V) has 
dimension «. It is also convenient to set £2°( V) — 7'°( V) = IR. At the moment 
it is not clear what the dimension of Q k (V) equals for k > 1 , but one case is 
well-known. The most familiar example of an alternating T is the determinant 
function det G considered as a function of the n rows of a matrix— 

wc shall soon see that this function is, in a certain sense, the most general 
alternating function. Most discussions of the determinant begin by showing 
that of any two alternating /7-linear functions on R", one is a multiple of the 
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other; in other words, dimfi n (K n ) < 1. Then one proves dimfi w (K n ) = 1 
bv actually constructing the non-zero function det (it follows, of course, that 
dimfi”(V r ) = 1 if V is any n -dimensional vector space). The construction of 
det is usually by a messy, explicit formula, which is a special case of the definition 
to follow. 

Let Sk denote the set of all permutations of {1, an element a € S* is 

a function i a(i). If (uj , . . . , vC) is a k -tuple (of any objects) we set 

° * Ol, ■ • ■ , Ujfc) = (U< 7 (]),. • ■ , V a (Jc)). 

This definition has a built-in confusion. On the right side, the first element, 
for example, is the cr ( I ) sl of the u’s on the left side; if these u’s have indices 
running in some order other than 1 , . . . , k, then the first element on the right is not 
necessarily that v whose index is cr ( I ) . The simplest way to figure out something 
like cr ■ (^3 , V2. fi, - • ■ ) is to rename things: U3 = tui, V2 =*= W2, = 103, .... Thus 

warned, we compute 


o -(p- (U],...,Ujfc)) = 0 ■ (t Jp(] Up(jt)) 


by setting 


*V( 1 ) — Wl , . . . , 'Vp(k) — Wfc , 


so that 


o ■ (p . (U| , . . . , Vk)) = o • (ut] , . . . , w k ) 

— (^cr(l)) * * • > Wo(k)) 

— (*V(cr(i))) . • - > v p(o{k))) since Wa = ^p{a)- 


Thus 


(*) 0 ■ (p‘ (Vl»..-»Vjt)) = iP°) • Ol,..‘,U*). 


Now for any T € T k {V) we define the “alternation of T n 

Alt T = ^ sgn a * T 00, 


i.e., 


Alt T(v u ...,vk) = s $ na ' T ( y o{i )>■ * 




where sgne is +1 if o is an even permutation and -I if a is odd. 
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1. PROPOSITION. 

(1) If T € T k (V), then Alt(T) e Q k (V). 

(2) If at € Q k (V), then Alt at = at. 

(3) If T € T k (V), then Alt(Alt(T)) = Alt(T). 

PROOF. Left to the reader (or see pp. 78-79 of Calculus on Manifolds). ♦> 

We now define, for at € Q k {V) and rj € ClfV), an element wajjs ^^(K), 
the wedge product of at and rj f by 

(k + l)\ 

<DAri= Alt(ot ® rj). 

The funny coefficient is not essential, but it makes some things work out more 
nicely, as we shall soon see. It is clear that 

(1) a is bilinear: 

(at] + Ot 2 ) A rj = Ot] A 1 } + Ot 2 A 7] 

0 ) A (t?i + r} 2 ) = (si A t?i + Ot A r }2 
qoj A 7} = at a ar} = a(a) A rj) 

(2) /*(ot A rj) = f *(0 A f*T). 

Moreover, it is easy to see that 

(3) A is “anti-commutative”: at a r} = (-1 ) kl r} a at. 

In particular, if k is odd then 

at a at = 0. 

Finally, associativity of A is proved in the following way. 


2. THEOREM. 

(1) If S € T k (V) and T € T l (V) and Alt(S) = 0, then 

Alt (5 <g> T) = Alt(7 <g> S) = 0. 


(2) Alt(Alt(ot <gt r}) <g) 9) = Alt(ot <g> t; <g> 9) = Alt(ot <g) Alt(t; <g> 9)). 

(3) If at € Q k ( V), rj € Q l (V), 9 € Q m (V), then 


(at A 7/) A 9 = at a (ij A 9) = 


(/:+/ + m)! 


Alt(at <gt rj <gi 9). 


k\l\m\ 
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PROOF. (I) We have 

(k +/)! Alt(S O , u>t+/) 

= ^2 sgna • (5 ® T) * {a • (it], . . . , u*+f)) 


osS, 


k+t 


— ^ ' Sgn O * . . . , V a (k}) * 7’(l l cr (/ : ^.jj, . . . , Wcr(£+/))‘ 

o€.S k+ i 

Now let G C S/c+i consist of all a which leave k 1, 1 fixed. Then 

y 1 s g n ° ' *^( y cr(]) j ) V<j(k)) ' ^( y cr(/:+])) • * • 5 *V(£.f/)) 


o&G 


^2 sgno' ■ S(Vo'{ih---*Vo'Uc)) 

o'sSjf 


F{Vk-\-\ , . . . , Vfc+l ) 


= 0. 


Suppose now that o Q £ G. Let ooG = {oqo' \ o' e G }. Then 
T. sgno ■ (5 ® T)(a ■ (uj,.. . ,u* + /)) 

ctsctoG 

= sgnoo • sgno' * (S <g) T){o' ■ (o 0 • (ui , . . . , «*+/))) by (*). 

cr'eG 

We have just shown that this is 0 (since oq ■ (iij, . . . , u*+/) is just some other 
(/: + /)-tuple of vectors). Notice that G Pi oqG = 0, for if a e G Pi oqG, then 
a ~ aoa f for some o' € G, so oo = o{o')~ ] € G, a contradiction. We can then 
continue in this way. breaking £*+/ up into disjoint subsets, the sum over each 
being 0. The relation AltfT <g) 5) = 0 is proved similarly 

(2) Clearly 

Alt(Alt(;/ <g> 9) - r] ® 6) = Alt(t? <g> 6) ~ Ah(i] ® 6) = 0, 
so (1) implies that 

0 = Alt(ot <g> [Alt(t? ® 8) - r} <g) 6]) 

= Alt (to <S> Alt(t; <g) 6)) — Alt(ot (g > t? <g> 0); 
tlie other equality is proved similarly. 


(3) We have 


(at A rj) a 6 = Alt((at A r}) ® 6) 


(k + l)\m\ 

(/:+/ + m)\ (k + /)! 
“ (k~+l)\m\ k\l\ 
The other equality is proved similarly 


Alt(ot <g) t; ® 6). 
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Notice that (2) just states that A is associative even if we had omitted the 
factor (/:+/)!/&!/! in the definition. On the other hand, the factor 1 jk\ in the 
definition of Ait is essential— without it, we would not have Alt(Alt T) = Alt T, 
and the first equation in the proof of (2) would fail. [If we had defined Alt just 
like Alt , but without the factor I//:!, then A could be defined by 

w A n = tu\ Alt(w ® 

This makes sense, even over a field of finite characteristic , because each term in the 
sum Alt (tu® r))(V] , . . . , 11*+/) occurs k\l\ times (since to and r} are alternating), 
and \/k\l \ can be interpreted as meaning that these k\l \ terms are replaced by 
just one.] The factor (k +l)\fk\l\ has been inserted into the definition of A 
for the following reason. If V\ , . . . , v„ is a basis of V, and <fi \ , . . . , <f>„ is the dual 
basis, then 


(1-1 |_i)t 

0] A ■ • ■ A <p n = Alt(0] ® • • • ® <j)n) 

I ! * * * I ! 

— y; sgn a • (<f)] ® ■ ■ • ® 4>n) 0 g- 
cre£„ 

In particular, 

(<p] A ■ * ■ A <pn)(V] , . . . , Vn) — 1 . 

(So if i>i , . . . , v„ is the standard basis for R", then <p] a * * • A <(>„ — det .) A basis 
for Q k {V) can now be described. 

3. THEOREM. The set of all 


4>i I A • • • A <pj k 1 < /] < • • ■ < i k < n 
is a basis for Q k (V), which therefore has dimension 

(}i\ n\ 

U/ = k\{n-k)V 

(In particular, Sl k {V) — {0} for k > n) 

PROOF. If to € Sl k {V) C T k (V), we can write 

to = ^2 ai x „./ A . 4> ix ® ■■ * ®> 4>i k . 
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So 

a) = Alt (a>) = ^2 a iX ' Jk Alt(0/, ® • • ■ ® &*). 

i| 

Each AJt(0/, <g> * • * ® 4>ik ) i s either 0 or = ±(1/ Ar!) 0;, A * ■ * A 0y A . for some 
j\ < • * • < 7*, so the elements 0 yi A * • * A 0y A . for j\ < * * • < jk span Sl k {V). If 

0= J2 a h -ik<t>h A 

then applying both sides to (v,-, , , . . , Vj k ) gives a,-j„./ A . = 0. <♦ 

4. COROLLARY. If wi , . . . , a)k € £2 1 ( K), then W],...,wa are linearly inde- 
pendent if and only if 

to] A • * • A (Ok 7^ 0. 

PROOF. If a)\ , . . . , a>k are linearly independent, there is a basis Ui , . . . , u*, . . . , u„ 
of V such that the dual basis vectors 0] , . . . , <pk-> ■ * • , <t>n satisfy <p; — a); for 
1 < i < k. Then at] A • • * A cok is a basis element of ^(V), so it is not 0. 

On the other hand, if 


oi\ = a 2 w 2 H b aicU>k, 


then 


to\ A (L>2 A * • • A (Ok = (a 2 0)2 + ■ * * + O^k) A £i> 2 A • • • A £i>£ = 0. 


To abbreviate formulas, it is convenient to let 1 denote a typical “multi-index” 
(/], . . . ,ik), and let <pi denote 0,-, a ■ • ■ A <pi k . Then every element of Q. k (V) is 
uniquely expressible as 

J2 a l<f>l- 

1 

Notice that Theorem 3 implies that every w e is a linear combination 

of the functions 


r 

(i»i , . . . , Vk) i-> determinant of a k x k minor of I ; 

\Vk 

One more simple theorem is in order, before we proceed to apply our con- 
struction to manifolds. 
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5. THEOREM. Let i/j, . . . , v n be a basis for V, let co € Q n (E), and let 


i Vj = cijiVj i — 


Then 


w(iy] w B ) = det(o , ) y) ■ w(ui , . . . , v„). 

PROOF. Define rj € T n (R n ) by 

??((«] i «n»)) =gfl y^qjiiy,...,y^qjniv )■ 

7“i /“i ' 

Then clearly t7€£2 n (R n ),sot7 = c* det for some c € R, and 

c = 17(^1 = <o(v u„). <♦ 


6. COROLLARY. If K is /7-dimensional and 0 ^ co € £2 n (K), then there is a 
unique orientation /x for K such that 

[ui, . . . , v„] = /x if and only if w(y] , . . . , u„) > 0. 

With our new algebraic construction at hand, we are ready to apply it to 
vector bundles. If ^ = jt : is a vector bundle, we obtain a new bundle 

by replacing each fibre jt 1 (/? ) with ^(jr" 1 (/>)). A section co of 
is a function with co(p) € (/>)) for each p e B. If rj is a section of ), 

then we can define a section w A jj of ) by (co A 77) (/?) = a(p) A n(p) e 

Q* +/ (jt “'(/>))• 

In particular, sections of Q k (TM), which are just alternating covariant tensor 
fields of Ol der A, are called k -forms on M. A 1-form is just a covariant vector 
field. Since Q k {TM) can obviously be made into a C°° vector bundle, we can 
speak of C°° forms; all forms will be understood to be C°° forms unless the 
contrary is explicitly stated. Remember that covariant tensors actually map 
contravariantly: If f: M — > N is C°°, and a> is a A-form on N t then f*co is a 
A- -form on M. We can also define co\ + 00 2 and 00 A 77. The following properties 
of A -forms are obvious from the corresponding properties for Sl k {V)\ 

(tol + CO 2 ) A 7} = CO\ A ?/ + £i>2 A T} 

0) A (?7i + 772) = 0) A Tji 4- to A Y}2 

f(D A rj — CO A fr\ = f{0) A T}) 

CO A T} ~ (-1 ) ki T} A CO 
/*((*) At}) — f*CO A f*T). 
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If (a% U) is a coordinate system, then the dx‘(p) are a basis for M p * f so the 
dx‘ l (p) A • • * a dx lk {p) (/] < < ifc) are a basis for p ). Thus every 

/r-form w can be written uniquely as 

O) = ^ dx’ 1 A • * • A dx‘ k 

n <*“<'* 

or, if we denote dx 11 A • * • A dx lk by dx 1 for the multi-index / — (/‘i , . . . , /*), 

to = to i dx 1 . 

I 

The problem of finding the relationship between the (Oj and the functions (o'j 
when 

(o = ^ (Oj dx 1 = ^ (o' i dy 1 
i i 

is left to the reader (Problem 16), but we will do one special case here. 


7. THEOREM. If / : M — > N is a C°° function between /7-manifolds, (x, U) 
is a coordinate system around p € M, and (j>, V) a coordinate system around 
q - f{p) e N, then 


f*{8 c h A • ■ • A dy n ) = (g o /) • det 
PROOF. It suffices to show that 




A • * * A dx 11 . 


f*(dy A * ■ ■ A 
Now, by Problem 4-1, 


d > n) - dx ' 


A ■ • * A dx 11 . 


f*(d.v' A • • • A dy")(p) 


= ^ 1<9 )A-AA n (9)(/.^ r [...../,gj r [ 

" A‘(q) A • • • A dy^(q){j^ 3(y a °/ ) (/*) g~7 . 


° /) , ^ ^ 

'"’f-r dx « (/0 3/ 


/ 3(y‘ of) \ 

— det — - — : — (/>) 1 , by Theorem 5. ♦> 

V J 
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8. COROLLARY. If (a, U) and (y, V) are two coordinate systems on M and 

g dy x a ■ * • a dy” — hdx x a • * • a dx n , 

then 

* = * ■**©)■ 

PROOF. Apply the theorem with / — identity map. ♦♦♦ 

[This corollary shows that «-forms are the geometric objects corresponding to 
the “even scalar densities” defined in Problem 4-10.] 

If f = n : E — > B is an n-plane bundle, then a nowhere zero section w of 
has a special significance: For each p € i?, the non-zero (o{p) G Q n (n~ x (/>)) 
determines an orientation pL p of n~ x {p) by Corollary 6. It is easy to see that 
the collection of orientations {p. p } satisfy the “compatability condition” set forth 
in Chapter 3, so that pL — {pt p } is an orientation of f . In particular, if there is 
a nowhere zero n-form (o on an n -manifold A/, then M is orientable (i.e., the 
bundle TM is orientable). The converse also holds: 

9. THEOREM. If a C°° manifold M is orientable, then there is an n-form w 
on M which is nowhere 0. 

PROOF. By Theorem 2-13 and 2-15, we can choose a cover (9 of M by a col- 
lection of coordinate systems {(a - , (/)}, and a partition of unity {<f>u} subordinate 
to (9. Let /x be an orientation of M. For each (x,U) choose an n-form wy 
on U such that for v \ , . . . , v„ G M p , p G U we have 

&u(v } , . . . , v n ) > 0 ifandonlyif [uj , . . . , v„] — pL p . 


Now let 


to 


= X! 4>U Mu- 
ll e<3 


Then w is a C°° n-form. Moreover, for every p, if ui, . . . , u„ G M p satisfy 
[f] , • • . , v n ] — Mp, then each 


(■ <t>u &u)(p)(v i , . . . , Vn) > o, 


and strict inequality holds for at least one U. Thus (o{p) ^ 0. 
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Notice that the bundle Q n (TM) is 1-dimensional. We have shown that if M 
is orientable, then Q n (TM) has a nowhere 0 section, which implies that it is 
trivial. Conversely, of course, if the bundle Q n (TM) is trivial, then it certainly 
has a nowhere 0 section, so M is orientable. [Generally, if f is a k -plane bundle, 
then ) is trivial if and only if f is orientable, provided that the base space B 
is “paracompact” (every open cover has a locally- finite refinement).] 

Just as has been introduced as another name for IR, a 0-form on M 

will just mean a function f on M (and / A at will just mean f • at). For 
every 0-form / we have the 1-form df (recall that df{X) — X{f)\ which in a 
coordinate system (x, V) is given by 


df = Y i X^dx>. 

J ^ dx-f 


j~ i 


If at is a /:-form 



then each donj is a 1-form, and we can define a ( k + l)-form dot, the differential 
of at, by 

don — don i dx 1 

1 


= yyp-dx‘ Adx 1 . 

v ^ dx a 

I a=l 

It turns out that this definition does not depend on the coordinate system. This 
can be proved in several ways. The first way is to use a brute-force computation, 
comparing the coefficients at'/ in the expression 


at 



with the at/. 

The second method is a lot sneakier. We begin by finding some properties of 
don (still defined with respect to this particular coordinate system). 


10. PROPOSITION. 

(1) d(oo\ +ot 2 ) — doo\ d(L> 2 - 

(2) If at] is a /:-form, then 

d{ at] A at2) = don] A at2 + (— I)*atj A don-i. 

(3) d(don) — 0. Briefly, d 2 — 0. 
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PROOF, \ (1) is clear. To prove (2) we first note that because of (1) it suffices to 
consider only 

W] - f dx 1 
(o 2 — g dx J . 

Then o)\ A 0)2 — fg dx 1 A dx J and 

d{a)\ A a) 2 ) = d(fg) A dx 1 A dx J 

= g df A dx 1 A dx J 4- f dg A A dx J 
= <^t>] A £U 2 + (—I)*/ A dg A dx J 
= dtU] A to 2 H- ( — A d(i) 2 . 

(3) It clearly suffices to consider only k-forms of the form 

( 1 ) — f dx 1 . 


Then 


do) — Y dx a A dx 1 


a=l 


SO 


n , n 

=e(e 


d(dto) 

In this sum, the terms 

and 

cancel in pairs. 


a 2 / 


3x@dx a 


^ — dx& A dx a A dx 1 

3x$dx a 


dx& A dx a A dx 1 


. ^ f dx a a dx& a dx 1 
dx a dxP 


We next note that these properties characterize d on U. 


1 1. PROPOSITION. Suppose d ' takes forms on U to (k + l)-forms on U, 
for all k , and satisfies 

(1) d'(o)\ + ( 1 ) 2 ) = d'a t] + d'a) 2 . 

(2) d'((i)\ A ( 1 ) 2 ) — d'(i) ] A 0)2 -\- (— 1)^£U] A d f 0)2- 

(3) d'(d'f) = 0. 

(4) df = (the old) df. 

Then d' = d on U. 
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PROOF : 
by (2), 


It is clearly enough to show that d'w — doi when w — f dx 1 . Now 


d'(f dx 1 ) ~ d'f a dx 1 + / a d'idx 1 ) 

— df A dx 1 + / A d’idx 1 ) by (4). 


So it suffices to show that d'{dx ! ) — 0, where 

dx 1 = dx‘ l a • • - a dx lk 

— d'x" A • • * A d'x lk by (4) , 


We will use induction on k. Assuming it for k - 1 we have 

d'(dx ! ) = d'(d'x il A ... A d f x ik ) 

= d'(d'x " ) A d'x 1 2 A ... A V* 

— d'x" a d'(d'x 11 a •.. a d'x‘ k ) by (2) 
= 0 — 0, by (3) and the inductive hypothesis. 


12. COROLLARY. There is a unique operator d from the /:-forms on M to 
the {k 4- 1)- for ms on M , for all A:, satisfying 


d((L>i +a) 2 ) = dtO] 4- da) 2 

d((i)] A W 2 ) — d(s)\ A £U2 + ( — l)^£U] A £/£i>2 

d 2 =0, 

and agreeing with the old d on functions. 

PROOF. For each coordinate system {*, V) we have a unique d\j defined. 
Given the form w, and p € M, pick any U with p € U and define 


du)(p) = du{(ji\U){p). ♦> 


The third way of proving that the definition of d does not depend on the 
coordinate system is to give an invariant definition. 
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13. THEOREM. If w is a /r-form on M, then there is a unique ( k + l)-form 
do on M such that for every set of vector fields X\ , . . . , A* +1 we have 

(*) da)(Xi t , Xk + i) 

k + 1 

= £(- D' +l X/(w(x, , jf/, , -r* +1 )) 

i=l 

]</<;<£+] 

(— £, + £ 2 , say) 

where over A/ indicates that it is omitted. This ( k + 1 )-form agrees with do 
as defined previously. 

PROOF. The operator which takes {X\ , . . . , A* +1 ) to £] + £2 is clearly linear 
over R. Moreover, it is actually linear over the C°° functions F. In fact, if A/ 0 is 
replaced by fXj n , then £] becomes 

/£. + £(- l) i+l O', />(*,,. . X k+I ), 

'#'(1 

and using the formulas 


L/X y] - /[X E] - r/ ■ ^ 

ix/n = /[x e] + ^/.r 


it is easily seen that £2 becomes 


/s 2 + *i, 

1 ' <iii 




■ * > X+i ) 


- £(- 0''" +y U, •/>«,,> x, x,,, 

>0 <j 



• * 


a brief inspection then shows that £] + £2 becomes /£ 1 + /£ 2 . 

Theorem 4-2 shows that there is a unique covariant tensor field do satisfy- 
ing (*). It is easy to check that do is alternating, so that it is a (k + l)-form. 

To compute do in a coordinate system (jv, V) it clearly suffices to compute 
d(f dx 1 ). Moreover, by renumbering, we might as well assume 

co — f dx ] A • • * A dx k . 



214 


Chapter 7 


For d(o > as for any form, we have 

da ) = do)(d/dx ai ,...,d/dx a/ ‘+ 1 )dx a ' a a </*“*+■ . 

“I <•"<“* + ! 

It is clear from (*) that do)(d/dx ai , . . . , d/dx ak + l ) — 0 

unless some (ffi, . , Qfjt+i) is a permutation of (1, . . . ,&). 

Since the cr’s are increasing, this happens only if 

= ( 1 , J > 


in which case 


d<o(d/dx<“ d/dx'Kd/dxJ) = (-i)*^7, 

OX* 


SO 


da) = y (— 1 )^— 4 : ^/x 1 a * • * a a dx } 
dx k 


j>k 


= T -j^-r dx 7 A dx 1 A • ■ * A dx^ 


y>* 

n 


dxJ 


= y -j^-T dx j A dx ] A * * • A */x*, 
^ dxJ 


/= i 


which is just the old definition. *$♦ 


This is our first real example of an invariant definition of an important tensor, 
and our first use of Theorem 4-2. We do not find da)(p)(V], . ..,u* + ]) directly, 
but first find dco(Xj , . . . , where X\ are vector fields extending V{, and 

then evaluate this function at p. By some sort of magic, this turns out to be 
independent of the extensions X\ , . . . , X^i . This may not seem to be much of 
an improvement over using a coordinate system and checking that the definition 
is independent of the coordinate system. But we can hardly hope for anything 
better. After all, although dai{X\ , . . . , X^ +])(/>) does not depend on the values 
of X( except at p, it does depend on the values of oo at points other than p — 
this must enter into our formula somehow. One other feature of our definition 
is common to most invariant definitions of tensors — the presence of a term 
involving brackets of various vector fields. This term is what makes the operator 
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linear over the C°° functions, but it disappears in computations in a coordinate 
system. 

In the particular case where at is a 1-form, Theorem 13 gives the following 
formula. 

d<o(X, Y ) = X(oo(Y)) - Y{w(X)) - <o([X, Y]) 


This enables us to state a second version of Theorem 6-5 (The Frobenius Inte- 
grability Theorem) in terms of differential forms. Define the ring Q(M) to be 
the direct sum of the rings of /-forms on M, for all /. If A is a k -dimensional 
distribution on M, then 1(A) c Q(M) will denote the subring generated by 
the set of all forms at with the property that (if at has degree /) 

oo(Xi , . . . , Xj) = 0 whenever Yj , . . . , Y/ belong to A. 


It is clear that otj + ot 2 G 1(A) if ot],ot 2 G JZ( A), and that ijao) e J?(A) if 
at G J? (A) [thus, J? (A) is an ideal in the ring £2 (A/)]. Locally, the ideal 1(A) 
is generated by n — k independent 1-forms ot* +I , . . . ,at n . In fact, around any 
point p G M we can choose a coordinate system (x, U) so that 


a 


dx ] 


7 

P 



span A p . 


Then 

dx 1 (p) a • • • a dx k (p) is non-zero on A p . 

By continuity, the same is true for q sufficiently close to p, which by Corol- 
lary 4 implies that dx l (q), . . .,dx fc (q) are linearly independent in A q . There- 
fore, there are C°° functions fjf such that 

k 

dx a (q) — fjf ( q ) dx ^ ( q ) restricted to A q a — k + 1 , . . . , n . 

0=i 


We can therefore let k 

0=1 ■ 


14. PROPOSITION (THE FROBENIUS INTEGR ABILITY THEOREM; 
SECOND VERSION). A distribution A on M is integrable if and only if 
d(K A)) C 1(A). 
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PROOF. Locally we can choose 1 -forms to 1 ,.. .,<o n which span M q * for each q 
such that generate JC ( A). Let X \ , . . . , X„ be the vector fields with 

co l (Xj)=,8 j. 

a 

Then X \ , . . . , X^ span A. So A is integrable if and only if there are functions C ?■ 
with 

k 

[Xi,Xj] = J2 c fi X e i,j = l,...,k. 

0=1 

Now 

c!u> a (X h Xj) = Xii^iXj)) - Xj(w tt {X i ))-w a {[X i ,Xj]). 

For 1 </,_/</: and a > k, the first two terms on the right vanish. So 
do) a (Xi, Xj) = 0 if and only if co a ([Xi,Xj]) = 0. But each w a ([X^ Xj]) — 0 
if and only if each [X-^Xj] belongs to A (i.e., if A is integrable), while each 
do) a (Xi t Xj) = 0 if and only if doP € &(A). <♦ 

Notice that since the a>' a ( i < j) span Q 2 (M q ) for each q , we can always 
write 

dco a = ^ cfj w l A (i)j 
i<j 

= ^ df a £u ; for certain forms 6J . 
j 

If a > k, and t‘o,yo < k are distinct, we have 

0 = da>“ (X,„, XJ = A a j xx h , XJ 

j 

so we can write the condition ^(^(A)) c ^(A) as 

da* - ^Ja/ 

0 >* 

Once we have introduced a coordinate system (x, U) such that the slices 

{q € U : A'* +1 (?) = a* +1 , . ..,x n (q) - a n } 

are integral submanifolds of A, the forms dx^ +l , dx n are a basis for JC ( A), 
so (o fc+] , ...,a) n must be linear combinations of them. We therefore have the 
following 
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15. COROLLARY. If . . . ,a> n are linearly independent 1-forms in a 
neighborhood of p e M, then there are 1 -forms 9 £ [a,fi > k) with 

doj a == 9p A 

a 

if and only if there are functions fffg^ (cr, yS > k ) with 

0 

Although Theorem 1 3 warms the heart of many an invariant lover, the cases 
k > 1 will hardly ever be used (a very significant exception occurs in the last 
chapter of Volume V). Problem 18 gives another invariant definition of dco , 
using induction on the degree of w, which is much simpler. The reader may 
reflect on the difficulties which would be involved in using the definition of 
Theorem 13 to prove the following important property of d: 


16. PROPOSITION. If f:M->Nis C°° and w is a £-form on N, then 

f*(dw) = d(f*w). 

PROOF. For p e A/, let (x, V) be a coordinate system around f{p ). We can 
assume 

a) = g dx l] a • • • a dx lk . 

We will use induction on k. For k ~ 0 we have, tracing through some defini- 
tions, 


f*(d g )(X) = dg(f*x) = [f*x]( g ) = X(gof) 
= d{g o f){X) 


(and, of course, f*g is to be interpreted as g o /). Assuming the formula for 
k — 1, we have 

d{f*co) = d({f*gdx h a • • ■ a dx ik ~') a f*dx ik ) 

- d(f*(g dx i] a • • * a d\ Jk -' )) A f*dx ik + 0 
since df*dx lk = dd{x lk o /) =0 
= f*(d{g dx i] A ... A dx ik ~' )) A f*dx ik 
by the inductive hyposthesis 
= f*(dg A dx h A ... A dx ik -') A f*dx ik 
= f*{dg A dx 11 a ... a dx‘ k ~ } a dx Ik ) 
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One property of d qualifies, by the criterion of the previous chapter, as a 
basic theorem of differential geometry. The relation d 2 = 0 is just an elegant 
way of stating that mixed partial derivatives are equal. There is another set of 
terminology for stating the same thing. A form w is called closed if do) — 0 
and exact if a) = drj for some form rj. (The terminology “exact” is classical — 
differential forms used to be called simply “differentials”; a differential was then 
called “exact” if it actually was the differential of something. The term “closed” 
is based on an analogy with chains, which will be discussed in the next chapter.) 
Since d 2 = 0, every exact form is closed. In other words, da) = 0 is a necessary 
condition for solving w = drj, If w is a 1-form 

71 

w = Y^^idx 1 , 

i=i 


then the condition d(o = 0, i.e., 


da); 


da>j 


dx‘ 


is necessary for solving w = df, i.e., 


dx‘ 


(JO; 


Now we know from Theorem 6-1 that these conditions are also sufficient. For 
2-forms the situation is more complicated, however. If w is a 2-form on R 3 , 


a) = A dy a dz — B dx a dz + C dx a dy. 


then 

if and only if 


a) — d(P dx + Qdy + R dz) 


9 ^ _ 30 ^ 

dy dz 

d p 3 ^ 
dz dx ~ 
dQ _ d_P = 
dy 

The necessary condition, d<o = 0, is 


dA dB dC 
dx + dy + dz 


= 0. 
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In general, we are dealing with a rather strange collection of partial differential 
equations (carefully selected so that we can get integrability conditions). It turns 
out that these necessary conditions are also sufficient: if to is closed, then it is 
exact. Like our results about solutions to differential equations, this result is 
true only locally. The reasons for restricting ourselves to local results are now 
somewhat different, however. Consider the case of a closed 1-form to on R 2 : 


<*> = fdx + gdy. 


with 


df^dg 

By Bx 


We know how to find a function a on all of R 2 with to = dot, namely 

•y 

’yn 


<*(x,y)= f f(t>yo)dt+f g{x,t)dt. 

Jxq Jyn 


On the other hand, the situation is very different if to is defined only on R 2 — {0}. 
Recall that if L c R 2 is [0, oo) x {0}, then 

9: R 2 - L R, 

defined in Chapter 2, is C°°; in fact, 

(r,0): R 2 - L — > {r : r > 0} x (0,2 tt) 



is the inverse of the map 

(a, b) ( a cos b , a sin b ), 


whose derivative at (a, b) has determinant equal to a ^ 0. By deleting a different 
ray L\ we can define a different function 6\ . Then 9\ — 9 in the region A] and 
9] — 9+2jz in the region A 2 . Consequently d9 and d9\ agree on their common 
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domain, so that together they define a 1-form w on R 2 - {0}. A computation 
(Problem 20) shows that 


to ~ 


-y 


x 2 + y' 


dx + 


x L + y' 


dy • 


The 1-form <o Is usually denoted by dd , but this is an abuse of notation, since 
to — dd only on R 2 -L. In fact, a> is not df for any C 1 function f : R 2 -{0} — > R. 
Indeed, if to — df, then 


df = dd on R 2 - L, 

so d(f — &) = 0 on R 2 — L, which implies that dfjdx = d9/dx and df/dy = 
()0/dy and hence f = 6 + constant on R 2 -T, which is impossible. Nevertheless, 
dco = 0 [the two relations 


d(d6) =0 on R 2 - L 
d(dd]) = 0 on R 2 - L\ 

clearly imply that this is so]. So <o is closed, but not exact. (It is still exact in a 
neighborhood of any point of R 2 - {0}.) 

Clearly (o is also not exact in any small region containing 0. This example 
shows that it is the shape of the region, rather than its size, that determines 
whether or not a closed form is necessarily exact. 

A manifold M is called (smoothly) contractible to a point />o € M if there is 
a C°° function 


H : M x [0,1] -► M 


such that 


H(p,\) = p 


for p e M. 


H(p, 0) = po 

For example, R" is smoothly contractible to 0 € R”; we can define 

H\ R” x [0,1] -► R" 
by 


H(p,t) = tp. 

More generally, U c R /( is contractible to po € U if U has the property that 
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p € U implies po + t{p - po ) € U for 0 < / < 1 (such a region U is called 
star-shaped with respect to po). 



Of course, many other regions are also contractible to a point. If we think 



of [0, 1] as representing time, then for each time t we have a map p i-» H(p,t ) 
of M into itself; at time 1 this is just the identity map, and at time 0 it is the 
constant map. 

We will show that if M is smoothly contractible to a point, then every closed 
form on M is exact. (By the way, this result and our investigation of the form dd 
prove the intuitively obvious fact that IK 2 ~ {0} is not contractible to a point; the 
same result holds for IK" — {0}, but we will not be in a position to prove this 
until the next chapter.) The trick in proving our result is to analyze M x [0, 1] 
(for any manifold M), and pay hardly any attention at all to H . 

For / € [0, 1] we define 


it : M M x [0, 1] 


by 


U{p) = (P,0- 


We claim that if a) is a form on M x [0, 1] with doo = 0, then 


i\*a) — io*(o is exact; 
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we will see later (and you may try to convince yourself right now) that the 
theorem follows trivially from this. 

Consider first a 1-form w on M x [0, 1]. We will begin by working in a coordi- 
nate system on M x [0, 1], There is an obvious function t on M x [0, 1] (namely, 
the projection jz on the second coordinate), and if (x, V) is a coordinate system 
on M, while n m is the projection on M , then 

(X 1 O JTA/,. • • ,A'" oj? Mi t) 

is a coordinate system on V x [0, 1], We will denote x l o n M by x l , for conve- 
nience. It is easy to check (or should be) that 

( n \ n 

+fdt J = ^tai{‘,a)dx\ 


where 

o),(-,a) denotes the function p i-> Wi(p,a). 

Now for (o = dx l + / dt we have 

n n 

doi = [terms not involving dt] - ^ — — dx l a dt + ^ —rj dx l a dt. 


i~ 1 


(=] 


So d(o = 0 implies that 


dwj ^ df 
dt dx * ' 


Consequently, 


C da); 

;(/), 1) - W f (/),0) = J ^ — (p,t)dt 

= / W (p ’ t)dt ' 


SO 


( ] ) <*>*(/>, \)dx l - ^o>,(/>,0)</x‘ = ^(PC)dt^j dx 1 . 

If we define g: M — > R by 

g(p)= f f(p>t)dt, 

Jo 
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then 

( 2 ) 


dg , v 
dx* (/>) 


£ 


Equations (1) and (2) show that 


i\*co — io*co = dg. 


Now although we seem to be using a coordinate system, the function /, and 
hence g also, is really independent of the coordinate system. Notice that for 
the tangent space of M x [0, 1] we have 

(*) (M x [0, 1]) (/ ?,o — k er tt* 0 ker km*- 


[ 0 , 1 ] 


■+ 


71 


kerjTM* 

i 

j 

M x [0, I] 

L 

> 

> 

r r P K.C1 

r 

r 


I 


7lM 


M 


If a vector space V is a direct sum V = V\ 0 K 2 of two subspaces, then any 
co € ^(K) can be written 

CO = CO 1 + CO 2 

where 


W](U] +V 2 ) = tt(U]) 

co 2 (v] + u 2 ) = <u(u 2 ). 

Applying this to the decomposition (*), we write the 1-form co on M x [0, 1] as 
co] + w 2 ; there is then a unique / with co 2 ~ f dt. 

In general, for a /:-form co , it is easy to see (Problem 22) that we can write co 
uniquely as 

co = CO\ + (dt A 7}) 

where co](v 1 , . . . , u*) = 0 if some u,- € ker 71 m *, and rj is a (k — I) -form with the 
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analogous property. Define a (k — l)-form lay on M as follows: 

J o 

We claim that day = 0 implies that if ay - id* ay = d(Jay). Actually, it is easier 
to find a formula for if ay — if ay that holds even when day ^ 0. 


17. THEOREM. For any /:-form wonMx [0, 1] we have 

if ay - if ay ~ d(Iay) + I{day). 

(Consequently, if ay — id* ay = d(Iay) if day = 0.) 

PROOF 1 Since lay is already invariantly defined, we can just as well work in 
a coordinate system (i' 1 , . . . , x n , t). The operator / is clearly linear, so we just 
have to consider two cases. 

(1) ay = f dx li a ■ • * a dx lu = / dx 1 . Then 


day ~ 


3 f 

T dt a dx ; 


it is easy to see that 


I(dw)(p)=^j^(p,t)dt\ dx’(p) 

~ [f(p, 1) - f(pMdx ! (p) 

= i]*ay(p) - ifay{p). 

Since lay — 0, this proves the result in this case. 

(2) ay ~ f dt a dx l] a • * • a dx ik ~ 1 — f dt a dx 1 . Then if ay — id* ay = 0. 
Now 

I(dco)(p) = / f- it ~p; dt a dx“ a <«')(/>) 

' as=] ^ 

= -E(/ ^(P,‘)J<)dx°Kdx> 

and 

d(J U >)=dC f(p,t)dt\dx‘ 

= /(/>./)*) rf** a rfx'. 


Clearly 7(^w) + d(Iay) =* 0. ♦> 
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18. COROLLARY. If M is smoothly contractible to a point pQ € M , then 
every closed form to on M is exact. 

PROOF, We are given H : M x [0, 1] — ; ► M with 


H{p>\) = p 

H(p>0) ~ po 


for all p e M. 


Thus 


H o /j ; M — > M is the identity 
H o i Q : M — > M is the constant map pQ, 


So 


0={Hoi 0 )*{a>) = io*(H*<o). 


But 


d(H*a>) = H*(da)) = 0, 


so 


a)-0 = i ] *{H*o))-i 0 *(H*a>) 

= d{I{H*oj)) by the Theorem. ♦♦♦ 

Corollary 18 is called the Poincare Lemma by most geometers, while d 2 = 0 
is called the Poincare Lemma by some (I don’t even know whether Poincare had 
anything to do with it.) In the case of a star-shaped open subset V of R”, where 
we have an explicit formula for //, we can find (Problem 23) an explicit formula 
for I(H*co), for every form co on U. Since the new form is given by an integral, 
we can solve the system of partial differential equations to =* dr} explicitly in 
terms of integrals. There are classical theorems about vector fields in R 3 which 
can be derived from the Poincare Lemma and its converse (Problem 27), and 
originally d was introduced in order to obtain a uniform generalization of all 
these results. Even though the Poincare Lemma and its converse fit very nicely 
into our pattern for basic theorems about differential geometry, it has always 
been something of a mystery to me just why d turns out to be so important. 
An answer to this question is provided by a theorem of Palais, Natural Operations 
on Differential Forms, Trans. Amer. Math. Soc. 92 (1959), 125-141. Suppose we 
have any operator D from /: -forms to /-forms, such that the following diagram 
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commutes for every C°° map / : M — > N [it actually suffices to assume that 
the diagram commutes only for diffeomorphisms /]. 


k -forms on M +- 
D 

/-forms on M 


r 


r 


k -forms on N 
D 

/-forms on M 


Palais’ theorem says that, with few exceptions, D ~ 0. Roughly, these excep- 
tional cases are the following. If k = /, then D can be a multiple of the identity 
map, but nothing else. If / = k + 1, then D can only be some multiple of d. 
(As a corollary, d 2 = 0, since d 2 makes the above diagram commute!) There is 
only one other case where a non-zero D exists — when k is the dimension of M 
and / = 0. In this case, D can be a multiple of “integration”, which we discuss 
in the next chapter. 
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PROBLEMS 


1. Show that if we define 


O • 1 ( 1 !(*)), 


then 


a • p • (ui , . . . , v k ) = ap • (u] , . . . , u*). 


2. Let Alt be Alt without the factor 1 /k\ y and define wa rj ~ Alt (co <g) rf). Show 
that A is not associative. (Try co.rj e Q ] (V) and 9 € Q 2 (P).) 

3. Let S' C S/c+i be the subgroup of all a which leave both sets and 

{k + 1, . . . , k +/} invariant. A cross section of S' is a subset K c S* + / containing 
exactly one element from each left coset of S'. 

(a) Show that for any cross section K we have 


a) a r)(v u . . .,!>*+/) = ^ sgno ■ w ® t?(iV(i), . ..,%(*+/)). 

0-ejr 


This definition may be used even in a field of finite characteristic. 

(b) Show from this definition that oo at; is alternating, and mat} = (-I)^ijao). 
(Proving associativity is quite messy.) 

(c) A permutation a e Sjt + / is called a permutation if rr ( I ) < a (2) < • ■ • < 
o{k) and o(k + 1) < o(k +2) < • * * < o(k +/). Show that the set of all shuffle 
permutations is a cross section of S'. 

4. For v G V and a) e we define the contraction dJ we (K) by 

(u J w)(ui,. . . ,!>*_]) = w(u,ui, . . 


This is sometime also called the inner product and the notation i v oo is also used, 
(a) Show that 


(b) Show that if uj , . . . , v 

Vj J (fa A ... A fa.) ~ 


vJ(wJoo) =z —w J(u J w). 

„ is a basis of V with dual basis ,... ,fa, then 

| 0 j ^ any i a 

\ (-1)"” 1 fa a • ■ • a fa a ■ . . a fa if j = i a . 


(c) Show that for ooi e and uij e Q l (V) we have 

l)J((U] A W2) = (U J Wj) A (j) 2 + (~1)*W] A (llj (i ) 2 ). 


(Use (b) and Hnearity of everything.) 
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(d) Formula (c) can be used to give a definition of at] ao) 2 by induction on k + / 
(which works for vector spaces over any field): If a is defined for forms of degree 
adding up to </:+/, we define 

0)1 A£U 2 (Ui,...,U* + /) = [(tt] J Ot]) AOt 2 ](tt 2) . . . ,«*+/) 

+ (— A (it] J (D 2 )](v 2 ,...,Vk + l). 

Show that with this definition ot 2 a ot 2 is skew-symmetric (it is only necessary to 
check that interchanging itj and it 2 changes the sign of the right side). 

(e) Prove by induction that a is bihnear and that at] a ot 2 = (— 1 )^ 0 ^ a a)\. 

(f) If X is a vector field on M and at a /:-form on M we define a {k — l)-form 
X J at by 

(XJa>)(p)=:X(p)ja>(p). 

Show that if otj is a /:-form, then 

X J (at] a a> 2 ) = (X J at] ) a at 2 + (— l)^atj a (X J at 2 ). 

5. Show that n functions /],..., f n : M — > M form a coordinate system in a 
neighborhood of p € M if and only if df\ a • • * a df n {p) ^ 0. 

6. An element at e £2*( V) is called decomposable if at = a • • • a 0* for some 
<j)i eV*~ Q l (V). 

(a) If dim V < 3, then every at € Q 2 (V) is decomposable. 

(b) If 0,*, / — I, ... ,4 are independent, then at = (^ a <^ 2 ) + (0 3 a <^ 4 ) is not 
decomposable. Hint : Look at at a at. 

7. For any at e Q*(F), we define the annihilator of at to be 

Am{(i)) ~ {<f> € V* : $ a at — 0}. 


(a) Show that 


dim Ann((o) < k, 


and that equality holds if and only if at is decomposable. 

(b) Every subspace of V* is Ann(a) ) for some decomposable at, which is unique 
up to a multiplicative constant. 

(c) If at] and ot 2 are decomposable, then Ann((Oi) c /4tw(ot 2 ) if and only if 
ot 2 = at] a 7] for some t;. 

(d) if at,- are decomposable, then Ann{ at]) fl /4«n(at 2 ) = {0} if and only if 
W| a ot 2 ^ 0. In this case, 

Ann{(j }\ ) + Ann{(i>2) ~ Ann{ at] A at 2 ). 

(e) If V has dimension n, then any at e £l n ~^{V) is decomposable. 

(f) Since € V can be regarded as elements of K**, we can consider it] a • - * a 
ujt € fl*(F*). Reformulate parts (a)-(d) in terms of this a product. 
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8. (a) Let oo € Q 2 (V). Show that there is a basis <f>u . . of V* such that 

O) ~ (<pi A <p 2 ) b (02r-l A <p2r)- 


Hint: If 


W = A ijfj. 


KJ 


choose fa involving 1^3, . . . , and 02 involving $2, ...,f«so that 

CO ~ <pl A <p2 + to', 


where to' does not involve or 02- 

(b) Show that the r-fold wedge product 00 a ■ ■ . a at is non-zero and decompos- 
able, and that the (r -b l)-fold wedge product is 0 . Thus r is well-determined; 
it is called the rank of to. 

(c) If dij^i a ij/j, show that the rank of to is the rank of the ma- 

trix (Uij). 

9 . If uj, . . . ,u„ is a basis for V and 117 = X!;=i a ji v j> show that 
det(a;; )u;*i a ... a w* n = u*j a ■ • ■ a v * n . 


10 . Let A ~ (ajj) be an nxn matrix. Let 1 < p < n be fixed, and let q ~n~ p. 
For H ~ h\ < ..• < h p and K ~ k\ < • • • < k q , let 


B h = det 


a \M 


a Uh f , 


a P+Uk i 


C K = det 


a p+l,k q 


a 


pM 


a 


pJh- 




a n t k q 


(a) If vi , . . . , v n is a basis of V and 

n 

Wi = ^ajiVj, 

j = 1 


show that 


U)\ A • • - A W p = ^ B H Vff 
H 

Wp+I A . ■ ■ A W„ ~ C K VK ■ 

K 
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(b) Let H' ~ {1, — H (arranged in increasing order). Show that 

JO K^H f 

\ eH,H' tti a • ■ • a v n K = H\ 


V H A V K 


where eu,H > is the sign of the permutation 

(' "Y 

\h\ , / j 2 j ■ * * j hp$ h \ , . . . , hq J 

(c) Prove “Laplace’s expansion” 

det A ~ B H C H> . 

H 

11. (Cartan’s Lemma) Let <pi , . . . , 0* e V* be independent and suppose that 
Vo, • • • 3 0* e V* satisfy 


(01 A 0j) + ■ • ■ 4- (0£ A — 0. 


Then 

k 

0/ ~ , where aji = fly • 

7 = 1 

12. In addition to forms, we can consider sections of bundles constructed from 
TM using £2 and other operations. For example, if f = 7r : £ — > £ is a vector 
bundle, we can consider the bundle whose fibre at p is Q k ([n ~ l (/>)]*). 

Since we can regard 

g 

— : as an element of 

d -vl F 


any section of Q n (T*M) can be written locally as 


h 


_a_ 

(b: 1 


A * • • A 


a 

dF r 


(a) Show that if 


a 


8 



a 


A * * ■ A 




A * • • A 


a 


dx » * 


then 


h = g • 
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This shows that sections of Q n {T*M) are the geometric objects corresponding 
to the (even) relative scalars of weight -1 in Problem 4-10. 

(b) Let denote the vector space of all multilinear functions 

y x x v x y* x ... x v * — ► Q m (V). 

k limes / times 

Show that sections of T^ n \TM) correspond to (even) relative tensors of type 
(*) and weight 1. (Notice that if Vi,...,v n is a basis for V, then elements of 
Q n (V) can be represented by real numbers [times the element u*j a • • • a u*„].) 

(c) If is defined similarly, except that Q m (V) is replaced by Q m (V*), 

show that sections of T^(TM) correspond to (even) relative tensors of type (*) 
and weight —1. 

(d) Show that the covariant relative tensor of type (°) and weight 1 defined in 

Problem 4-10, with components corresponds to the map 

V* x ... x V* ^ Q”(V) 

v 1 1 ^ 

n times 

given by (0j, . . . i-» <p\ a * * • a <p n . Interpret the relative tensor with com- 
ponents similarly. 

(e) Suppose fi n;u '(V r ) denotes all functions rj: V x • * • x V — > U which are of 
the form 

r)(v = [w(ui s ...,u„)] u ' w an integer 

for some oo g Q n (V). Let be defined like except that Sl n {V) is 

replaced by fi n;u '(V r ). Show that sections of correspond to (even) 

relative tensors of type (*) and weight w. Similarly for 7^.^. 

(f) For those who know about tensor products V <g) W and exterior algebras 
A k {V), these results can all be restated. We can identify T k (V) with 

(g)* V ~ F* ® • (g) F* ® K (g) • ■ • ® K . 

k times l times 

Since Q m {V) « A m (V*) « [A m (F)]*, we can identify 

with (g)* V ® (g/ V ® A m (V) 

T,\ m] (V) with (g)*K*®(g)V®A'"(I'*). 
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Consider, more generally, 

= 0* K* ® (g)' V ® (g)" A m (V) 

T iU^ v) = <g>* r* ® (g)' v ® <gf a“( o. 

Noting that A”( K)® ■ • * ® A n ( V) is always 1-dimensional, show that sections of 

T^ n ' w ^{TM) and correspond to (even) relative tensors of type (*) 

and weight w and — tu, respectively 

13 * (a) If V has dimension n and A : V —> V is a linear transformation, then 
the map A*: Q n (V ) — > Q n (V) must be multiplication by some constant c. 
Show that c — det A. (This may be used as a definition of det A) 

(b) Conclude that det AB — (det /4)(det B). 

14* Recall that the characteristic polynomial of A : V — > V is 
X(A.) = det(AJ - A) 

= X n - (trace A)X n ~ x + ■■■ + (- 1)” det A 

= v* -cik — 1 +c 2 r ~ 2 + --. + (-i)v„. 


(a) Show that Ck = trace of A*: £2 k (V) — > Q k {V). 

(b) Conclude that ck{AB) ~ Ck{BA). 

(c) Let be as defined in Problem 4-5(xiii). If A : V 

trix (aj ) (with respect to some basis), show that 


Ck{A) 


~ — a*' at 2 

k\ . ^ i] i2 


lk J 1 -Jk 


‘k 


V has a ma- 


Thus, if S is as defined on page 130, and A is a tensor of type (j), then the 
function p h-» ck{A(p)) can be defined as a (2/:)-fold contraction of 

A ® * * • ® A ® 5. 

^ * ' 

k times 


15. Let P(Xij) be a polynomial in n 2 variables. For every nxn matrix A ~ (a,-y) 
we then have a number P(aij). Call P invariant if P{A) ~ P(BAB~ ] ) for 
all A and all invertible B. This problem outlines a proof that any invariant P 
is a polynomial in the polynomials C],...,c„ defined in Problem 14. We will 
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need the algebraic result that any symmetric polynomial Q(yi , . . . , y„) in the n 
variables . . . ,y n can be written as a polynomial in o \, . . . where oi is 
the I th elementary symmetric polynomial of y \, . . . , y n . Recall that the o t can 
be defined by the equation 

n 

Y\(y-yt) = y” - <?iy n ~ l + * ■ * + (-1)”^. 

Thus, they are the coefficients, up to sign, of the polynomial with roots y \, . . . , 
y „ . Since the eigenvalues Xj, . . . , X„ of a matrix A are, by definition, the roots 
of the polynomial x(X), it follows that 

Ci{A) — 0( (A.j , . . . , A. m ). 

We will first consider matrices A over the complex numbers C (the coefficients 
of P may also be complex). 

(a) Define Q(y |, . . . , y n ) to be P{A) where A is the diagonal matrix 



Then there is a polynomial R such that 

Q(yi , ■ • ■ , yn) = ^(oi (J^i , . . . 5 Xn), , cr„(xi , . . . , x„)). 

The polynomial R has real coefficients if P does. 

(b) P{A) = R(C] {A ), . .. ,c n (A)) for all diagonalizable A. 

(c) The discriminant D(A) is defined as n w (X/ — X y -) 2 , where X/ are the 
eigenvalues of A. Show that D(A) can be written as a polynomial in the entries 
of A. 

(d) Show that P(A) = R(c\ (A ),..., c„{A)) whenever D{A) ^ 0. Conclude, by 
continuity, that the equation holds for all matrices A over C. (This last conclu- 
sion follows even if C is replaced by some other field, since the set where D ^ 0 
is Zariski-dense; this is “the principal of irrelevance of algebraic inequalities”, 
compare pg, V375.) 

Now suppose that the coefficients of P are real and that P(A) — P(BAB~ l ) 
for all real A and real invertible B. 

(e) The same equation holds for complex A and complex invertible B. (Regard 
the equation as n 2 polynomial equations in the and by.) 
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16. (a) Let be a basis for V, and let Wi, ... ,w k € V be given by 

n 

Wi = Y, a ji y j- 

j=] 

For a) e Q k (V) show that 

w(wi,...,u>a)=: a i ( °( v i ] ,... y v ik ), 

l=i ] <-<i k 

where aj is the determinant of the k x k submatrix of (or/y ) obtained by selecting 
rows i], . . . ,ifc. 

(b) Generalize Theorem 7 and Corollary 8 to /:-forms. 

(c) Check directly from (b) that the definition of d does not depend on the 
coordinate system. 

17. Show that d(J^i<j a ij dx l A dx i) — 0 if and only if 

dan datk , da ft . 

9 for all . < j < k. 

18 . In Problem 5-14 we defined Lx A for any tensor field A. 

(a) Show that if a) is a /r-form, then so is Lx(ti. 

(b) Show that 

Lx {(til A (tit) Lx<ti\ A (til (ti\ A Lx (til. 

(c) Using 5-1 4(e), show that 

X{(ti{Xy , . . . , Xk$ = Lx{(ti{X u .,.> X k )) 

— Lx(ti{X u ... , X k ) 
k 

+ £(-l) i ' H «>([.*', Xi],X u ...,Ti X k ). 


(d) Deduce the following two expressions: 

d(ti(Xi,...,Xk+i) 

k+1 

= £(-l) i+l Lx, a>(Xj X u 

i=r 1 

+ X)(- | )' W+I< "( X A Xu .... %, .... Xj , ... . X k+I ) 
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dw(X i,..., 

= 2 E(- I ) i+1 <*;•(<"(* >. • -»*+i)) 

i=i 

+ L;r t - . ■ . , Xj, . . . , X k+1 )} 


(e) Show that 


X J das — Lx a) - d(X j oj), 


i.e. 


da>(X u . . . , X kM ) = (jLjt, w)( JT 2 , . , . , X k+ i) - d(X i J w)( JT 2 , . . • , JTjt+i). 


(This may be used to give an inductive definition of d.) 
(f) Using (e), show that d(Lxco) — Lx(dco). 


19. Let Uij be n 2 functions on K” with — a jj. Show that in order for there 

to be functions u \, . . . , u„ in a neighborhood of any point in IK” with 

1 ( du; dUj \ 

" iJ = 2(3V + 3vj 

it is necessary and sufficient that 


d 2 ajj _ d 2 a ik __ 3 2 a ij _ 3 2 a lk 
3x k 3x l dx->3x l dx k dx l dx->dx l 


for all 


Hint: First set up partial differential equations for the functions f jk = duj/dx k — 
du k /dxj , and use Theorem 6-1. 


20. Compute that 


“d6” 


xdy - y dx 
x 2 + y 2 


(At most places 6 = arctan y/x [+ a constant].) 


21. (a) If a) is a 1-form f dx on [0, 1] with /( 0) = /( 1), show that there is a 
unique number A. such thatcu-A.^ = dg for some function g with g(0) = g(l). 
Hint : Integrate the equation to — A. dx = dg on [0, 1] to find A.. 

(b) Let/: S l — > R 2 -{0} be the inclusion, and let & = i*(dd). Ifc: [0,1]— > S ] 
is 


c(x) = (cos2tta', sin 2 jt;c), 


show that 

c*(a') = 2jt dx. 

(c) If a) is a closed 1-form on S 1 show that there is a unique number A. such 
that o) — A. < 7 ' is exact. 



236 


Chapter 7 


22. (a) Show that every a) € Q k {V \ ® V 2 ) can be written as a sum of forms 
£itj a (02 where wj has degree a and co 2 has degree = k - a and 

(ui , . . . , Va) =0 if some v,- e V 2 
co 2 (v i , . . . , Vfi) = 0 if some u; e V \ . 

(b) If dim V 2 = l, and 0^1 e V 2 *, then a) can be written uniquely as coi + 
(a> 2 a A.), where ai\ is a /:-form and (02 is a (k — l)-form such that 

Vjt) = 0 ifsomeu/€V2 
(o 2 (vi , . . . , U£~i) = 0 if some u,- € V 2 . 


23. Let U c R" be an open set star-shaped with respect to 0, and define H : U x 
[0, 1] — > L/ by //(/>, t) = tp . If 


w 


~ ^ (s} i\..Ak dx 1 ' A * • * A dx lk 


I] <"•<!* 


on U, show that 
I(H*a>) 


= J2 l (f tk X ^h...t k i t x)dt\x i ' 


la dx I] A * ■ • A dx*<* A * * • A dx ik 


24. (a) Let U c IK 2 be abounded open set such that IK 2 -!/ is connected. Show 
that U is diffeomorphic to IK 2 , and hence smoothly contractible to a point. (The 
converse is proved in Problem 8-9.) Hint; Obtain U as an increasing union of 
sets, the k th set being a finite union of squares containing the set of points in U 
whose distance from boundary U is < l/k. 



(b) Find a bounded open set V c IK 3 such that IK 3 — U is connected, but V is 
not contractible to a point. 
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25. Let U c IK” be an open set star-shaped with respect to 0. Is U homeo- 
morphic to R"? (It would certainly appear so, but the “obvious” proof does 
not work, since the length of rays from 0 to the boundary of the set could vary 
discontinuously.) 



26. Let { , ) be the usual inner product on R", 

n 

(a,b) = yVl/. 
/=) 


(a) If Uj, . . . , u w „] € R", show that there is a unique vector Uj x * • * x u w „i e R" 
with 

/ w \ 


(ui x • * • x u n „], w) — det 




for all t uef. 


\Un-l / 

(b) Show that x * * * x € fi"” 1 (IK"), and express it in terms of the e*;, using the 
expansion of a matrix by minors. 

(c) For IK 3 show that 

V X w = (u 2 u > 3 - u 3 ll> 2 , v 3 w l - v l w 3 , v l w 2 - v 2 w l ). 


(First find all e/ x 
27. (a) If / : R" 

by 


e j) 


R, define a vector field grad /, the gradient of /, on R” 


W q q Tt 

^/-Egr^-E^/ 

1 = 1 1=1 


dx r 


Introducing the formal symbolism 


/=] 
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we can write grad / = V/. If (grad f)(p) = w p> show that 

Dvf(p) = {v,w), 


where D v f{p ) denotes tlie directional derivative in the direction u at p (or 
simply v p (f ), if we regard v p 6 M” p ). Conclude that V/(p) is the direction in 
which / is changing fastest at p. 

(b) If X = Y!i= yo'd/Bx 1 is a vector field on R B , we define the divergence 


of X as 


^ dx i 


/=! 


(Symbolically, we can write div X — (V, X).) We also define, for n = 3, 


curl ^(=VxI) 

/9a 3 a^ a /a^ 1 a<7 3 \ a /a^ 2 a^ 1 \ a 

“ \3a' 2 a ^ ) a* 1 + v^ 3 ~ 9 a' 1 )d^ + va* 1 ~ a A- 2 J a^' 

Define forms 

tuy = a 1 dx + a 2 + a 3 t/z 

t/jr — a 1 r/y a rfz + a 2 dz a dx + a 3 r/x a rfy. 

Show that 

df == tUg ra( j f 

d(p>x) == V curl A' 

d(rjx) = (div X) rfx A rfy A rfz. 

(c) Conclude that 


curl grad / = 0 
div curl X = 0. 

(d) If ^ is a vector field on a star-shaped open set U Cl" and curl X = 0, 
then A r = grad / for some function /:£/-» M. Similarly, if div A' = 0, then 
Af = curl K for some vector field Y on U. 



CHAPTER 8 
INTEGRATION 


T he basic concept of this chapter generalizes line and surface integrals, 
which first arose from very physical considerations. Suppose, for example, 
that c \ [0, 1] — > M 2 is a curve and co = f dx + g dy is a 1-form on M 2 (where 
/, g : M 2 — > M, and x and y denote the coordinate functions on M 2 ). If we 
choose a partition 0 = t 0 < ■ ■ ■ < t n = 1 of [0, 1], then we can divide the curve c 
into n pieces, the / th piece going from c (//-]) to c(//). When the differences 
ti — //„] are small, each such piece is approximately a straight segment, with 



horizontal projection — c 1 (/,-_]) and vertical projection c 2 (/,) — c 2 (//„])- 
We can choose points c(£,) on each piece by choosing points £; e [//_],/,]. For 
each partition P and each such choice £ = (£],... ,£«), consider the sum 


S(P, f ) = ~ C* )] + g(c(&))[c 2 (» f ) - c 2 ((,_,)]. 

/=] 


If these sums approach a limit as the “mesh” |[Fj| of P approaches 0, that is, 
as t)ie maximum of /,• — approaches 0, then the limit is denoted by 

fdx + gdy. 



(This is a complicated limit. To be precise, if ||/ , |( = max{i; 

I 

equation 


Iim S(P^) = f f dx+gdy 
IIPIHO J c 


— //_] }, then the 
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means: for all s > 0, there is a S > 0 such that for all partitions P with |[/ > || < 5, 
we have 


S(P& 



< £ 


for all choices £ for P.) 

The limit which we have just defined is called a “line integral”; it has a natural 
physical interpretation. If we consider a “force field” on M 2 , described by the 
vector field 


, 3 3 

Cx +g Sy 



then S(P,%) is the “work” involved in moving a unit mass along the curve c in 
the case where c is actually a straight line between /,■_] and // and f and g are 
constant along these straight line segments; the limit is the natural definition 
of the work done in the general case. (I n classical terminology, the differential 
f dx + g dy would be described as the work done by the force field on an “in- 
finitely small” displacement with components dx,dy ; the integral is the “sum” 
of these infinitely small displacements.) 

Before worrying about how to compute this limit, consider the special case 
where 


c(t) = 


.1 // . \ ^ i i 


yo * 



~ //„] , while 

1 

3 

c 2 (tt) ~ e 2 (//_]) = 0, so 


a 
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These sums approach 


J f dx + gdy = j f(x, y 0 ) dx. 


On the other hand, if 


c(0 = (/& + (! ~t)a,y 0 ). 


yo- 


L 1 


n 

a 

■ l 

b 


then c 1 (//) - c 1 (//— i) = (b~ a)(t t ~ so 

n 

= (* - a) • X f((ib + (1 - f;)a, y 0 )(li - //_i ). 

/ = 1 

These sums approach 

(b- a) f f(xb + ( 1 - x)a, yo) dx - f f (x, yd) dx. 
J0 Ja 

In genera), for any curve c, we have, by the mean value theorem, 

c'ih) ~ c 1 (//—,) = c v {cti){u ~ //_i ) at 6 

c 2 (ti) ~ c 2 (//_,) = c 2 '(0,)(// - /f-i) fh e 


So 

S(/>, f) = X {/'(c(f.-))c , '(«.) + s(cfe-))c 2 '(/3,)} (/,■ - 

I~] 

A somewhat messy argument (Problem I) shows that these sums approach what 
it looks like they should approach, namely 

(\f(c(l))c''(.l) + g(.c(0)c 2 '(l)]dt- 

Jo 

Physicists’ notation (or abuse thereof) makes it easy to remember this result. 
The components c ] ,c 2 of c are denoted simply by x and y [i.e., x denotes 
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x o c and y denotes y ° c, this is indicated classically by saying “let x = x(/), 
y = y (/)”]. The above integral is then written 



dx + g dy 



dx dy 

fOc.y^+Hx.y^ 


dt. 


In preference to this physical interpretation of “line integrals”, we can in- 
troduce a more geometrical interpretation. Recall that dc/dt(%j) denotes the 



tangent vector of c at time £/. Then the sums 

ft / j \ 

(*) X^(c(£/)) ' Ot ~ *i~i) 

n 

= [/(c(6))c''(t/) + g(c(Si))c 2 '(ti)] ■ ( U - //-i) 

i = 1 

clearly also approach 


f 


[f(c(t))c 


u «) + g(.c(i))c 2, (t)]dt. 


Consider the special case where c goes with constant velocity on each (//„),//). 
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If we choose any £/ 6 (//-],/,*), then 
dc 

length of — (£,) = tlie constant speed on 
dt 

length of the segment from to c(//) 


U ~ U - 1 


so 


length of 


(/,• — /,_i) = length of segment from to c (/,•). 


In this case, 


£ 

Issl L 


length of ^(&) 
dt 


(tt-h-i) 


is the length of c, and the limit of such sums, for a general c, can be used as a 
definition of the length of c. The line integral 


L 


co = limit of the sums {*) 


can be thought of as the “length” of c, when our ruler is changing contin- 
uously in a way specified by co: Notice that the restriction of co(c(t )) to the 
1 -dimensional subspace of M 2 C <,) spanned by dc/dt is a constant times “signed 
length”. The natural way to specify a continuously changing length along c 
is to specify a length on its tangent vectors; this is the modern counterpart of 
the classical conception, whereby the curve c is divided into infinitely small 
parts, the infinitely small piece at c(t), with components dx, dy, having length 
f(c(t))dx+g(c(t))dy. 

Before pushing this geometrical interpretation too far, we should note that 
there is no 1-form co on R 2 such that 

co = length of c for all curves c. 



It is true that for a given one-one curve c we can produce a form co which works 
for c; we choose co(c(t)) £ so that 



(choosing the kernel of co arbitrarily), and then extend w to R 2 . 


But if c is 
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not one-one this may be impossible; for example, in the situation shown below } 



there is no element of Q 1 (R 2 C ( / )) which has the value 1 on all three vectors. 
In general, given any ay on M 2 which is everywhere non-zero, the subspaces 
A p = kertu(p) form a 1 -dimensional distribution on M 2 ; any curve contained 
in an integral submanifold of A will have “length” 0. Later we will see a way 
of circumventing this difficulty, if we are interested in obtaining the ordinary 
length of a curve. For the present, we note that the sums {*), used to define this 
generalized “length”, make sense even if c is a curve in a manifold M (where 
there is no notion of “length”), and co is a 1-form on M, so we can define f c (o 
as the limit of these sums. 

One property of line integrals should be mentioned now, because it is ob- 
vious with our original definition and merely true for our new definition. If 
p : [0, 1] — > [0, 1] is a one-one increasing function from [0, ]] onto [0, ]], then the 
curve cop : [0, ]] — > M is called a reparameterization of c — it has exactly the 
same image as c, but transverses it at a different rate. Every sum S(P,%) for c 
is clearly equal to a sum for c o and conversely, so it is clear from 

our first definition that for a curve c : [0, 1] — > M 2 we have 



(“the integral of co over c is independent of the parameterization”). This is no 
longer so clear when we consider the sums (*) for a curve c: [0, 1] M, nor is 
it clear even for a curve c : [0, 1] — > M 2 , but in this case we can proceed right to 
the integral these sums approach, namely 

\f(c(t))c u (t) + g(c(t))c 2 '(t)]‘Il- 
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The result then follows from a calculation: the substitution t = p(u) gives 


[\f(c(t))c v (t)+g(c(t))c 2 '(t)]dt 

Jo 

rp~' 0) 

= / [f(c(p(u)))c'\p(u)) + g(c(p(u)))c 2 '(p(u))}p'(u)du 

Jp~H o) 

= f [f(cop(u))(cop) u (u) + g(cop(u))(cop) 2 / (u)]du. 

Jo 

For a curve in R", and a ]-form w = Y^= i there is a similar calcula- 

tion; for a general manifold M, we can introduce a coordinate system for our 
calculations if c([0, 1]) lies in one coordinate system, or break c up into several 
pieces otherwise. We are being a bit sloppy about all this because we are about 
to introduce yet a third definition, which will eventually become our formal 
choice. Consider once again the case of a 1-form on R 2 , where 

Jo>= [ [f(c(t))c'\t) +g(c(t))c’ 1 '(,)]dt. 

Notice that if i is the standard coordinate system on M, then for the map 
c; [0, 1] — > R 2 we have 


c*(f dx + gdy) = 


= (foc)c*(dx) + (goc)c*(dy ) 

= (/ o c) d(x o c) + (g o c) d(y o c ) 
= (foc)c U dt + (g°c)c 2 , dt, 


so that formally wc just integrate c*(f dx + g dy); to be precise, we write 
c*(f dx + g dy) = hdt (in the unique possible way), and take the integral 
of h on [0, 1]. 

Everything we have said for curves c : [0, 1] — > R* could be generalized to 
functions c : [0, l] 2 — > R”. If x and y are the coordinate functions on R 2 , let 



For a pair of partitions j 0 < ■ ■ ■ < s m and to < ■ ■ ■ < in of [0, 1], if we choose 
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%ij e [jy_] } j,*] x [tj-\,tj] and co is a 2-form on M", then 



is a “generalized area” of the parallelogram spanned by 

£<&,)■ 

ax ay 

The limit of sums of these terms can be thought of as a “generalized area” of c. 
To make a long story short, we now proceed with the formal definitions. 

A C°° function c \ [0,1]* — > M is called a singular /f-cube in M (the word 
“singular” indicates that c is not necessarily one-one). We will let [0, ]]° = M° = 
0 6 M, so that a singular 0-cube c is determined by the one point c(0) e M. 
The inclusion map of [0, 1]* in M* will be denoted by I k ; [0, 1]* — » M*; it is 
called the standard /f-cube. 

If co is a /f-form on [0, 1]*, and x\. . . ,x k are the coordinate functions, then co 
can be written uniquely as 


co = f dx ] A • • ■ A dx K . 


We define 


co to be 


/ = f f(x',...,x k )dx' ... dx k \ 

I [0j11 * \ 

[ in classical notation, which modern ) , 

, \ notation attempts to mimic as far / 

[0 ’T \ i ■ / 

\ as logic permits / 

If co is a /f-form on M, and c is a singular /r-cube in M, we define 


/ 

[ 0 , 1 ]* 


f ' 


L-i 


c*co. 


[ 0 , 1 ]* 


where the right hand side has just been defined. For k = 0, we have a special 
definition: a 0-form is a function f, and for a singular 0-cube c we define 


I. 


f = m o)). 
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1. PROPOSITION. Let c : [0, 1]” — > M” be a one-one singular n-cube with 
detc' > 0 on [0, 1]*. Let co be the n-form 

co — f dx ] A • • ■ A dx n . 

Then 


I“~ / f ■ 





PROOF. By definition, 

j a) = j c*(co) 
[o,i ]» 


=s J (/ o c)(det c') dx ] a ■ • ■ a rfA'” by Theorem 7-7 


[o.i]" 


~ J (f o c)j det c'j A ■ ■ ■ A rfx” by assumption 


[ 0 , 1 ]" 


— J f by the change of variable formula. ♦> 

c<[0,]]") 


2. COROLLARY. Let p: [0, 1]* — > [0, 1]* be one-one onto with det p' > 0, 
let c be a singular k - cube in M and let a) be a /f-form on M. Then 


PROOF We have 

f CO = f (co p)*co = I p*(c*co) 
JCOp J J 

[0,lp [0,1]* 


l- 1 
I 


CO. 


= J c*(co ) by the Proposition, since p is onto 


[ 0 , 11 * 
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The map cop : [0, 1]* — > M is called a reparameterization of c if p : [0 } 1]* — > 
[0, 1]* is a C°° one-one onto map with det p* ^ 0 everywhere (so that p~ ] is 
also C°°); it is called orientation preserving or orientation reversing depending 
on whether det p' > 0 or det p' < 0 everywhere. The corollary thus shows 
independence of parameterization, provided it is orientation preserving; an ori- 
entation reversing reparameterization clearly changes the sign of the integral. 
Notice that there would be no such result if we tried to define the integral over c 
of a C°° function / : M — » K by the formula 

/ foc ■ 

[0.1J* 

For example, if c: [0, 1] -> M then 

f f{c(t))dt is generally ^ f f(c(p(t)))dt. 

Jo Jo 

From a formal point of view, differential forms are the things we integrate be- 
cause they transform correctly (i.e., in accordance with Theorem 7-7, so that 
the change of variable formula will pop up); functions on a manifold cannot be 
integrated (we can integrate a function / on the manifold R k only because it 
gives us a form / dx ] A ■ ■ • A dx k ). 

Our definition of the integral of a A* -form a) over a singular k - cube c can 
immediately be generalized. A k -chain is simply a formal (finite) sum of singular 
k -cubes multiplied by integers, e.g. 

lC] — 2 c 2 + 3 c 3 . 

The k -chain lei = 1 • C\ will also be denoted simply by c\. We add A-chains, 
and multiply them by integers, purely formally, e.g., 

2(cj + 3^4) + (—2 )(c] + 1‘3 + C2) = ~ 2 c 2 — 2 c 3 + 6C4. 

Moreover, wc define the integral of co over a k -chain c ~ a/C,- in the obvious 

way: 



The reason for introducing k -chains is that to every k -chain c (which may be 
just a singular A' -cube) we wish to associate a (A — l)-chain dc, which is called 
the boundary of c, and which is supposed to be the sum of the various singular 
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(k — l)-cubes around the boundary of each singular A* -cube in c. In practice, it 



is convenient to modify this idea. The boundary of 7 2 , for example, will not be 
the sum of the four singular 1 -cubes indicated below on the left, but the sum, 



with the indicated coefficients, of the four singular 1 -cubes shown on the right. 
(Notice that this will not change the integral of a 1-form over dl 2 .) For each i 
with 1 < / < n we first define two singular {n — 1) -cubes I ^ and ^ (the 
0',0)-face and (/, l)-face of I n ) as follows: If x 6 [0, l]* -1 , then 
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The (/, a)-face of a singular w-cube c is defined by 

= c o (/£ „}). 



Now we define 

d c = ^ + 

[=1 a = 0,1 

Finally, the boundary of an n -chain Yi a i c i is defined by 

' i ' i 

These definitions all make sense only for n > 1. For the case of a 0-cube 
c : [0, ]]° — > M } which we will usually simply identify with the point P — c(0) 3 
we define 9c to be the number 1 6 M, and for a 0-chain Yf a i c i we define 

a(2>i) ~ - J2° h 

v ' i i 

Notice that for a 1-cube c: [0, 1] — > M we have 

dc = c (U ) - c 0i0 ) : 


so 


d(dc) = i-i = o. 


We also have, for a singular 2-cube c: [0, ]] 2 — > M. 
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From a picture it can be checked that this also happens for a singular 3-cube, 
a good exercise because this involves figuring out just what the boundary of a 
3-cube looks like. In general, we have: 


3. PROPOSITION. If c is any »-chain in M , then 3 (3c) = 0. Briefly, 3 2 = 0. 

PROOF. Let i < j < n — 1, and consider (^<”»)<y £)■ For x e [0, l]” -2 , we 
have, from the definition 




0'.«) yJ U,P) 

= , • ■ • , X s , p, X J , . . . , A'” -2 ) 

= I n ( A 1 , . . . , x /- 1 ,o:, a', . . . , A y-) , /?, x y " , 


■,A rt_2 ) 


Similarly, 




— l n /V 1 v '" 1 a r' v n-2l i 

— J f t '_L | \*\ 5 ***jA j ^ 


O+i ,/J) 

= 7 n (a 1 , . . . , A* — 1 


,Ct, a 1 , . . . ,x y ',^,A y , 


• ,A«- 2 ). 


Thus (W(„® = for * < J < » ~ ] - ^ folI ows easily for any 

singular «-cube c that (e</,«))(/,£) = (c 0+1 ^ )<,-,„) for t < y < n - 1. Now 

30c) = a(£ £ <•(.■,«>) 

V =1 a= 0 , ] ' 

= EEIE (-D i+ “ +y+ ^<,-,«))u,«. 

/= 1 a=0,1 y = 1 >3=0, 1 

In this sum, (c{i, a )){j,p) and (£<y+i,£))o» occur witli opposite signs. Therefore 
all terms cancel in pairs, and 3 (3c) = 0. Since the theorem is true for singular 
77 -cubes, it is clearly also true for singular /7-chains. ♦> 


Notice that for some /7-chains c we have not only 3(3c) = 0, but even 3c = 0. 
For example, this is the case if c = C\ — C 2 , where c T and c-i are two 1 -cubes 
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with C](0) = <?2(0) and cj(l) = C 2 O). If c is just a singular 1-cube itself, then 



3c = 0 precisely when c(0) = c(l), i.e., when c is a “closed” curve. In general, 



any k -chain c is called closed if 3c = 0. 

Recall tli at a differentia) form co with da) = 0 is also called “closed”; this 
terminology has been purposely chosen to parallel the terminology for chains 
(on the other hand, a chain of the form 3c is not described, reciprocally, by 
the classical term of “exact”, but is simply called “a boundary”). This parallel 
terminology was not chosen merely because of the formal similarities between d 
and 3, expressed by the relations d 2 = 0 and 3 2 = 0. The connection between 
forms and chains goes much deeper than that. For example, we have seen that 
on M 2 - {0} there is a 1-form which is closed but not exact. There is also a 
1 -chain c which is closed but not a boundary, namely, a closed curve encircling 
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the point 0 once. Although il is intuitively clear that c is not the boundary of a 
2-chain in R 2 — {0}, the simplest proof uses the theorem which establishes the 
connection between forms, chains, d, and d. 


4. THEOREM (STOKES’ THEOREM). If w is a (k - l)-form on M and c is 
a k -chain in M, then 



PROOF. Most of the proof involves the special case where co is a (k — l)-form 
on R* and c = I k . In this case, co is a sum of (k — l)-forms of the type 


f dx 1 A ■■■ a dx 1 A ■ • ■ A dx k . 


and it suffices to prove the theorem for each of these. We now compute. First, 
a little notation translation shows that 



if J ^ i 
if j = i. 


Therefore 


I f dx ] A - • • A dx' A ■ ■ • A dx 1 
Jdt* 


k r 

= EE (-l) y ' + “ / ( I k {j ^{fdx' A... Adx* A--- Adx K ) 

l — 1 rt 1 v[C 


j = 1 a=0, ] 


T >, i ]*- 1 


-( 1)' +1 J Ax' U-.-,x k )dx'...dx k 


[ 0 , 1 ]* 


+ (-!)' J f(x l ,...,0,...,x k )dx l ... dx k . 


[ 0 , 11 * 
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On the other hand. 


f d{f dx ] a ■ ■ • a dx' a ■ ■ ■ a dx k ) 

Jl * 

= J D\f dx 1 A rfx 1 A • • ■ A rfx' A • • • A rfA'* 


[ 0 , 1 ]* 


= (-l)'-' J D,f. 


[ 0 , 1 ]* 


By Fubini’s theorem and the fundamental theorem of calculus we have 

[ d{f dx ] A ■ ■ ■ A rfx* A • ■ ■ A rfx*) 

Jt k 

= (— 1)' _1 J ... ^ A/(a j , . . . , x*) r/x* j dx 1 . . . dx' . . . dx k 

= (-l) "' if "f [ /( *' 1 * 4) 

, . . . , 0 , . . . , x^) 


dx ] . . . rfx* . . . dx k 


= (-0 


i-i 


/ /u '- • 


x^r/x' . . . dx* 


[ 0 , 1 ]* 


+ (—!)' j f(x\...,Q,...,x k )dx* ... dx k . 


[o,i]* 


Thus 


f da = f a. 

Ji k Jdi k 

For an arbitrary' singular /r-cube, chasing through the definitions shows that 

/ w = f 

Jbc Jai 

Therefore 

f dco = f c*(dco) = f d(c*co) = f c*co = f a). 

Jc J t k J t k Jd( k J dc 


CO = f C O). 

F 3c Jd( k 


The theorem clearly follows for k -chains also. 
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Notice that Stokes’ Theorem not only uses the fundamental theorem of cal- 
culus. but actually becomes that theorem when c = 1 1 and co = f. 

As an application of Stokes’ Theorem, we show that the curve c : [0, 1] 

M 2 — {0} defined by 


c(l ) = (cos 2 ji 7, sin 2 nt). 



although closed, is not dc 2 for any 2-chain c 2 . If we did have c = dc 2 , then we 
would have 





0 = 0 . 


But a straightforward computation (which will be good for the soul) shows that 

/ (10 = I ^ dx H — — - dy — 2n. 

Jc Jc x 2 + y 2 A' 2 + y 2 


[There is also a non-computational argument, using the fact that ‘V/0” really 
is d$ for 6 : M 2 — ([0, oo) x {0}) -> M: We have 

J dd =$(}-£)-&(£), 

c\[E,l-£] 


and $(l — s) — $(s) -> 2n as s -> 0.] 

Although we used this calculation to show that c is not a boundary, we could 
just as well have used it to show that co = “d6” is not exact. For, if we had 
oo = df for some C°° function / : R 2 — {0} — > M, then we would haw 

2n= f co = f df= f f=ff = 0. 

Jc Jc Jdc Jo 

We were previously able to give a simpler argument to show that is not 
exact, but Stokes’ Theorem is the tool which will enable us to deal with forms 
on R n — {0}. For example, we will eventually obtain a 2-form co on M 3 — {0}, 

A' dy a dz — y dx a dz + z dx a dy 

" = (*2 + y + .^p/2 
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which is closed but not exact. For the moment we are keeping the origin of co a 
secret, but a straightforward calculation shows that dco = 0. To prove that co is 
not exact we will want to integrate it over a 2-chain which “fills up” the 2-sphere 
iS 2 C M 3 — {0}. There are lots of ways of doing this, but they all turn out to give 
the same result. In fact, we first want to describe a way of integrating n-forms 
over n -manifolds. This is possible only when M is orlen table; the reason will 
be clear from the next result, which is basic for our definition. 


5. THEOREM. Let M be ail n-manifold with an orientation (x, and let c \ , C 2 ; 
[0, 1]" — » M be two singular n-cubes which can be extended to be diffeomor- 
phisms in a neighborhood of [0, 1]”. Assume that c\ and c 2 are both orientation 
preserving (with respect to the orientation fx on M, and the usual orientation 
on K"). If co is an n-fbrm on M such that 

support co C C] ([0, 1]") n c 2 ([0, 1]"), 


then 



PROOF. We want to use Corollary 2, and write 


/ " = / 


C2°( c 2 ' °C] ) 



CO. 


The only problem is that c 2 ~ l ° c\ is not defined on all of [0, 1]" (it does satisfy 
det(c 2 “ 1 oC] )' > 0, since c\ and c 2 are both orientation preserving). However, a 
glance at the proof of Corollary 2 will show that the result still follows, because 
of the fact that support co C C]([0, 1]”) fl c 2 ([0, 1]*). ♦> 


The common number J co, for singular n-cubes c : [0, l] n M with sup- 
port co c r([0, l] n ) and c orientation preserving, will be denoted by 



co. 


If co is an arbitrary n-form on M, then there is a cover O of M by open sets U . 
each contained in some r([0, l] n ), where c is a singular «-cube of this sort; if 
is a partition of unity subordinate to this cover, then 



■ co 
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is defined for each 0 e O. We wish to define 



We will adopt this definition only when a) has compact support, in which case 
the sum is actually finite, since support co can intersect only finitely many of the 
sets {p : 4>{p) 7 ^ 0 }, which form a locally finite collection. If we have another 
partition of unity ^ (subordinate to a cover O'), then 


these sums are all finite, and the last sum can clearly also be written as 


yjr eV $e<i> J M 



V/ • CO, 


so that our definition does not depend on the partition. (We really should denote 
this sum by 

f 

for the orientation of M we clearly have 


i 


(M-fi) 


Q) = — 


I 


However, we usually omit explicit mention of p) 

With minor modifications we can define f M co even if M is an »-manifo)d- 
with-bound ary. If M C M" is an ^-dimensional manifold- with-boundary and 
/ : M — » R has compact support, then 



where the right hand side denotes the ordinary integral. This is a simple conse- 
quence of Proposition 1. Likewise, if f : M n — > N n is a diffeomorphism onto, 
and co is an n-form with compact support on N, then 



if f is orientation preserving 


co 


if f is orientation reversing. 
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Although « -forms can be integrated only over orientable manifolds, there is 
a way of discussing integration on non-orientable manifolds. Suppose that (o is 
a function on M such that for each p e M we have 

c o(p ) = \t) p \ for some r\ p e Q n {M p ), 

i.e., for any n vectors V\ , . . . , v„ e M p we have 

0)(p)(v i,...,v n ) = \T}p(Vu... t V„)\ > 0. 

Such a function co is called a volume element — on each vector space it deter- 
mines a way of measuring H-dimensional volume (not signed volume). If (x, U) 
is a coordinate system, then on U we can write 

a) = f ) dx ] a ■ • ■ a dx n | for / > 0; 

we call co a C°° volume element if f is C°°. One way of obtaining a volume 
element is to begin with an n-form r} and then define co{p) = J ??(/?) f- However, 
not every volume element arises in this way — the form rj p may not vary con- 
tinuously with p. For example, consider the Mobius strip M, imbedded in M 3 . 
Since M p can be considered as a subspace of M 3 ^, we can define 

a){p){v p , i v p ) = area of parallelogram spanned by v and w. 

It is not hard to see that co is a volume element; locally, co is of the form co = J^J 
for an /i-form rj. But this cannot be true on all of M, since there is no n-form rj 
on M which is everywhere non-zero. 

Theorem 7-7 has an obvious modification for volume elements: 


1-1' . THEOREM. If /: M — > TV is a C°° function between /j-manifolds, 
(x, U) is a coordinate system around p e and ( y , V) a coordinate system 
around cj = f(p) € N, then for non-negative g: V — > M we have 


f(g\dy' A---Arf/|) = (go/). 


det 


d(y' of )\ 

dxJ ) 


• 1 d/x 1 A • ■ ■ A dx" J. 


PROOF. Go through the proof of Theorem 7-7, putting in absolute value signs 
in the right place. ♦> 
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7-8 / , COROLLARY. If (x 3 U) and (y,V) are two coordinate systems on M 
and 

g J dy } a • • ■ a dy n \ = h \ dx ] a ■ ■ ■ a dx n \ g, /i > 0 

then 

h = g ' | det (Sr) 

[This corollary shows that volume elements are the geometric objects corre- 
sponding to the “odd scalar densities” defined in Problem 4-10.] 

It is now an easy matter to integrate a volume element co over any manifold. 
First we define 

f q)= f f for co = f \dx ] A ■ ■ • A dx n \, f> 0. 

J 

[ 0 , 1 ]" 


Then for an //-chain c : [0, l] n — > M we define 



Theorem 1-1' shows that Proposition I holds for a volume element co = f \dx { A 
■ ■ ■ Adx n \ even if detc' is not > 0. Thus Corollary 2 holds for volume elements 
even if det p’ is not > 0. From this we conclude that Theorem 5 holds for 
volume elements co on any manifold M, without assuming ci,C 2 orientation 
preserving (or even that M is orientable). Consequently we can define f M co 
for any volume element co with compact support. 

Of course, when M is orientable these considerations are unnecessary. For, 
tli ere is a nowhere zero /7-form r} on M , and consequently any volume element cu 
can be written 

" = /M, f> o. 

If we choose an orientation p. for M such that co(v\ , . . . , v n ) > 0 for V\ , . . . , v n 
positively oriented, then we can define 

f a) = f A- 


Volume dements will be important later, but for the remainder of this chapter 
we are concerned only with integrating forms over oriented manifolds. In fact, 
our main result about integrals of forms over manifolds, an analogue of Stokes 3 
Theorem about the integral of forms over chains, does not work for volume 
elements. 
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Recall from Problem 3-16 that if is a. manifold-with-boundary, and p e 
dM , then certain vectors v e M p can be distinguished by the fact that for any 
coordinate system x: U — > H" around p , the vector 6 H n /( P ) points 

“outwards”. We call such vectors v 6 M p “outward pointing”. If M has an 



orientation p, we define the induced orientation dp, for dM by the condition that 
[ui, . . . , U/i~i] e (Bp) p if and only if [ty, v \ , . . . , v n ~\\ 6 p p for every outward 
pointing iy e M p . If p is the usual orientation of H", then for p = (a,0) e H" 
we have 


Pp — \(e\) p , ■ . . > (^n)/*] — (~l) fl [(<?«)/>> (^1 )/>i ■ ■ • j {^n~\)p\ 

= (~ 1 j (^1 )/»>■•* > Cn~ 1 )/»]■ 

Since (~e„) p is an outward pointing vector, this shows that the induced orien- 
tation on x {0} = is (—1)” times the usual one. The reason for this 
choice is the following. Let c be an orientation preserving singular w-cube in 
(M,p) such that dM n c([0, 1]”) = c<„, 0 )([0, 1]”" 1 ). Then C( n , 0) : [0, 



(3M,3p) is orientation preserving for even n, and orientation reversing for 
odd n. If a> is an ( n — ])-form on M whose support is contained in the interior 
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of the image of c (this interior contains points in the image of C{„ _(>)), it follows 
that 



If it were not for this choice of dfx we would have some unpleasant minus signs 
in the following theorem. 


6. THEOREM (STOKES’ THEOREM). If M is an oriented >7 -dimensional 
manifold-with-boundary, and dM is given the induced orientation, and co is an 
(/i — l)-form on M with compact support, then 



dco = 



co. 


PROOF. Suppose first that there is an orientation preserving singular w-cube c 
in M — dM such that support co C interior of image c. Then 



dco = 


i 


dco 


= 0 



by Theorem 4 

since support co C interior of image c, 


while we clearly have 



co = 0. 


Suppose next that there is an orientation preserving singular «-cube c in M 
such that 3Mflc([0, 1]") = q fti o)([0, l] n “ ] ), and support co C interior of image c. 
Then once again 
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In general, there is an open cover O of M and a partition of unity $ sub- 
ordinate to 0 such that for each 0 6$ the form 0 ■ co is one of the two sorts 
already considered. We have 

0=dO) = d(j^A = 


SO 


Y dcj> A co = 0. 


Since co lias compact support, this is really a finite sum, and we conclude that 



d<j) A co = 0. 


Therefore 




0 ■ dco = 2. / i /0 A w + 0 ■ dco 

*e* jM 

d(d> • co) — ) I 0*0)=/ co. 

im Jsm 


One of the simplest applications of Stokes’ Theorem occurs when the oriented 
H-manifoId {M,gc) is compact (so that every form lias compact support) and 
dM = 0. In this case, if r} is any (n — l)-form, then 

f <in=f n = o. 

JM JdM 


Therefore we can find an n-form co on M which is not exact (even though it 
must be dosed, because all (/? + l)-forms on M are 0), simply by finding an co 
with 



co ^ 0. 


Such a form co a 3 wavs exists. Indeed we have seen that there is a form co such 
that for e M p we have 


(*) 


co(y \ , . . . , v„) > 0 if [ui , . . . , u„] = fip. 


If c: [0, 1]" — > is orientation preserving, then the foam c*co on [0, 1]" is 

clearly 

g dx 1 A • ■ • A dx 11 for some g > 0 on [0, 1]", 
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50 fc a) > 0. It follows that f M co > 0. There is. moreover, no need to choose 
a form co with (*) holding everywhere— we can allow the > sign to be replaced 
by >. Thus we can even obtain a non-exact /t-form on M which has support 
contained in a coordinate neighborhood. 

This seemingly minor result already proves a theorem: a compact oriented 
manifold is not smoothly contractible to a point. As we have already empha- 
sized, it is the “shape” of M, rather than its “size”, which determines whether 
or not every closed form on M is exact. Roughly speaking, we can obtain 
more information about the shape of M by analyzing more closely the extent 
to which closed forms are not necessarily exact. In particular, we would now 
like to ask just how many non-exact n-forms there are on a compact oriented 
H-manifoId M. Naturally, if co is not exact, then the same is true for a > + dr) for 
any (« - j)-form rj, so we really want to consider co and co + dr} as equivalent. 
There is, of course, a standard way of doing this, by considering quotient spaces. 
We will apply this construction not only to /i-forms, but to forms of any degree. 

For each /r, the collection Z k (M) of all closed k -forms on M is a vector 
space. The space B k (M) of all exact /f-forms is a subspace (since d 2 = 0), so 
we can form the quotient vector space 

H k (M) = Z k (M)/B k (M)- 

this vector space H k (M) is called the /f-dimensional de Rham cohomology vector 
space of M. [de RJiatn’s Theorem states that this vector space is isomorphic to 
a certain vector space defined purely in terms of the topology of M (for any 
space M), called the “k -dimensional cohomology group of M with real coef- 
ficients”; the notation Z k , B k is chosen to correspond to the notation used in 
algebraic topology, where these groups are defined.] 

An element of H k {M) is an equivalence class [co] of a closed /r-form w, two 
closed /f -forms co j and coj being equivalent if and only if their difference is exact. 
In terms of these vector spaces, the Poincare Lemma says that H k (R n ) = 0 (the 
vector space containing only 0) if k > 0, or more generally, H k (M) = 0 if M 
is contractible and k > 0. 

To compute H°{M) we note first that B°(M) = 0 (there are no non-zero 
exact 0-forms, since there are no non-zero (-l)-forms for them to be the dif- 
ferential of}. So H°(M) is the same as the vector space of all C°° functions 
/: A/ — » K with df = 0. If M is connected, the condition df = 0 implies 
that / is constant, so H°(M) ^ M. (In general, the dimension of H°(M) is the 
numljer of components of M.) 

Aside from these trivial remarks, we presently know only one other fact about 
H k (M) — if M is compact and oriented, then H n (M ) has dimension > 3. The 
further study of H k {M) requires a careful look at spheres and Euclidean space. 



264 


Chapter 8 


On S n 3 C R” — {0} there is a natural choice of an ( n — 3)-form o' with 
f s „-i o’ > 0: Tor (u 3 )/>> ■ • ■ , (v n -\) P e S*~ l p> we define 


= det 


P 

V] 


Clearly this is > 0 if . . . , (v„-]) p is a positively oriented basis. In fact, 
we defined the orientation of S n ~ ] in precisely this way — this orientation is just 
the induced orientation when is considered as the boundary of the unit 
ball {p 6 R 7 ' : \p\ < 1} with the usual orientation. Using the expansion of a 
determinant by minors along the top row we see that o’ is the restriction to 
S n ~ 1 of the form tr on R 7 ' defined by 

n 

o = ^(— 1 )'“ ] X 1 dx 1 A ■ • ■ A dx* A • • • A dx”. 


The form o' on S n ~ } will now be used to find an (n — l)-form on R 71 — {0} 
which is dosed but not exact (thus showing that H n ~ ] (R 71 — (0}) ^ 0). Consider 
the map r : R” — {0} — > S n ~ l defined by 



P 

v(py 


Clearly r(p) = p if p e S n otherwise said, if /: S” ] — » R 7( — {0} is the 
inclusion, then 

r o / ~ identity of S n ~ l . 

(In general, if A c X and r: X -» A satisfies r(a) — a for a e A, then r is 
called a retraction of X onto A.) 

Clearly, r*cr 7 is closed: 


d(r*o’) = r*do ' = 0. 


However, it is not exact, for if r*o f ~ di), then 


tr 7 = i*r*o' = di*rn 


but we know that cr 7 is not exact. 
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It is a worthwhile exercise to compute by brute force that 


for n- 2, r*o' = 


for n = 3, r*o' = 


x dy — y dx x dy — y dx 
x 2 + y 2 v 2 


= d$ 


x dy a dz — y dx a dz + z dx a dy 
(x 2 + y 2 + z 2 ) 3 / 2 


= ~[x dy a dz — y dx a dz + z dx a dy]. 

Since we will actually need to know r*o' in general, we evaluate it in another 
way: 


7. LEMMA. If a is the form on R" defined by 


n 

o = ^(— l)'"* 1 *' dx } A ■ • • A dx’ A ■ • ■ A dx n , 


and o' is the restriction i*o of o to S n then 


(*) 




<r'(P) 


<r(p) 

\p\ n 


So 

] n . . 

r*o' = — ^(-1)' ] x’ dx 1 a ■ ■ ■ a dx’ a • ■ • a dx n . 

V ;=] 

PROOF. At any point p 6 R” - {0}, the tangent space is spanned by p p 
and the vectors v p in the tangent space of the sphere £”“ 3 (jpj) of radius jpj. 
So it suffices to check that both sides of (*) give the same result when applied 
to n — I vectors each of winch is one of these two sorts. Now p p is the tangent 
vector of a curve y lying along the straight line through 0 and p\ this curve is 
taken to the single point r(p) by r, so r*(p p ) — 0. On the other hand, 


o(P){Pp,(v 1 ) p , . . . ,(v }l - 2 ) P ) ~ det 


P 

P 

V] 


= 0. 


\ > 

So it suffices to apply both sides of (*) to vectors in the tangent Space of 
S"- ] (\P\). Thus (Problem 15), it suffices to show that for such vectors v p we 
have 
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But this is almost obvious, since the vector v p is the tangent vector of a circle y 
lying in and the curve r o y lies in S n ~ l and goes ]/\p\ as far in the 

Same time. ♦♦♦ 

8. COROLLARY (INTEGRATION IN “POLAR COORDINATES”). Let 
/ : B — > M, where 

B ~ {p e R" : \p\ < 1), 
and define g : S”~ ] M by 



u n ’/(« ■ p)du. 


Then 


f f ~ f f dx l a ■ ■ ■ a dx n — f 
Jb Jb Js "- 1 




PROOF. Consider S n ] x [0, 1] and the two projections 

3Ti : S"“ ] x [0, 1] S' 1 "’ 

tt 2 : S' 3 "’ x [0, 1] -> [0, ]]. 

Let us use the abbreviation 

o' A dt = 7T] *o' a n 2 *di. 



If (>’, U) is a coordinate system on S n ~\ with a corresponding coordinate sys- 
tem (y,t) = (y o 7T],7r 2 ) on S”“ ] x [0, 1], and o' = ady 1 a ■ ■ • a dy n ~ l , then 
clearly 

a' A dt = ct ott] dy l a • • ■ a dy”~ ] a dt. 

From this it is easy to see that if we define h ; S n ~ } x [0, 1] — ; > M by 


h(p,u) = u n ’/(« ■ p). 


then 


f g&' = (— 0 " 1 f ho' Adt. 

Js >'~ 1 Js'‘~ l x[ 0 ,J] 

Now we can define a diiTeomorphism <j > : B — {0} — > S n ~ i x (0, 1] by 


= ( r(p ), v(p)) = (p/\p\, |/?|). 
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Then 


4>*{0 { A dt) = <f>*(7Ti*<j' A 7T 2 *dt) 

= 4>*X l *<J ( A 4>*7l 2 *dl 
= (jTj O 0 )*<t' A (tT2 o <£)*(// 
= r*(j ' A yV/ 


c ] A ■ ■ • A dx' A ■ • • A dx 


/_|\n-3 » 

— — j- £>') 2 rfV A • • ■ A rfx" 


\ » y f 

") aF— </*' 

/ - f y 

' /=3 


/=3 


(-0 


n-3 


,n-3 


A • ■ - A rfx". 


Hence 


So, 


(f>*(ha r A rf/) = (A o 0)0 *(cj / A rf/) 


= v"" 1 / 


,n~3 


rfA J A ■ • • A rfx” 


= (— I f dx* a ■ a dx n . 


f fdx 1 A-.- Arfx w = (-l)""* 1 f 4>*{ho'Adt) 
Jb Jb~{ o} 

= (-])"-'[ ho’ Adi 

0,3] 

= / 

Js»-t 


(This last step requires some justification, which should be supplied by the 
reader, since the Forms involved do not have compact support on the mani- 
folds B — {0} and S"~ l x (0, 1] where they are defined.) ♦> 


We are about ready to compute H k (M) in a few more cases. We are going to 
reduce our calculations to calculations within coordinate neighborhoods, which 
are submanifolds of M , but not compact. It is therefore necessary to introduce 
another collection of vector spaces, which are interesting in their own right. 
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The de Rham cohomology vector spaces with compact supports H k (M) are 
defined as 

H k (M) = Z k (M)/B k (M), 

where Z k (M) is the vector space of closed k -Forms with compact support, and 
B k (M) is the vector space of all /r-forms dr} where 77 is a (A* — I)-form with 
compact support. Of course, if M is compact, then H k (M) — H k (M). Notice 
that B k (M) is not the same as the set of all exact k -forms with compact support. 
For example, on M", if / > 0 is a function with compact support, and f > 0 
at some point, then 

co — / dx l A ■ • ■ A dx n 

is exact (every closed form on is) and has compact support, but 00 is not drj 
for any form rj with compact support. Indeed, if co = dr} where rj has compact 
support, then by Stokes’ Theorem 

/ *> = / f 1} = 0. 

JW‘ J K» JaR" 

This example shows that H*{ M") ^ 0, and a similar argument shows that 
if M is any orientable manifold, then H”(M) ^ 0. We are now going to show 
that for any connected orientable manifold M we actually have 

H”(M) * M. 

This means that if we choose a fixed co with f M co ^ 0, then for any n-form co 1 
with compact support there is a real number a such that co' — a co is exact. The 
number a can be described easily: if 

co r — a co = dr}. 


then 


so 


I co' — I aco = l dr} = 0, 
JM ’ Jm Jm 

JM i JM 


the problem, of course, is showing that r} exists. Notice that the assertion that 
H”(M) M is equivalent to the assertion that 



co 


is an isomorphism of H”(M) with M, i.e., to the assertion that a closed form co 
with compact support is the differential of another form with compact support 
if Im w ~ °- 
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9. THEOREM. If M is a connected orientable H-manifoId, then H”(M) R. 
PROOF. We will establish the theorem in three steps: 

(1) The theorem is true for M ~ M. 

(2) If the theorem is true for (n — l)-manifoIds, in particular for S n ~\ then 
it is true for R". 

(3) If the theorem is true for R", then it is true for any connected oriented 
n -manifold. 

Step l. Let a) be a 1-form on R with compact support such that / H co ~ 0. There 
is some function f (not necessarily with compact support) such that co = df. 
Since support co is compact, df — 0 outside some interval [— N, N] } so / is a 



constant c\ on (-oo, ~N) and a constant c 2 on (7V,oo). Moreover, 

0 = f co = f df = f f'(t) dt — c 2 ~ c\. 

J r Jr Jr 

Therefore c\ = c 2 — c aaid we have 


w = d(f ~ c) 


where f — c has compact support. 

Step 2. Let co — f dx l a ■ ■ • a dx n be an /i-form with compact support on R" 
such that / H „ co = 0. For simplicity assume that support a)C{p€R n :|/>|<l}. 
We know that there is an (n - l)-form rj on R" such tliat co — dr}. In fact, from 
ProbI em 7-23, we liave an explicit formula for r ], 


nip) = 





f(t • p)dt 



dx ] A ■ • ■ A dx ' A ■ • • A dx n . 
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Using the substitution u = \p\i this becomes 


Ap\ 


»</>) = i / »"■'/ 


v \p\) 


du 


\p\ n 


x 1 ) 7 ] x l dx } A ■ • ■ A dx’ A ■ • ■ A dx n 




'\p\ 


«"“7 


( W M ) by Lemma 7. 


Define g : S n 1 M by 

£(/>)= f u n ~ l f(u • p) du. 

Jo 

On the set A ~ {p e M" : \p\ > 1} we have / = 0, so on A we have 

v(p) = (i> ( w * iTi) rfw ) * rV ^’ 


or 


ri = (£°0 ■ rV “ 

Moreover, by Corollary 8 we have for the (/? — ])-form go ’ on 


f go' = f f dx } a • ■ • a dx n . 
Js"~ 1 Jb 

= f co = 0. 

Jh" 


Thus, by the hypothesis for Step 2, 

gcr' = dX for some ( n - 2)-form A oti S n ~ l 


Hence 

r ] = r*(r/A) = r/(r*A). 

Let h: M /J — > [0, 1] be any C°° function with h = 1 on A and h = 0 in a 
neighborhood of 0. Then hr*X is a C°° form on M" and 


co = dr} = d(i) — d(hr*X))\ 
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the form y - d(hr* X) has compact support, since on A we have 

rj — d(hr*X) = rj — d(r*X ) = 0. 


Step 3. Choose an /i-form co such that f M co ^ 0 and co has compact support 
contained in an open set U C M, with U diffeomorphic to M n . If co* is any 
other H-form with compact support, we want to show that there is a number c 
and a form t; with compact support such that 

co* ~ cco + dr}. 

Using a partition of unity, we can write 

co* := <f ) j co* + • • • + <f>k.eo f 

where each fyco* has compact support contained in some open set U; C M 
with Uj diffeomorphic to M". It obviously suffices to find c; and rjc with cf)jCo* = 
Cjco +dr};, for each i. In other words, we can assume co* has support contained 
in some open V C M which is diffeomorphic to M". 

Using the connectedness of M, it is easy to see that there is a sequence of 
open sets 

U = V l Vr = V 

diffeomorphic to M", with V) H U+a ^ 0- Choose forms coj with support ay C 




Vj Pi Vi+] and f y co^ ^ 0. Since we are assuming the theorem for M" we have 


CO] — cico ~ di)\ 
0)2 - C 2 CO] = dl]2 


co* — c> co r - j := dr\ r . 

wheae all rj ,• have compact support (c Vf). From this we clearly obtain the 
desired result. ♦> 
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The method used jn the last step can be used to derive another result. 


10. THEOREM. If M is any connected non-orientable n-manifold, then 

HZ(M) = 0. 

PROOF. Choose an H-form to with compact support contained in an open set U 
diffeomorphic to M”, such that J u to ^ 0 (this integral makes sense, since U is 
orientable). It obviously suffices to show that to = dr} for some form i} with 
compact support. Consider a sequence 

U = V u ... a V r = V 


of coordinate systems where each x ,• o x I+3 “ ] is orientation preserving. 

Choose the forms to,- in Step 3 so that, using the orientation of K; which makes 
x, : V( — > M" orientation preserving, we have f v . tO( > 0; then also fy. > 0. 
Consequently, the numbers 


Cj — 



are positive. 


It follows that 

to, ~ cto + dr} where c > 0. 

Now if M is unorien table, there is such a sequence where V r ~ V\ but a> oa'j' 1 
is orieaitation reversing. Taking to' — — tu, we have 


— to — cto + dr} for c > 0 


so 


(— c — \)oo ~ dr} for — c — 1 ^ 0. 


We can also compute H n {M) foa- non-compact M. 


1 1. THEOREM. If M is a connected non-compact /t-manifold (orientable or 
not), then H n (M) = 0. 

PROOF. Consider first an /i-form to with sup]Dort contained in a coordinate 
neighborhood U which is diffeomorphic to M". Since M is not compact, there 
is an infinite sequence 

u = u u u 2 ,u 3 ,u 4 ,... 
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of such coordinate neighborhoods such that Vi Pi £/,-+] ^ 0, and such that the 
sequence is eventually in the complement of any compact set. 



Now choose /i-forms a>/ with compact support contained in Vi Pi £/j+i> Such 
that fjj. (l>i ^ 0. There are constants q and forms ry with compact support 
C Vi such that 

co = C]COi + dr}\ 
co i = Ci+iwi+i -\-dry + 1 / > 1. 

Then 


co ~ drji + C]CO] 

= dij\ +cidj ] 2 + c\c 2 o) 2 
= tfy] + cj ify 2 + cj c 2 dr)i + cj c 2 c 3 a ) 3 


Since any point p 6 M is eventually in the complement of the Vi’s, we have 

co = drj] +c\dr} 2 +c\CidT }3 -| , 

where the right side makes sense since the Vi are eventually outside of any 
compact set. 

Now it can be shown (Problem 20) that there is actually such a sequence 
V] , V 2 , i/ 3 , . . . whose union is all of M (repetitions are allowed, and Vi may 
intersect several Vj for j < i, but the sequence is still eventually outside of any 
compact set). The cover 0 ~ {V} is then locally finite. Let \4>u) be a partition 
of unity subordinate to O. If co is an /t-form on M, then for each Vi we have 
seen that 

(f}U;Co ~ dry- where ry- has support contained in Vi U U i/,* +2 U ■ ■ ■ . 


Hence 
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SUMMARY OF RESULTS 


(1) For M” we have 

. ( M 

H k ( IT) ^ | 

(2) If M is a connected n-manifold, then 


k = 0 
A* > 0. 







if M is orientable 
if M is non-orientable 

if M is compact 
if M is not compact. 


We also know that H n ~ ] (M n — {0}) ^ 0, but we have not listed this result, since 
we will eventually improve it. In order to proceed further with our computations 
we need to examine the behavior of the de Rham cohomology vector spaces 
under C°° maps If w is a closed /f-form on N > then f*w is also 

closed {df*w = f*da> = 0), so /* takes Z k ( N) to Z k (M). On the other hand, 
/* also takes B k (N) to B k (M), since f*{dr ]) — d{f*r}). This shows that f* 
induces a map 

Z k (N)/B k (N) Z k (M)/B k (M), 

also denoted by /*: 

f*: H k (N) -> H k {M). 

For example, consider the case k ~ 0. If N is connected, then H°(N) is just 
the collection of constant functions c: N — > M. Then f*(c) ~ c o f is also a 
constant function. If M is connected, then f*\ H°(N) H°(M ) is just the 
identity map under the natural identification of H°(N) and H°(M) with M. 
If M is disconnected, with components M a> a e A, then H°(M) is isomorphic 
to the direct sum 

© K a , where each % ]R; 
aeA 

the map /* takes cg! into the element of ® with a 111 component equal 
to c. If N is also disconnected, with components fie B, then 

/*: ®R/l - ©M« 

pzB aeA 

takes the element {cp} of ®^ eS to where c' a = cp when f(M a ) C Np. 
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A more interesting case, and the only one we are presently in a position to 
look at, is the map 

/*: //"(TV) H n {M) 

when M and N are both compact connected oriented /t-manifolds. There is 
no natural way to make H”(M) isomorphic to M, so we really want to compare 


For co an /i-form on N. 
number a such that 



and 



co 


Choose one coq with coq ^ 0. Then there is some 




O)o ■ 


Since co m>- f M co is an isomorphism of H n (M) and M (and similarly For N) it 
Follows that For every Form co we have 




co. 


The number a = deg / which depends only on / is called the degree oF f. 
IF M and N are not compact, but / is proper (the inverse image oF any compact 
set is compact), then we have a map 


/*: H n c {N)^ H”(M) 


and a number deg / such that 

f /*" = (deg/) f a) 

Jm Jn 

For all Forms co on N with compact support. Until one sees the prooF oF the 
next theorem, it is almost unbelievable that this number is always an integer. 


12. THEOREM. Let / : M -»■ N be a proper map between two connected 
oriented H-maniFoIds (M,fx) and (N,v). Let q 6 N be a regular value oF f. 
For each p 6 (q), let 

1 iF f * p : M p N q is orientation preserving 

(using the orientations p. p For M p and v q For N q ) 

— 1 iF f+ p is orientation reversing. 


si S n P f = \ 
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Then 

deg / = sig n p f (= 0 if f~ ] (p) = 0). 

PROOF. Notice first that regular values exist, by Sard’s Theorem. Moreover, 
f~ ] (g) is finite, since it is compact and consists of isolated points, so the sum 
above is a finite sum. 

Let f~ l (g) = {pi, ■ ■ ■ , Pk)- Choose coordinate systems (£/,-, */) around pi 
such that all points in U,- are regular values of / and the Uj are disjoint. We 
want to choose a coordinate system (K, y) around g such that / -] ( V) = U\ U 
■ U Uk- To do this, first choose a compact neighborhood W of g, and let 



W' C M be the compact set 

W' ~ f~\W)-(Ui U.-.Ui/*). 


Then f(W f ) is a closed set which does not contain g . We can therefore choose 
V C W — f{W f ). This ensures that /" ] (K) C U\ U- ■ -Uf/jt. Finally, redefine Uj 
to be Vi n /- ] (K). 

Now choose a) on TV to be co = g dy ] A ■ ■ ■ A dy n where g > 0 has compact 
support contained in V. Then support f*a>C U\ U ■ • ■ U Uk . So 




OJ. 


Since / is a dififeomorphism from each Vi to V we have 

/ f*co = / co if / is orientation preserving 

JUj Jv 

~ ~ I co if / is orientation reversing. 

Jv 

Since / is orientation preserving [or reversing] precisely when sign^ / =1 [or 
— I] this proves the theorem. 



Integration 


277 


As an immediate application of the theorem, we compute the degree of the 
“antipodal map” A: S n S n defined by A(p) ~ ~p.‘ We have already 
seen that A is orientation preserving or reversing at all points, depending on 
whether n is odd or even. Since A~ l (p) consists of just one point, we conclude 
that 

deg A = (-1)" -1 . 

We can draw an interesting conclusion from this result, but we need to intro- 
duce another important concept first. Two functions /, g: M — > N between 
two C°° manifolds are called (smoothly) homotopic if there is a smooth function 


with 


H: M x [0, 1] N 


H(p,0) = f(p) 
H(p,]) = g(p) 


for all p £ M; 


the map H is called a (smooth) homotopy between f and g. Notice that M is 
smoothly contractible to a point po e M if and only if the identity map of M is 
homotopic to the constant map po. Recall that for every /t-form wonMx [0, 1] 
we defined a (k — I)-form Ico on M such that 

i\*Q) — io*(i> ~ d(I(i>) + I(d(i>). 

We used this fact to show that all closed forms on a smoothly contractible man- 
ifold are exact. We can now prove a more general result. 


1 3. THEOREM. If f,g:M^N are smoothly homotopic, then the maps 

/*: H k {N) -> H k (M) 
g*: H k (N) H k (M) 

are equal, /* — g*. 

PROOF. By assumption, there is a smooth map H: M x [0, 1] — N with 

f = Hoi 0 

Any element of H k (N) is the equivalence class [cu] of some closed /t-form co 

on N. Then 

g*w - -(H o / , )*w -(H o i 0 )*w 

«/,*(//*«) -/o*(//*w) 

= d{IH*w) + I(dH*w) 

- d{IH*a)) + 0. 

But this means that g*([tu]) = /*([o>]). 
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14. COROLLARY. If M and N are compact oriented /i-maniFoIds and the 
maps f,g: M -» N are homotopic, then deg / = deg g. 

15. COROLLARY. If n is even, then there does not exist a nowhere zero 
vector field on S n . 

PROOF. We have already seen that the degree of the antipodal map A : S n -» 
S n is Since the identity map has degree 1, A is not homotopic to 

the identity for n even. But if there is a nowhere zero vector field on S n , then 
we can construct a homotopy between A and the identity map as Follows. For 
each p, there is a unique great semi-circle y p From p to A{p) ~ — p whose 
tangent vector at p is a multiple oF X(p). Define 

H(p, 0 = Y P {t). ❖ 

For n odd we can explicitly construct a nowhere zero vector field on S n . For 
p = (xj , . . . , *„+] ) 6 iS' 7 ’ we define 

X(p) = (-a'i,x 0 ,-a'3,x 2 , 

this is perpendicular to p ~ (xj,x 2 ,. . . ,x rt -|-]), and therefore in S n p . (On S l 
this gives the standard picture.) The vector field on S n can then be used to give 



a homotopy between A and the identity map. 

For another application oF Theorem 13, consider the retraction 

r : M" - (0} S n ~ ] r(p)~p/\p\. 

IF / : S n ~ } — > — (0} is the inclusion, then 

r o / : S n ~ } is the identity 1 oF S r, ~ ] . 
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The map 


i or: M” — {0} -» M" — {0} i o r(p ) = p/\p\ 


is, of course, not the identity, but it is homotopic to the identity; we can define 
the homotopy H by 


0 == /p + 0 - O'-(p) e M” HO}. 



A retraction with this property is called a deformation retraction. Whenever r 
is a deformation retraction, the maps {r o /)* and (/ or)* are the identity. Thus, 
for the case of S n ~ l C M" - {0}, we have 

r* 

H k (S n ~') — > H k (R” -{0}) 

/* 

H k (R” — {0}) — ► H k (S n ' ] ) 

and 

r* o /* = (/ o r)* = identity of H k (R n ~ {0}) 

I* O r* = (r O /)* = identity of H k (S n ~ l ). 

So /* and r* are inverses of each other. Thus 

H k (S n ~ ] ) as H k (R n -{0}) for all k. 

In particular, we have H n ~ ] ( R" — {0}) ^ M. A generator of H n ~ l (R n — {0}) is 
the closed form r*a f . 

We are now going to compute H k ( M" — {0}) for all k. We need one further 
observation. The manifold 


M x {0} C M x M.* 

is clearly a deformation retraction of M x So H k (M) ^ H k (M x M. 1 ) 
for all /. 
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16. THEOREM. For 0 < k < n ~ 1 we have H k { M" - {0}) = H k (S n ~ x ) = 0. 

PROOF. Induction on n. The first case where there is anything to prove is 
n = 3. We claim H x (M 3 - {0}) = 0. 

Let a) be a dosed I -form on E 3 . Let A and B be the open sets 


A ~ M 3 — {(0,0) x (—oo,0]} 
B = R 3 -{(0,0) x [0, oo)}. 


Since A and B are both star-shaped (with respect to the points (0,0, 1) and 
(0,0, — I), respectively), there are 0-forms fa and fB on A and B with 

co ~ dpA on A 
co ~ dfs on B. 

Now 

<KCa - /s) = 0 on A n B } 

and 

A n B = [M 2 — {0}] x M, 

so clearly [a — fs is a coaistant c on A n B. Thus co is exact, for 

co ~ d(pA — c) on A 
co ~ d(fs ) on B 

and /a —c — fs on A n B. 

If co is a closed 1-form on M 4 , there is a similar argument, using 

A =M 4 - {(0,0,0) x (-oo,0]} 

B — M 4 — {(0,0,0) x [0, oo)}. 

If co is a closed 2-form on M 4 , then we obtain 1 -forms r}A and 7]b with 

co ~ dr\A on A 
co = dr}B on B. 
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Now 


d(r}A — 7]b) — 0 on A n B 


and 

H 1 (A n B) = Z/ 1 ([M 3 - {0}] x M) ^ H ] (M 3 ~ {0}) = 0. 


So r}A — t}b ~ dX for some 0-form X on A fl B. Unlike the previous case, we 
cannot simply consider rjA ~ dX, since this is not defined on A. To circumvent 
this difficulty, note that there is a partition of unity {<t>A,<t>B) for the cover {A,B} 
of M 3 - {0}: 


4>a + 4>b = l 
d<j>A + d(f)s = 0 
support 4>a C A 
support^ C B. 


Now, if 


4>bX denotes 


and similarly for 4>aX, then 


4> b X 

0 


on A Pi B 
on A — (A fl B), 


(f>B X is a C°° form on A 
4>aX is a C°° form on B. 


On A fl B we have 


rjA ~ d(<f>B A) ~ rj a — <f>B dX ~~ d<f} B A X 

— J)a + ( 4>a — 1 ) dX + d<j>A a X 
~ r}A — dX + difaX) 

~ r}B + d{<f> A X). 


So we can define a C°° form on R" - {0} = A U B by letting it be tja — d(<f)BX) 
on A, and tjb + d^X) on B. Clearly, 

co ~ dr}A ~ d(rjA — d{<f>BX)) on A 
— dijs — d(rj B + d(4> A X)) on B, 


so co is exact. 

The general inductive step is similar. K* 
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We end this chapter with one more calculation, which we will need in Chap- 
ter 1 1. 

17. THEOREM. For 0 < k < n we have //*( R") = 0. 

PROOF. The proof that H®( R") = 0 is left to the reader. 

Let co be a /r-form on R" with compact support, 0 < k < n. We know that 
co ~ dr) for some (k — J)-form rj on M". Let B be a closed ball containing 
support co. Then on A = R" — B we have dr) = 0. Since A is diffeomorphic to 



R" — {0} and k — 1 < n — 1 we have from Theorem 16 that 

i) ~ dX for some (k — 2)-form A on A. 

Let / : R” — > [0, 1] be a C°° function with f — 0 in a neighborhood of B and 
f — 1 on R" — 2B, where 2 B denotes the ball of twice the radius of B. Then 
d(f A) makes sense on all of R" and 

a) = di) ~ d(i) — d{fX))\ 

the form rj — d(f A) clearly has compact support contained in 2 B. ♦> 
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PROBLEMS 

L The Riemarm integral versus the Darboux integral. Let / : [a, b] — > K be bounded. 
For a partition P = {to < ■ ■ • < t„} of [a, b], let m, — /??,-(/) be the inf of f 
on [ti~i,ti] and define M- — M,(f) similarly. A choice for P is an 77-tuple 
£ = (fi, . ■ ■ ,£n) with & e , //]. We define the “lower sum”, “upper sum”, 
and “Riemann sum” for a partition P and choice £ by 

n 

l» i 
n 

/=] 

n 

1=3 

Clearly L(f, P) < S(f, P,H) < U(f, ?)• VVe call / Darboux integrate if the 
sup of all L(f, P) equals the inf of all U (/, P); this sup or inf is called the 
Darboux integral of f on [a, b]. We call f Riemann integrable if 

Iim S(f,P,%) exists; 

!!P!!->0 

the limit is called the Riemann integral of / on [a, b]. 

(a) We can define S(f,P,%) even if f is not bounded. Show however, that 

Iim S(f, P,h) cannot exist if f is unbounded. 

|P|-M> 

(b) If f is continuous on [a,b], then f is Riemann and Darboux integrable on 
[£ 7 , 6 ], and the two integrals are equal. (Use uniform continuity of f on [£ 7 , 6 ].) 

(c) If f is Riemann integrable on [£7,6], then / is Darboux integrable on [£7, 6] 
and the two integrals are equal. 

(d) Let m < f < M on [£7,6]. Let P — {j 0 < • ■ • < and Q — {to < ■•■ < 
t„] be two partitions of [£7,6]. For each i = I, let 

d = length of [//_i , //] 

— sum of lengths of all [j a „], j a ] which are contained in [/,-_j,/,-]. 

6-3 h 

i — 1 1 1 1 • 1 


[j a _i, J a ]’s contained in [6-3,6] 
shaded lengths »■ add up to 
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Show that, if M,- denotes the sup of / on then 

n 

V(f, P) < U(f, Q) + - M,)e, 

I-f 

n 

< U(f,Q) + (M 

i=f 


There is a similar result for lower sums. 

(e) Show that e ‘ — ^ 0 as \\P\\ — > 0, and deduce Darboux’s Theorem: 

Jim ^ U(f, P) = inf{f/(/, Q) : Q a partition of [a, b]} 
jim L(f, P) ~ sup(L(/, Q) : Q a partition of [a,b]}. 

(f) If f is Darboux integrabie on [a, ft], then f is Riemann integrable on [a, ft]. 

(g) (Osgood’s Theorem). Let / and g be integrable on [a, b]. Show that foi 
choices f ' for P P 


= / /*■ 

!!P!l->° j—f J a 

Hint: If |*| < Mon [a,b], then |/(^.)^(^) - /(^) g (^)| < M|/(£';) - /(&)!■ 

(h) Show that f c f dx + g dy, defined as a limit of sums, equals 


/ 


{f(c(l))c''(t) + g(.c(0)c 2l (t)]dt. 


2 >, 


2. Compute f c dQ = f^ Q ^ c* dO, where c(t) = (cos 2 jt/, sin 2nt) on [0, ]]. 

3. For n an integer, and R > 0, let c^„ : [0, 1] — > M 2 3 - {0} be defined by 

C?,n(0 — (R cos2mjt/, Rsin2«7r/). 


(a) Show that there is a singular 2-cube c\ [0, 1] 2 — > M 2 — (0} such that CR un — 
c R 2 ,n = do. 

(b) If c: [0, 1] — > M 2 — {0} is any curve with c(0) = c(l), show that there is 
some n such that c — c\^ n is a boundary in M 2 — {0}. 

(c) Show that n is unique. It is called the winding number of c around 0. 
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4. Let / : C ^ C be a polynomial, f(z) = z n +a\z n 1 -\ 1- a n , where n > I. 

Define c R j : [0, 1] C by c R j = / o c* tl . 

(a) Show that if R is large enough, then c R j — c R , n is the boundary of a chain 
in C — {0}. Hint Note that c R >^„{t) — [c*,i(/)] n , and write 



(b) Show that f(z) — 0 for some z e C (‘‘Fundamental Theorem of Algebra”). 
Hint : If f(z) ^ 0 for all z with \z\ < R > then c R j — c Q j is a boundary. 

5. Some approaches to integration use singular simplexes instead of singular 
cubes. Although Stokes’ Theorem becomes more complicated, there are some 
advantages in using singular simplexes, as indicated in the next Problem. 

Let c M" be the set of all xef such that 


n 

0 < x 1 5 1, < ]. 

1=1 



A singular » -simplex in M is a C°° function c : A n — »■ M, and an H-chain 
is a formal sum of singular n-simplexes. As before, let P : A„ M* be the 
inclusion map. Define 3* : A n _j — > A„ by 

3oM = ([i -HJi'V],*' x--') 

di(x) = (*' A'" -1 ) 0 <i < n, 

and for singular H-simplexes c, define d,c ~ c ° 3/. Then we define 

n 

Sc = 

/=0 

(a) Describe geometrically the images 3/(A„_i) in A„. 

(b) Show that 3 2 = 0. 
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(c) Show that if co — / dx* A ■ • ■ A dx l a • • • A dx n is an (n — ])-form on M", 


then 



dco — 



to. 


(Imitate the proof for cubes.) 

(d) Define f c co for any k -chain c in M and /f-form co on M, and prove that 



for any ( k — ])-form to. 

6. Every x e A*+i can be written as tx’ , for 0 < t < ], and x' e do(Ak)- 



Moreover, x' is unique except when t = 0. For any singular k -simplex c : A* -> 
M”, define c: A* + j M” by 


C(A') = / ■ c(x'). 



We then define c for chains c in the obvious way. 

(a) Show that dc — 0 implies that c ~ dc. 

(b) Let c : [0, ]] — > M 2 be a closed curve. Show that c is not the boundary of 
any sum a of singular 2-cubes. Hint : If da = J2i a i c h wh at can be said about 

(c) Show that we do have c — da + c' where c' is degenerate , that is, c'([0, ]]) is 
a point. 

(d) If C](0) — c'2(0) and Cj(]) — C 2 (J), show that Ci — C 2 is a boundary, using 
either simplexes or cubes. 
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7. Let co be a 1-form on a manifold M. Suppose that f co = 0 for every closed 
curve c in M. Show that co is exact. Hint : If we do have co ~ df , then for any 
curve c we have 

co ~ f(c(l)) - /(c(0)). 

8. A manifold M is called simply-connected if M is connected and if every 
smooth map f'.S 1 — > M is smoothly contractible to a point. [Actually, any 
space M (not necessarily a manifold) is called simply-connected if it is connected 
and any continuous / : S 1 — ^ M is (continuously) contractible to a point. It is 
not hard to show that for a manifold we may insert “smooth” at both places.] 

(a) If M is smoothly contractible to a point, then M is simply-connected. 

(b) iS* is not simply-connected. 

(c) S n is simply-connected for n > 1. Hint: Show that a smooth /: S* S” 
is not onto. 

(d) If M is simply-connected and p 6 M, then any smooth map / : S’ — > M 
is smoothly contractible to p. 

(e) If M — U U V where U and V are simply-connected open subsets with 

U fl K connected, then M is simply-connected. (This gives another proof that 
S" is simply-connected for n > L) Hint: Given /: S* partition S 1 into 

a finite number of intervals each of which is taken into either V or V. 

(f) If M is simply-connected, then H\M) ~ 0. (See Problem 7.) 

9. (a) Let U c M 2 be a bounded open set such that M 2 — U is not con- 
nected. Show that U is not smoothly contractible to a point. (Converse of 



Problem 7-24.) Hint: If p is in a bounded component of M 2 — U, show that 
there is a curve in U which “surrounds” p. 

(b) A bounded connected open set U C M 2 is smoothly contractible to a point 
if and only if it is simply-connected. 

(c) This is false for open subsets of M 3 . 
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10. Let a) be an w-form on an oriented manifold M n . Let 0 and 0 be two 
partitions of unity by functions with compact support, and suppose that 



<f> • |a)| < oo. 


(a) This implies that f M <p ■ co converges absolutely. 

(b) Show that 



i fr • p ■ co. 


and show the same result with to replaced by ltu|. (Note that for each <f>, there 
are only finitely many i fr which are non-zero on support 0.) 

(c) Show that J M f- \a>\ < oo, and that 



We define this common sum to be J M co. 

(d) Let A„ C (n,« + 1) be closed sets. Let / : M ^ R be a C°° function with 
j A f = {—])”/« and support / C [J„ A„. Find two partitions of unity 0 

and 0 such that /h 4 > ' / dx and /k f ’ f dx converge absolutely 

to different values. 


11. Following Problem 7-12, define geometric objects corresponding to odd 
relative tensors of type {*) and weight w (w any real number). 

12. (a) Let M be e M 2 : [(*,>>)[ < 0 3 together with a proper portion 


of its boundary, and let a> = A' dy. Show that 



even though both sides make sense, using Problem 10. (No computations 
needed— note that equality would hold if we had the entire boundary.) 

(Id) Similarly, find a counterexample to Stokes’ Theorem when M — (0, ]) 
and co is a 0-form whose support is not compact. 

(c) Examine a partition of unity for (0, 1) by functions with compact support to 
see just why the proof of Stokes’ Theorem breaks down in this case. 
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13. Suppose M is a compact orientable M-manifold (with no boundary), and $ 
is an {n — ])-form on M. Show that dO is 0 at some point. 

14. Let Mi, M 2 C R* be compact ^-dimensional manifolds-with-boundary 
with M 2 C M\ — dM\. Show that for any closed ( n — ])-form co on M\, 



15. Account for the factor }J\p\ n in Lemma 7 (we have r*(i>p) — OI\p\)v r {p), 
but this only accounts for a factor of l/l p\ n ~ x , since there are n — 1 vectors 

16. Lise the formula for r*dx l (Problem 4-1) to compute r*o'. (Note that 

rV = r*iV*(/or)’ff; 


the map i or : R" — {0} -»■ R" — {0} is just r, considered as a map into R” — (0}.) 


17. (a) Let M n and N m be oriented manifolds, and let co and rj be an tt-form 
and an w-form with compact support, on M and N, respectively. We will 
orient M x N by agreeing that v \ , . . . , v„, wi , . . . , w m is positively oriented in 
( M X N)(p,q) M p 0 N q if v\,...,v„ and w \ , . . . , w m are positively oriented 
in M p and N g , respectively. If jt,- : M x N M or N is projection on the t th 
factor, show that 


/ 

J A 


MxN 


A n 2 *rj 



n- 


(b) If h : M x N — > R is C°°, then 


I h7Ti*CO A7T 2 *ri ~ I geo, 
JMxN Jm 


where 


g(p)~ h(p, ■) = q ^ h(p,q). 

Jn 


(c) Every (m + «)-form on M x N is h tt\*(o a 7i 2 *i} for some eo and rj. 
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18. (a) Let p eR" - {0}. Let w \, . . . , Wn ~ 2 e R n P and let v e R” p be (Xp) p for 
some A e M. Show that 

r*o'{ v,ww ■ , w«- 2 ) - 0. 

(b) Let McM"- {0} be a compact (i n — ])-manifold-with-boundary which is 
the union of segments of rays through 0. Show that f M r*o' ~ 0. 



(c) Let M C M"— {0} be a compact (h — ])-manifold-with-boundary which inter- 
sects every ray through 0 at most once, and let C(M) ~ {A p : p e M,X > 0}. 



Show that 


/ ' v =/ 


rV 


C(M)nsi 


The latter integral is the measure of the solid angle subtended by M. For this 
reason we often denote r*o' by d@ n . 


19. For all € M 3 except those with x — 0, y — 0, z e (— 00 , 0], we 

define (f>(x,y,z) to be the angle between the positive z-axis and the ray from 0 
through (x,y,z). 
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(a) <p(x,y,z) — arctan(v x 2 + y 2 /z) (with appropriate conventions). 

(b) If v(p) — i p\ } and 0 is considered as a function on M 3 , $(x,y,z ) — 
arctan y/x ? then (v, 0, 0) is a coordinate system on the set of all points (x, y, z) 
in M 3 except those with y ~ 0, x e [0, oo) or with x = 0, y — 0, z e (— oo,0]. 

(c) If v is a longitudinal unit tangent vector on the sphere S 2 (r) of radius r, 
then <$4>{v) — 1. If w points along a meridian through p ~ ( x,y,z ) 6 S 2 (r), 



then 


d6(w p ) - 


V?+7 


(d) If 0 and 0 are taken to mean the restrictions of 0 and 0 to [certain portions 
of] S 2 , then 

a' ~ h dQ a rf0, 


is 


where h: S 2 — => 

ii(x,y,z ) = x 2 + y 2 (the minus sign comes from the orientation). 


(e) Conclude that 


o' — d(— cos <f)d$). 
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(f) Let f 2 • M 2 — {0} — > 5 1 be the retraction, so that d$ = for the form a 

on M 2 . Show that 

r 2 *d$ ™ d6. 

If tt : M 3 — » M 2 is the projection, then the form dO on [part of] M 3 is just n*d$ > 
for the form d$ on [part of] M 2 . Use this to show that 

r*d$ = dd. 

(g) Also prove this directly by using the result in part (c), and the fact that 
r+(v p ) ~ v r ( p )/\p\ for v tangent to S 2 (l/>1)- 

(h) Conclude that 


d @ 3 = r*o l = d(— cos(0 o r) dO) 
— d(— cos <f>d$). 


(i) Similarly, express d©„ on M" — {0} in terms of on W 1 — {0}. 

20. Prove that a connected manifold is the union U\ U U 2 U U3 U ■ • ■ , where 
the Ui are coordinate neighborhoods, with £// fi Uj ^ 0, and the sequence is 
eventually outside of any compact set. 

21. Let / : M n — » N n be a proper map between oriented n-manifolds such 
that ft : M p — > Nf(p) is orientation preserving whenever p is a regular point. 
Show that if N is connected, then either f is onto N, or else all points are 
critical points of f. 

22. (a) Show that a polynomial map / : C — > C, given by f(z) = z n +a\z n ~ l + 
\-a„, is proper (n > 1). 

(b) Let f'{z) — nz n ~ l + (« — ])aiz n ~ 2 + ■ ■ • + Show that we have f'{z) — 

lim [f(z + w) — where w varies over complex numbers. 

tu->0 

(c) Write f(x+iy) = u (a, j0+/u(a, y) for real-valued functions u and v. Show 
that 


dv 

f(x + iy) = — (x,y) + i — (x,y) 


dv 

By 


du 

(x,y)~ i—(x,y). 
dy 


Hint : Choose w to be a real A, and then to be ih. 

(d) Conclude that 


l/' (A' + 00 1 2 - det Df{ a, y). 
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where /' is defined in part (b), while Df is the linear transformation defined 
for any differentiable /: M 2 ^ M 2 . 

(e) Using Problem 21, give another proof of the Fundamental Theorem of Al- 
gebra. 

(f) There is a still simpler argument, not using Problem 2 1 (which relies on many 
theorems of this chapter). Show directly that if / : M -» N is proper, then the 
number of points in f~ l (a) is a locally constant function on the set of regular 
values of /. Show that this set is connected for a polynomial / : C -» C, and 
conclude that / takes on all values. 

23. Let M n ~ l C M" be a compact oriented manifold. For p e R” — M, choose 
an (» — I)-sphere £ around p such that all points inside £ are in R" — M. Let 
r p : R" — {p} — > £ be the obvious retraction. Define the winding number w(p) 
of M around p to be the degree of r p \M. 



(a) Show that this definition agrees with that in Problem 3. 

(b) Show that this definition does not depend on the choice of £. 

(c) Show that w is constant in a neighborhood of p. Conclude that ty is con- 
stant on each component of R” — M. 

(d) Suppose M contains a portion A of an (n — l)-plane. Let p and q be points 


A 
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close to this plane, but on opposite sides. Show that i v(q) — w(p) ± 1. (Show 
that r q \M is homotopic to a map which equals r p \M on M — A and which does 
not take any point of A onto the point x in the figure.) 

(e) Show that, in general, if M is orientable, then M” — M has at least 2 com- 
ponents. The next few Problems show how to prove the same result even if M 
is not orientable. More precise conclusions are drawn in Chapter 11. 

24. Let M and N be compact w-manifolds, and let f,g\ M — > N be smoothly 
homotopic, by a smooth homotopy H \ M x [0,]] —> N. 

(a) Let q 6 N be a regular value of H. Let # f~ l {q) denote the (finite) number 
of points in f~ l {q). Show that 

#/" 1 (q) se %~ I (q) (mod 2). 

Hint: H~ 1 (q) is a compact 1 -manifold-with-boundary. The number of points 
in its boundary' is clearly even. (This is one place where we use the stronger 
form of Sard’s Theorem.) 

(b) Show, more generally, that this result holds so long as q is a regular value of 
both / and g. 

25. For two maps /, g : M — > N we will write / g to indicate that f is 
smoothly homo topic to g. 

(a) If f ~ g, then there is a smooth homotopy H' : M x [0, J] — » N such that 

H'{p,t) = f(p) for t in a neighborhood of 0, 

H'{p,t) — g(p) for t in a neighborhood of J. 


(b) is an equivalence relation. 


26. If f is smoothly homotopic to g by a smooth homotopy H such that p t~> 
H{p,i) is a diffeomorphism for each t, we say that / is smoothly isotopic to g. 

(a) Being smoothly isotopic is an equivalence relation. 

(b) Let <f>: M n —> M be a C°° function which is positive on the interior of the 
unit ball, and 0 elsewhere. For p e S n ~\ let //: M x M" -> M" satisfy 


dt 


^ <f>(H(t,x)) • p 


H( 0, x) =s x. 


(Lach solution is defined for all t, by Theorem 5-6.) Show that each .th H{t,x) 
is a diffeomorphism, which is smoothly isotopic to the identity, and leaves all 
points outside the unit ball fixed. 
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(c) Show that by choosing suitable p and t we can make H(t, 0) be any point 
in the interior of the unit ball. 

(d) If M is connected and p,q 6 M, then there is a diffeomorphism f:M -> 
M such that f ( p ) = q and f is smoothly isotopic to the identity. 

(e) Use part (d) to give an alternate proof of Step 3 of Theorem 9. 

(f) If M and N are compact n -manifolds, and / : M — > N, then for regular 
values q\,q 2 s N we have 

#f~ l (qi ) as #f~ 1 (qi) (mod 2) 


(where #/“’((?) is defined in Problem 24). This number is called the mod 2 
degree of /. 

(g) By replacing “degree” with “mod 2 degree” in Problem 23, show that if 
M C M" is a compact ( n — ])-manifoId, then M” — M has at least 2 components. 


27. Let {X 1 } be a C°° family of C°° vector fields on a compact manifold M. 
(To be more precise, suppose X is a C°° vector field on M x [0, 1]; then X‘(p) 
will denote 7tM*X( Pjt )) From the addendum to Chapter 5, and the argument 
which was used in the proof of Theorem 5-6, it follows that there is a C°° family 
{(j)t} ofdiflTeomorphisms of M [not necessarily a 1 -parameter group], with 0o = 
identity, which is generated by {X s }, i.e., for any C°° function /: M — » R we 
have 


<*'/)(/>) 


lim 

A->o h 


For a family a) , of k -forms on M we define the /r-form 


d), - 


lim 

A-M) 


(O t +h ~ 
h 


(a) Show that for rj{t) ~ we have 

tit = 4>t*(Lx ,(li t +d),). 

(b) Let wo and o)\ be nowhere zero n -forms on a compact oriented n -mani- 
fold M, and define 

O), = (I - t)o)0 + f(L>] . 

Show that the family of diffeomorphism s generated by {X s } satisfies 

< pt*co t = o)q for all ( 


if and only if 


L^x* ^t — toQ — oo \ . 
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(c) Using Problem 7-18, show that this holds if and only if 

d(X l J W/) = o)q — co i . 


(d) Suppose that f M coq = f M o)j, so that coo — co\ = dX for some A. Show that 
there is a diffeomorphism f \ : M — > M such that coq = f\*oo\. 

28. Let / : M k -> R” and g\ N l -> M” be C°° maps, where M and N are 
compact oriented manifolds, « = £+/ + !, and /(A/)flg(7V) = 0. Define 

a /ig : M x N ^ S n ~* C R" - {0} 


by 


etf, g {p,(j) = r(g(^) - /(/>)) = 


g(g) -/(/») 

l£<(?) “/(P)l' 


We define the linking number of / and g to be 


l(f,g) = dega/ lgJ 

where M x N is oriented as in Problem 18. 

(a) l(f.g) = (-)) W+, Cte,/). 

(b) Let //: A/ x [0, 1] -> R n and K: N x [0, 1] -» R" be smooth homotopies 
with 


H(p,0) = f(p) K(q,0)=g(q) 

H(p,]) = f(p) K(q,\)=g(q) 


such that 


\H{p,t) : p 6 M) Pi {K(q,t) \ q e N) ~ 0 for every i. 


Show that 

(c) For /, g: S 1 — > M 3 show that 


*</.*)« 



^4{w, u) 


rfu dv, 
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where 


r(u,v) ~ lg(v) - /(«)[ 

/ (f l ) ! (u) (f 2 Y(u) (/ 3 /( W ) \ 

i4(u,u) = det[ (g 1 )'^) ( g 2 Y(v ) (£ 3 )» 

\^ 1 (^)-/ 1 (w) g 2 (v)-f 2 (u) g 3 (v)-f 3 (u)J 


(the factor ]/4 jt comes from the fact that f s2 o' ~ Air [Problem 9-14]). 

(d) Show that l{f,g) = 0 if / and g both lie in the same plane (first do it 
for (a% y)-plane). The next problem shows how to determine i{f,g) without 
calculating. 

29. (a) For (a,b,c) e M 3 define 


d®{a,b.c) 


(x — a)dy Adz — (y — b) dx Adz + (z — c)dx a dy 
[(x — a ) 2 + (y — b) 2 + (z - c ) 2 ] 3 / 2 


For a compact oriented 2-manifoId-with-boundary McR 3 and (a,b,c) ^ M, 
let 


Q{a,b,c) 



a,b,c)- 


Let ( a,b,c ) and ( a',b',c f ) be points close to p 6 M, on opposite sides of M. 
Suppose (a, b,c) is on the same side as a vector w p € M 3 ^ — M p for which the 



(a,b,c) 


triple w p , (v\) p , (V 2 ) p is positively oriented in M 3 ^ when (v\) p , (v 2 ) p is positively 
oriented in M p . Show that 

lim Q (a, b,c) — Q (a 1 , b' , c ') ~ — 4tt. 

(a,b,c)^p 
(a* t b r t c')-> p 

Hint\ First show that if M ~ 8N , then Q(a,b,c ) = — 4tt for ( a,b,c ) e N — M 
and Q (a, b,c) ~ 0 for (a, b, c) £ N. 
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(b) Let f\S i -» M 3 be an imbedding such that f(S l ) = dM for some com- 
pact oriented 2-manifold-with-boundary M. (An M with this property always 
exists. See Fort, Topology of 3-Manifolds, pg. 138.) Let g: S l R 3 and suppose 

The figure on the left shows a non-orientable 
surface whose boundary is the “trefoil” knot, 

but the surface on the right— including the 
hemisphere behind the plane of the paper — 
is orientable. 

that when g(i) = p e M we have dgfdt ^ M p . Let be the number of inter- 
sections where dgjdt points in the same direction as the vector w p of part (a), 
and n~ the number of other intersections. Show that 

n = n + - n~ = — ^ f g*(dQ). 

4?r Js i 




(c) Show that 


dQ 

da 


(a,b,c) 


dQ 

9 b (a ’ b ’ C) 


f f* ( (y~ b )d* ~ 

JS* V 1(X,7,Z)1 3 ) 

r » / (z - c) dx - (X ~a)dz \ 

Js 1 V l(A',y,c)| 3 / 


3£2 

3c 


(aM = j b J±\ 

Js 1 V \(*,y,z)r J 


(d) Show that n = f(/,g), Compute i{f,g) for the pairs shown below. 
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30. (a) Let p,q e M” be distinct. Choose open sets A,B CM” — {p, q) so 
that A and B are diffeomorphic to M” — {0}, and A Pi B is diffeomorphic to M”. 
Using an argument similar to that in the proof of Theorem 16, show that 



H k ( M” — {p,q}) = 0 for 0 < k < n — ], and that //"“^{M" — {p,cf}) has 
dimension 2. 

(b) Find the de Rham cohomology vector spaces of M” — F where f C M” is 
a finite set. 

3L We define the cup product w: H k (M) x H l {M) H k+l (M) by 

[co] w [q] = [co A q\. 


(a) Show that \j is well-defined, i.e., co a q is exact if co is exact and q is closed. 

(b) Show that is bilinear. 

(c) If a 6 H k (M) and ft 6 then a kj p = (~}) kt wa. 

(d) If f: M N, and a 6 H k {N), e then 

(e) The cross-product x : H k {M) x H l {N) — > H k+t {M x N) is defined by 

[co] x [rj] = a 7TN*rj]. 

Show that x is well-defined, and that 


a x w 
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(f) If A : M M x M is the “diagonal map”, given by A(p) = (p, p) f show 
that 

a \j P ™ A*(a x ft). 

32. On the « -dimensional torus 

T n = 5 1 x ■ * ■ x S 1 
^ „ 

n times 

let dO 1 denote 7ii*d$, where tt,- : 7 1 " — > S 1 is projection on the / th factor. 

(a) Show that all d$ li a ■ ■ ■ A d$ lk represent different elements of H k {T n ), by 
finding submanifolds of T n over which they have different integrals. Hence 
dim H k (T n ) > (£). Equality is proved in the Problems for Chapter 1 1. 

(b) Show that every map / : S n — > T n has degree 0. Hint: Use Problem 25. 



CHAPTER 9 

RIEMANNIAN METRICS 


I n previous chapters we have exploited nearly every construction associated 
with vector spaces, and thus with bundles, but there has been one notable 
exception — we have never mentioned inner products. The time has now come 
to make use of this neglected tool. 

An inner product on a vector space V over a field F is a bilinear function 
from V x V to F, denoted by (i>, iu) t-* (u, iu), which is symmetric, 

(v,w) = (w,v). 


and non-degenerate: if v ^ 0, then there is some w ^ 0 such that 

(w, v) ^ 0. 

For us, the field F will always be M. 

For each r with 0 < r < n, we can define an inner product ( , } r on M" by 

r n 

(a,b) T ~ 'Y^a'b' — a ! b‘; 

( = 1 /=f + l 


this is non-degenerate because if a ^ 0, then 

{(a \ . ..,a n ), (a \. . . , a r , ~a r+ \ . - . , ~a H )) r ~ ^(o') 2 > 0. 


In particular, for r = n we obtain tlie “usual inner product”, { , ) on M”, 

n 

fab) = 

i=i 

For this inner product we have {a, a) > 0 for any a ^ 0. In general, a symmetric 
bilinear function ( , ) is called positive definite if 

(u, u) > 0 for all d^O. 

A positive definite bilinear function ( , ) is clearly non-degenerate, and conse- 
quently an inner product. 


30] 
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Notice that an inner product ( , ) on V is an element of T 2 (V), so if 
/ ; W V is a linear transformation, then /*( , ) is a symmetric bilinear 
function on W. This symmetric bilinear function may be degenerate even if f 
is one-one. e-g., if ( , ) is defined on M 2 by 

(a, b) = a l b l — a 2 b 2 , 


and /: M M 2 is 


f(a) = {a, a). 


However, /* ( , ) is clearly lion -degenerate if / is an isomorphism onto V. Also, 
if ( , ) is positive definite, then /*( , ) is positive definite if and only if f is 
one-one. 

For any basis Vi , . . . , v„ of V, with corresponding dual basis v*i , . . . , v* tl , we 
can write 

( . > = E giJv'iQVj. 

ij~ 1 


In this expression. 


gij - (VitVj), 


so symmetry of ( , ) implies that the matrix {gij) is symmetric, 


gij = gji- 

The matrix {gij ) has another important imerpretation. Since an inner product 
{ , ) is linear in the second argument, we can define a linear functional <f> v e V*, 
for each v e K, by 

(f> v {w) = (v,w). 

Since ( , ) is linear in the first argument, the map v h* <f> v is a linear transfor- 
mation from V 10 V*. Non -degeneracy of ( , ) implies that ^ 0 if v ^ 0. 
Thus, if V is finiie dimensional, an inner product ( , ) gives us an isomorphism 
a: V -v V*, with 

(v,w) = 

Clearly, the matrix {gij) is just the matrix of or. V — > V* with respect to the 
bases {v,-} for V and {u*,} for V*. Thus, non -degeneracy of { , ) is cquivaleni 
to the condition that 

{gij) is non -singular, det{g,y) ^ 0. 

Positive definiteness of ( , ) corresponds to the more complicated condition 
that the matrix {g,-j} be “positive definite”, meaning that 

n 

Y, g,j a 1 a-? >0 for all a \ , . . . with at least one a 1 ^ 0. 

i = i 
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Given any positive definite inner product ( , ) on V we define the associated 
norm || || by 

|| t;|l = •/ (u, u) (the positive square root is to be taken). 

In R” we denote the norm corresponding to { , ) simply by 

\a\ = 

The principal properties of || || are the following 

I , THEOREM. For all u, w e V we have 

(1) ||av|| = \a\ • ||v||. 

(2) |(u,u>)| < Hu|| • ||u>||, with equality if and only if u and w are linearly 
dependent (Schwarz inequality). 

(3) || v + tu|| < 1|u|| + ||uj|| (Triangle inequality). 

PROOF. (1) is trivial. 

(2) If u and w are linearly dependent, equality clearly holds. If not, then 0 
Xv — w for all X e R, so 

0 < ||Au — tu|| 2 -- (Xu — w,Xv — w) 

= X 2 ||u|| 2 — 2A(u, w) 4- ||tu|| 2 . 

So the right side is a quadratic equation in X with no real solution, and its 
discriminant must be negative. Thus 

4(u, tu) 2 - 4|ju|| 2 ||u)|| 2 < 0. 

(3) || u — F Taj || 2 = (u4-tu,u4-tu) 

= ||u|| 2 + II UJ 11 2 +2(u,u>) 

< Hull 2 + M| 2 + 2|M|.||ui|| by (2) 

= (Hull + Ml) 2 . * 

The function || || has certain unpleasant properties— for example, the func- 
tion | | on R" is not differentiable at 0 e R" — which do not arise for the function 
|| || 2 . This latter function is a “quadratic function” on K—in terms of a basis 
{ u,- } for V it can be written as a “homogeneous polynomial of degree 2” in the 

X>V 2 = taja'aJ. 

; = I ;,/=] 


components. 




304 


Chapter 9 


More succinctly, 

n 

II II 2 = E 

ij = I 

An invariant definition of a quadratic function can be obtained (Problem 1) from 
the following observation. 

2. THEOREM (POLARIZATION IDENTITY). If || || is the norm associ- 
ated to an inner product ( , ) on V, then 

(1) (v,uj) = i[||v + ui|| 2 -MI 2 -IMI 2 ] 

(2) (u,uj) = i[||v + u)|| 2 -||u-u)|| 2 ]. 

PROOF. Compute. ♦> 

Theorem 2 shows that two inner products which induce the same norm are 
themselves equal. Similarly, if f : V — > V is norm preserving, that is, ||/(u)|| = 
Hull for all v e V, then / is also inner product preserving, that is, (/(u), f{w)) = 
(u, w) for all v,w € V. 

We will now see that, “up to isomorphism”, there is only one positive definite 
inner product. 

3. THEOREM. If ( , ) is a positive definite inner product on an n-dimen- 
sional vector space V, then there is a basis i>i, . . . , v„ for V such that (u,, Vj) = 
Sij. (Such a basis is called orthonormal with respect to ( , ).) Consequently, 
there is an isomorphism / : R" — > V such that 

(a,b) = (Aa),f(b)), a,b & R”. 

In other words, 

/*(,) = <,>. 

PROOF. Let w \ , . . . , w„ be any basis for V. We obtain the desired basis by 
applying the “Gram-Schmidt orthonormalization process” to this basis: 

Since W] ^ 0, we can define 


U>] 



and clearly ]]i>] |] = 1. Suppose that we have constructed U], . . .,u^ so that 

(u/ , Vj ) = &; j \ < i, j < k 
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and 


span V\,...,Vk = span W],. ..,w k - 


Then wjt+i is linearly independent of Uj, . . . ,v k . Let 


wjt+i = m+\ ~ (ui,u*+i)ui (v k ,vk+i)v k ^ 0. 


It is easy to see that 


(uj* +1 ,u,-) = 0 i = 1 . 


So we can define 


vjfc+i 


and continue inductively ♦i* 



A positive definite inner product ( , ) on V is sometimes called a Euclidean 
metric on V. This is because we obtain a metric p on V by defining 

p(v,w) - Hu - w || . 

The “triangle inequality” {Theorem 1(3)) shows that this is indeed a metric. We 
also call ||u|| the length of u. 

We have only one more algebraic trick to play. Recall that an inner product 
( , ) on f provides an isomorphism a : V — > V* with 

Using the natural isomorphism / : V — > V **, defined by 

a u)(a) = mu), 


we obtain an isomorphism 

* a~ ] i 

,6: v — > y — * (v*y. 

We can now use j6 to define a bilinear function ( , )* on V* by 

= PW(li) = = !!■(«-' (X)). 

Now, the symmetry' of ( , ) can be expressed by the equation 


a(u)(tu) — a(tu)(u). 
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Letting 

this can be written 


a(u) = X, a(w) = (j., 

= M (« _1 W ), 


which shows that ( , )* is also symmetric, 


(fj,,xr = (x,(x)*. 


Consequently ( , )* is an inner product on the dual space V * {in fact, the one 
which produces j6). 

To see what this all means, choose a basis {i>;} for V, let be the dual 
basis for V'*, and let 

n 

( , ) = 

/,y=i 

Then 


(gij) is the matrix of ct: V — > V* with respect to {i>/} and {it*,-) 
so 

(&iy)~ 1 is the matrix of a -1 : V* -> V with respect to and 
so 

is the matrix of /?: V* — > V** with respect to {u*;} and {u*Vj. 
Thus, if we let g tJ be the entries of the inverse matrix, (g'- / ) = (g,y) -1 , so that 

n 

^2g lk gkJ =$, 

k= 1 

then 

n 

( , )•= 

j,y=i 

n 

= ^ g l *Vi @ Vj , if we consider u; e T**. 
ij = i 

One can check directly {Problem 9), without the invariant definition, that this 
equation defines ( , )* independently of the choice of basis. 
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Notice that if { , ) is positive definite, so that 

a(u)(u) >0 for v ^ 0 ; 

then, letting o? (v) = X, we have 

M« _1 (*)) = j 6(X)(A) >0 for A ^ 0, 

so ( , )* is also positive definite. This can also be checked directly from the 
definition in terms of a basis. In the positive definite case, the simplest way to 
describe ( , )* is as follows: The basis v*u . . . , v*„ of V* is orthonormal with 
respect to ( , )* if and only if i>i, . . . ,v„ is orthonormal with respect to ( , ). 

Similar tricks can be used {Problem 4) to produce an inner product on all 
the vector spaces T k (V), Tk(V) = T k (V*), and ^(K). However, we are 
interested in only one case, which we will not describe in a completely invariant 
way. The vector space is 1 -dimensional, so to produce an inner product 

on it, we need only describe which two elements, to and —a), will have length 1 . 
Let V ] , . . . , v„ and be two bases of V which are orthonormal with 

respect to ( , ). If we write 


n 

Wi = CtjiVj , 

j = 1 


then 


( n n . n 

Y a ki v k^Y a! j V! ) = 5Z 

k = 1 I=\ * kj = 1 

= Y aki0ck j- 

k = 1 

So the transpose matrix A x of A = (ctjj) satisfies A ■ A x = /, which implies that 
det A = ±1. It follows from Theorem 7-5 that for any a) e ^"(K) we have 

co(v i,. ..,u„) = ±a>(u>i,...,u>„). 


It clearly follows that 


U*1 A---AU*„ =±UJ*i A • ■ ■ A W* f f 

We have thus distinguished two elements of they are both of the form 

v*) A- ■ ■ Au% for {i>;} an orthonormal basis of V. We will call these two elements 
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the elements of norm 1 in If we also have an orientation jit, then we can 

further distinguish the one which is positive when applied to any (t>i,. 
with [i>i , . . . , v n ] = (X\ we will call it the positive element of norm 1 in ^"(T). 

To express the elements of norm 1 in terms of an arbitrary basis W\, . . . , w n , 
we choose an orthonormal basis V\, . . . ,v„ and write 

n 

W i = 

j = 1 


Problem 7-9 implies that 

detfo:/;) U)*i A • ■ • A w*„ = i>*i A • • • A v*„ 


If we write 


then 


( , ) = 5Z Sij W*i ® 

ij - 1 


( w w 

^a k iV k ^ctijVi 
k = i /=i 

/; 

— 'y ' &ki&kj* 

k = 1 


so if A = (oiij), then 

clet(giy) = detfyl 1 • A) = (deM) 2 . 

In particular, det(g,y) is always positive. Consequently, the elements of norm 1 
in Q*(V) are 

± Vdet (g u ) w*] a • • • a w* n gij = ( uj /, Wj ). 

We now apply our new tool to vector bundles. If ^ = jt : £" — >5 is a vector 
bundle, we define a Riemannian metric on £ to be a function ( , ) which assigns 
to each p e B a positive definite inner product ( , ) p on i r — 1 (/?), and which 
is continuous in the sense that for any two continuous sections S] , s 2 : B —*■ E, 
the function 

(■si, s 2 ) = ph+ (si(p),s 2 (p)) P 

is also continuous. If £ is a C°° vector bundle over a C°° manifold we can also 
speak of C°° Riemannian metrics. 



Riemannian Metrics 


309 


[Another approach to the definition can be given. Let Euc{V) be the set of all 
positive definite inner products on V. If we replace each jt — 1 (/?) by Euc( tt - 1 (/?)), 
and let 

a*G) = U £W(* _1 (/.)), 

psB 

then a Riemannian metric on £ can be defined to be a section of £hc(£). The 
only problem is that Euc{V) is not a vector space; the new object Euc{£) that we 
obtain is not a vector bundle at all, but an instance of a more general structure, 
a fibre bundle.] 

4. THEOREM. Let % = tt: E M be a [C°°] A: -plane bundle over a C°° 
manifold M. Then there is a [C°°] Riemannian metric on £. 

PROOF \ There is an open locally finite cover & of M by sets U for which there 
exists [C°°] trivializations 

ty: n~\U) -> U x R*. 

On U x K*, there is an obvious Riemannian metric, 

((P,“)>(p>b))p = 

For v, w G 7 r -1 (/?), define 

(t = (tu(v),tu(w))p. 

Then ( , ) u is a [C°°] Riemannian metric for U. Let {<pu} be a partition of 
unity subordinate to (9 . We define ( , ) by 

{V,w) p = <Pu(p)(V,w)V V,W G 7t~\p). 

U(=Q 

Then ( , ) is continuous [C°°] and each ( , ) p is a symmetric bilinear function 
on 7 r -1 (/>). To show that it is positive definite, note that 

(v,v)p - <!>u(p)(v,v)p- 

U e(? 

each <i>u(p)(v,v)p > 0, and for some U strict inequality holds. 

[The same argument shows that any vector bundle over a paracompact space 
has a Riemannian metric.] 

Notice that the argument in the final step would not work if we had merely 
picked non-degenerate inner products ( , ) u . In fact {Problem 7), there is no 
( , ) on TS 2 which gives a symmetric bilinear function on each S 2 P which is 
not positive definite or negative definite but is still non-degenerate. 
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As an application of Theorem 4, we settle some questions which have till now 
remained unanswered. 


a. COROLLARY. If % = tt : E — » M is a k -plane bundle, then £ ~ f*. 

PROOF. Let ( , ) be a Riemannian metric for £. Then for each p e M, we 
have an isomorphism 

ct p -.n-\p)^ [*-' (/>)]* 


defined by 

CC p iv)(w) = (u, W)p V, W € 7 T~ ] (/?). 

Continuity of ( , ) implies that the union of all a p is a homeomorphism from E 

‘°£' = IW [* -1 (/>)]*. ❖ 


6. COROLLARY. If ^ = jt : — s- A/ is a 1 -plane bundle, then £ is trivial if 

and only if £ is orientable. 

PROOF. The “only if’ 1 part is trivial. If f has an orientation (X and ( , ) is a 
Riemannian metric on M then there is a unique 

s(p) g 7t~\p) 


with 

{sip),sip))p = 1, [s(p)] = fip. 

Clearly s is a section; we then define an equivalence f:E—> M x M by 

/(M/>)) = (A*)- 

ALTERNATIVE PROOF We know {see the discussion after Theorem 7-9) that 
if £ is orientable, then there is a nowhere 0 section of 

n'(f) = f*. 


so that £* is trivial. But £ ~ £*. «J+ 

AH these considerations take on special significance when our bundle is the 
tangent bundle TM of a C°° manifold M. In this case, a C°° Riemannian 
metric ( , ) for TM , which gives a positive definite inner product ( , ) p on 
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each M p , is called a Riemannian metric onM. If (a, U) is a coordinate system 
on M, then on U we can write our Riemannian metric ( , ) as 

n 

( , ) = gijdx 1 <8 dx J , 

/,;=i 


where the C°° functions g\j satisfy gjj = gjj, since ( , ) is symmetric, and 
det(g//) > 0 since ( , ) is positive definite. A Riemannian metric ( , ) on M 
is, of course, a covariant tensor of order 2. So for every C°° map f:N—rM 
there is a covariant tensor /*( , ) on N, which is clearly symmetric; it is a 
Riemannian metric on N if and only if / is an immersion (f* p is one-one for 
all p g N). 

The Riemannian metric ( 5 )*, which ( , ) induces on the dual bundle T*M, 
is a contravariant tensor of order 2, and we can write it as 


< )♦= y g ij — ®2L 

’ 3a--' ® 3a i ' 

i,j=i 


Our discussion of inner products induced on V* shows that for each p , the 
matrix (g tJ (p)) is the inverse of the matrix (gij(p))‘, thus 

^gikg kj = < 5 /. 

k= 1 


Similarly, for each p e M the Riemannian metric ( , ) on M determines 
two elements of £l n (M p ), the elements of norm 1. We have seen that they can 
be written 

± Vdet(g,;(/>)) dx\p) a a dx n {p). 

If M has an orientation {X , then p, p allows us to pick out the positive element of 
norm 1, and we obtain an »-form on M\ if x : U —> is orientation preserving, 
then on U this form can be written 


Vdet(g,y) dx ] a ■ ■ ■ a dx 1 ' . 


Even if M is not oricntable, we obtain a "volume element” on M, as defined 
in Chapter 8; in a coordinate system (x,U) it can be written as 


Vdet(gjy) | dx ] a * • • a dx n \. 

This volume element is denoted by dV, even though it is usually not d of 
anything (even when M is orientable and it can be considered to be an n-form), 
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and is called the volume element determined by ( , ). We can then define the 
volume of M as 



dV. 


This certainly makes sense if M is compact, and in the non-compact case (see 
Problem 8-10) it either converges to a definite number, or becomes arbitrarily 
large over compact subsets of M , in which case we say that M has “infinite 
volume”. 

If M is an /(-dimensional manifold (-with-boundary) in M”, with the “usual 
Riemannian metric” 

n 

( , ) = J^dx‘ ®dx ! , 

i = 1 


then gij = Sij , so 


dV = |</a j a ■ ■ • a dx n |, 


and “volume” becomes ordinary volume. 

There is an even more important construction associated with a Riemannian 
metric on M, which will occupy us for the rest of the chapter. For every C°° 
curve y : [a,b] —> we have tangent vectors 

/(0 = ~J~ e ^yifb 
and can therefore use ( , ) to define their length 


dy_ 

dt 


Idy dy\ 
\di' dt I 


'Idy dy\ 

\dt' dt f y{[) 5 


to be precise 


Wc can then define the length of y from a to b. 


L 


b 

a 



dy 

dt 


dt 



If y is merely piecewise s?nootk, meaning that there is a partition a = <■•• < 

t n = b of [a,b] such that y is smooth on each [//_],/,■] (with possibly different 
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left- and right-hand derivatives at we can define the length of y by 

n 

lJm = O' ,/,]). 

/=] 

Whenever there is no possibility of misunderstanding we will denote L b a simply 
by L. A little argument shows (Problem 15) that for piecewise smooth curves in 
M" f with the usual Riemannian metric 

n 

y t dx l ® dx ‘ . 

)=i 

this definition agrees with the definition of length as the least upper bound of 
the lengths of inscribed polygonal curves. 

We can also define a function s: [ a,b ] — > M, the “arclength function of y” 
by 

S(t) = L',(y) = f‘' dt. 

Naturally 

{*) At) = 

Consequently dy/dt has constant length 1 precisely when j(/) = / + constant, 
thus precisely when s(/) = / — a. Then 

b-a = s(b) = L*(y). 

We can reparameterize y to be a curve on [0, b — a\ by defining 

V ( 0 = V( r ~a). 

For the new curve y we have 

new s(t) ~ L* 0 (y) ~ L l a +a (y ) = old j(/ + a) — old 

= t. 

If y satisfies s(/) — 1 we say that y is parameterized by arclength {and then 
often use s instead of i to denote the argument in the domain of y). 


dy 
dt * 
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Classically, the norm jj jj on M was denoted by ds. {This makes some sort 
of sense even in modern notation; equation {*) says that for each curve y and 
corresponding s: [a,b\ — > M we have 


*i - K*(ii id 


on [a,b].) Consequently, in classical books one usually sees the equation 

n 

ds 1 = ^ gijdx l dx J . 

i,j=] 

Nowadays, this is sometimes interpreted as being the equivalent of the modern 
equation ( , ) = gijdx 1 ® dx-* , but what it always actually meant was 

n 

II II 2 = 8ij dx l dx j . 

i,j = 1 

The symbol dx l dx J appearing here is not a classical substitute for dx l ® dx J — 
the value (dx l dx^)(p) of dx l dx J at p should not be interpreted as a bilinear 
function at all, but as the quadratic function 

v i-» dx l (p)(v) -dx^(p)(v) v e M p , 

and we would use the same symbol today. The classical way of indicating 
dx 1 <8> dx J was very strange: one wrote 

n 

y t gij dx l 8x J where dx and are independent infinitesimals. 

i,j=\ 

{Classically, the Riemannian metric was not a function on tangent vectors, but 
the inner product of two “infinitely small displacements” dx and Sx.) 

Consider now a Riemannian metric ( , ) on a connected manifold M. If 

p,q e M are any two points, then there is at least one piecewise smooth curve 

y: [a,b]-> M from p to q {there is even a smooth curve from p to q). Define 

d(p,q) = inf{L(y): y a piecewise smooth curve from p to q}. 

It is clear that d(p,q) > 0 and d(p,p) = 0. Moreover, if r e M is a third 
point, then for any £ > 0, we can choose piecewise smooth curves 

y, : [a, b] M from p to q with L(y t ) — d(p, q) < e 

y 2 : [b 3 c] M from q to r with L{y 2 ) — d{q,r) < e. 
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If we define y: [a,c\ —> M to be y, on [a,b] and y 2 on [6,c], then y is a 
piecewise smooth curve from p to r and 

L{y) = L{y x ) + Uy 2 ) < d(p, q) + d{q, r) + 2e. 

Since this is true for all e > 0, it follows that 

d(p,r) < d(p,q) + d(q,r). 

[If we did not allow piecewise smooth curves, there would be difficulties in fitting 
together y x and y 2 , but d would still turn out to be the same {Problem 17).] The 
function d : M x M — * R has all properties for a metric, except that it is not so 
clear that d(p,q) > 0 for p ^ q. This is made clear in the following. 

7. THEOREM. The function d : M x M — > E is a metric on M , and if 
p\ M x M — > R is the original metric on M {which makes M a manifold), then 
C M,d ) is homeomorphic to (Af,p). 

PROOF. Both parts of the theorem are obviously consequences of the following 

7'. LEMMA. Let U be an open neighborhood of the closed ball B = {p e M” : 

! p\ < 1}, let ( , ) e be the “Euclidean” or usual Riemannian metric on U, 

n 

( , )e = ^dx 1 ®dx\ 

/=] 

and let ( , ) be any other Riemannian metric. Let j j = |j \\ e and | 1| be the 
corresponding norms. Then there are numbers m,M > 0 such that 

m * 11 < 11 II < M • || on B, 
and consequently for any curve y: [a,b] — > B we have 

mL e {y) < L{y) < M L e (y). 

PROOF. Define G: B x S n ~ l — > M by 

G(p,a ) = \\cipWp. 

Then G is continuous and positive. Since B x S’" -1 is compact there are num- 
bers m, M > 0 such that 

m < G < M on B x S’” -1 . 

Now if p e B and 0 ^ b p & R^, let a e S n_1 be a — bj\b\. Then 

m\b\ < \b\G{p,a ) < M\b\; 

since 

\b\G(p,a) = \b\ - 1| a, 11, = \\ma)p\\p = \M P , 
this gives the desired inequality {which clearly also holds for b — 0). 
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Notice that the distance d(p,q) defined by our metric need not be L(y) for 
any piecewise smooth curve from p to q. For example, the manifold M might 
be M 2 — {0}, and q might be —p. Of course, if d{p,q) = L{y) for some y, 



then y is clearly a shortest piecewise smooth curve from p to q (there might be 
more than one shortest curve, e.g, the two semi-circles between the points p 
and —p on S’ 1 ). 

1 n order to investigate the question of shortest curves more thoroughly we 
have to employ techniques from the “calculus of variations”. As an introduction 
to such techniques, we consider first a simple problem of this sort. Suppose we 
are given a (suitably differentiable) function 

We seek, among all functions /: [a,b] -*■ M with f(a) = a ' and fib) = b' one 



which will maximize (or minimize) the quantity 


f fit), f’{t))dt . 

J a 


For example, il 


F{t,x,y) = y / 1 + y 2 , 
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then we are looking for a function / on [a, 6] which makes the curve t i-> 
(/,/(/)) between (a, a') and ( b,b ' ) of shortest length 



2 dt. 


As a second example, if 


F(t,x,y) = 2 tt x yf 1+ y 2 , 

then we are trying to minimize the area of the surface obtained by revolving 
the graph of f around the A'-axis, which is given {Problem 12) by 



To approach this sort of problem we recall first the methods used for solv- 
ing the much simpler problem of determining the maximum or minimum of 
a function /: M — > M. To solve this problem, we examine the critical points 
of /, i.e., those points x for which fix) = 0. A critical point is not necessarily 
a maximum or minimum, or even a local maximum or minimum, but critical 
points arc the only candidates for maxima or minima if f is everywhere differ- 
entiable. Similarly, for a function / : M 2 — » M we consider points (x, y) e IR 2 
for which 



This is the same as saying that the curves 


t /(x + /, y) 
t /(A%y +0 
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have derivative 0 at 0. We might try to get more information by considering 
the condition 

0=(/oc)'(0) 

for every curve c: (—£,£) — > R 2 with c(0) = (x, j), but it turns out that these 
conditions follow from {*), because of the chain rule. 

To find maxima and minima for 





we wish to proceed in an analogous way by considering curves in the set of all 
functions f \ [a>b] — > R. This can be done by considering a “variation” of /, 
that iSj a function 

a : (-£,£) x [a,b\ -> R 


such that 




The functions t i-» ot(u,t ) are then a family of functions on (— e,fi) which 
pass through / for w = 0. We will denote this function by ct (it). Thus a is a 
function from (—£,£) to the set of functions f : [a,b] — > R. Ifeacha(w) satisfies 
a(u)(a) — a' , a(u)(b) ■= b 1 , in other words if 


ce(u,a) — a 1 
ct(u,b) = b' 



for all u e (—£,£), then we call a a variation of f keeping endpoints fixed. 
For a variation at we now compute 


dJ(ct(u)) 
du 


= 4-1 f F(t,a(u,t),^-(u,t)]dt 

u = o du\ u _ 0 J a \ dt J 



Riemannian Metrics 


319 






dt. 


Since d^a/dudt = B 2 a/BtBu, we can apply integration by parts to the second 
term in the integrand, thus obtaining 


<*) 


dJ(ct(u)) 

du 


* f Y (0 ’° 

m =0 Ja ° U 


BF 

dx 


(f,/(0,/ # (0) 




dt 




For variations ct keeping endpoints fixed, the second term is 0, and we obtain 
dJ(a(u )) 1 ? b 


{**) 


du 


f da 

= / -r (0 ' 

u = 0 


0 


I"* 1 


d_ 

dt 


(^«,/(0,/'(0)) dr. 


In classical treatments of the calculus of variations, the variations a were taken 
to be of the special form 

a(«,0 = fit) + w*j(0> 

for some rj : [a,b] —>■ R with r}(a) ~ rj(b ) ^ 0. Then we obtain 


dJ(aiu )) 
du 


= / 

w=0 da 


n( 0 


^U,f(0,f(0)-4: (',/(». f(0) 


dx 


dt 


dt. 


The final result is, of course, essentially the same. The derivative ^ 
is called the “first variation” of J and is denoted classically by 

[BF d BF 


H=0 


Jictiu)) 


SJ 


-r 


^ [ 3x dt By J 


dt. 
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As is usual in classical notation, the arguments of functions are either put in 
indiscriminately or left out indiscriminately— -in this case, not only are the ar- 
guments / and (/,/(/), /'(0) omitted (resulting in the disappearance of the 
function / for which we are solving), but the dependence of 8J on a is not 
indicated (which can make things pretty confusing). 

If / is to maximize or minimize J, then 8J(a) must be 0 for every variation a 
of f keeping endpoints fixed. As in the case of 1 -dimensional calculus, there is 
no reason to expect that the condition 8J(a ) = 0 for all a will imply that / is 
even a local maximum or minimum for J, and we emphasize this by introducing 
a definition. We call / a critical point of J (or an extremal for J) if 8J(ct) = 0 
for all variations a of / keeping endpoints fixed. The particular form (**) into 
which we have put 8J now allows us to deduce an important condition. 

8. THEOREM (EULER’S EQUATION). The C 2 function / is a critical 
point of J if and only if / satisfies 

—iumj'm - j t v, /(/),/'(/))) = o. 

PROOF \ Clearly / must make the integral in (**) vanish for every 

^ dot 

9(0 = t -(°,0 
ow 

which vanishes at a and b. So the theorem is a consequence of the following 
simple 


8'. LEMMA. If a continuous function g: [a,b] — > M satisfies 


i: 


9(0g(0d? = 0 


for every C°° function rj on [a,b] with ?](a) = rj(b) = 0, then g = 0. 

PROOF Choose rj to be <pg where <f> is positive on ( a , b) and <p(a) = <p(b) = 0. ♦> 


As an example, consider the case where F(t,x,y) = \/ 1 + y 2 . The Euler 
equation is 

d ( AO 'i 
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so 


Vi +/' 2 ■/"-/'■ 


/" 


0 = 


y i + f a 


t— ) 


hence 


0 = (1 4* f 2 )f - ff" = (1 - /' + 


i i f" 


which implies that f" = 0, so / is linear. 

Notice that we would have obtained the same result if we had considered the 
case F(t,x, y) = 1 + y 2 , for then the Euler equation is simply 


0=^(2 /'«>• 


This is analogous to the situation in 1 -dimensional calculus, where the critical 
points of yff are the same as those of f, since 


( 77 )' 


/' 

2/r 


For the case of the surface of revolution, where F(f, x, y) = xJ 1 + y 2 , the 
Euler equation is 


o= + [/'top 


/ /( 0/'(0 
dl W> +[/'(')]> 


this leads to the equation 


i + r 2 - if = o> 


which we will also write in the classical form 


1 ~t~ 



= 0. 


To solve this, we use one of the Ho standard tricks (leaving justification of the 
details to the reader). We let 


p = 



dy 

dx’ 


Then 


d 2 y dp dp dy dp 



322 


Chapter 9 


so our equation becomes 


i + p 2 -yp^j, = °> 

P 2 d P=~ dy, 


1 + p 




i 2 

- log( 1 + p ) = log y + constant 


y = constant • \/l + p 2 

dy j — , — 

p = — = V cy — 1 


dy 


\/ cy 2 — 1 


dx 
= dx 


and thus {see Problem 20 for the definition and properties of the “hyperbolic 
cosine” function cosh and its inverse) 


cosh 1 cy 


= x + k . 


Replacing c by 1/c, we write this as 

(*) 

The graph of 


/ A' + k \ 

y = c cosh I 1 . 


cosh A' = 


e x +e 


— X 


is shown below; it is symmetric about the j>-axis, decreasing for A' < 0, and 
increasing for x > 0. 
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So our surface must look like the one drawn below. It is, by the way, not 
trivial to decide whether there are constants k and c which will make the graph 
of (*) pass through (a, a') and (6,6'). Problem 21 investigates the special case 
where a ' = b ! . 



It is easy to generalize these considerations to the case where / : [a,b] 
and 


J(f) = f F(t,f(t),f’(t))dt for F: M x x M" -> M. 

Ja 

In this case we consider a : (—£,£) x [a,b] —> M n with 5(0) = /, and compute 
that 


dJ(a( w)) 


t=\ * a 

Thus, any critical point / of J must satisfy the n equations 

!?('• /(,) ’ - 7 , ($('• /( ')’ /,( '))) = o- 


We are now going to apply these results to the problem of finding shortest 
paths in a manifold M. If y: [a,b] M is a piecewise smooth curve, with 
y(a) = p and y{b) = q, we define a variation of y to be a function 


a : (— s,s ) x [a,b] M 
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for some e > 0, such that 


(1) <*(0,/) = KO, 

(2) there is a partition a — < t\ < • • • < /w = b of [</,£] so that a is C°° 

on each strip (—£,0 x 


We call a a variation of y keeping endpoints fixed if 

(3) ct{u,a) = p 

ct{u,b) ~ q 


for all u e (—£,£). 



As before, we let <5(w) be the path t i-» <*(w,/). We would like to find which 
paths y satisfy 

dLjaju)) _ Q 

d u H= o 

for all variations a keeping endpoints fixed. However, we will take a hint from 
our first example and first find the critical points for the “energy” 



which has a much nicer integrand; afterwards we will consider the relation 
between the two integrals. 

We can assume that each y| [/;_], //] lies in some coordinate system ( x,U ) 
(otherwise we just refine the partition). If (w, /) is the standard coordinate system 
in (—£,£) x [a,b] we write 
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Then da/dt(u,t) is the tangent vector at time 1 to the curve ct(u). If we adopt 
the abbreviations 


cc‘(u,t) s= y (a(u,/)), y l (t) ~ x l (y(t)) ~ a l (0,t). 


then 


da 

¥ ( "’° 


Si T (u ’ !) -s? 


/ = 1 


of(«,r) 


dy __ ^ 3 

~77 ~ 2.^ At 


dt ^ dt dx* 

i=i 


YU) 


So 


E(y\ [,.„,]) = I 


1 /•'' A 

= 2 S 


Jy 1 ' Jy' 


*»w»irir dt 


If we use the coordinate system x to identify U with M*, and consider the gij 
as functions on M", then we are considering 


/" 


F(y{t), y'(0) dt 


where 


Then 


and 


so 


f{x, y) = - J2 su( x ) ■ y l y J ■ 


i,;=i 


3F_ 

dx r 



dgij 

dx r 


(y( 0) 


dy 1 ' dy J 
~dt~dT ’ 



n 

5Z^(k(0) 

/■= i 


dy r 

~df ’ 


L 

dt 



>< 



gtriYit)) 


d 2 y r 
dt 2 



r,j = 1 


3g/r 

3;y' 


(KO) 


dy J <ty_ 
dt dt 
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In order to obtain a symmetrical looking result, we note that a little index 
juggling gives 

y> 3 gh_dyi_dy_ _ A dgjt_dy^dyj_ _ A dg J{ dy i dy J 
3a' dt dt 3x' dt ^ ^ 

r,; = l i,y = l *,_/=! 

SO 

A Bg^dy^dy^ _ 1 A Bgu_dy^_dy^_ A 3 gjt_dy^_dyj_ 

“ 3x- /- dt dt 2 ^ 3a' <// dt 2 ^ 3a' dt dt 

r iJ = \ t,j = ] i t j = | 


From (***) we now obtain 




la=0 

[“ -^Sa' n 


XA'r(K(0) 


2 ,,/- 


r=l 


6TX 

AA 




*J=i 

A aot' A 
+ 5Z ~^~to ? o y^g//-(K(0) 


dt dt 


dt 


3 u 

/=] /■=] 


dt 


U — 1 


Remember that y is only piecewise C°°. Let 
-A(/ / +) — right hand tangent vector of y at /,• 
~ left hand tangent vector of y at //. 



Notice that the final sum in the above formula is simplv 




3a 

3w 


dy 

(0, /,_] ), — — (// — i 

dt 



To abbreviate the integral somewhat we introduce the symbols 
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These depend on the coordinate system, but the integral 



n 

r=\ 


d 2 y r 

~dt 2 


+ E [0'./](y(0) 


dy 1 dyi 
dt dt 


dt , 


which appears in our result, clearly cannot. Consequently, we will use the exact 
same expression for each [/,_i , even though different coordinate systems may 
actually be involved (and hence different g\j and y s ). 

Now we just have to add up these results. Let 


'■ dt 

A dY - 


dt 
A dy 

a,n 17 


dt ’ dt ’ 
dY a+\ 

dy 

~ T (tN )• 


/ = 1 1 


Then we obtain the following formula (where there is a convention being used 
in the integral). 


9. THEOREM (FIRST VARIATION FORMULA). For any variation a, 
we have 


dE(a(u)) 

du 


H=0 



H 

^g/r(K(0) 

r=1 


d 2 y r 

dt 2 


ij = I 


dy ' dyi 
dt dt 


dt 



(In the case of a variation a leaving endpoints fixed, the sum can be written 
from 1 to — 1 .) 

This result is not very pretty, but there it is. It should be noted that [ ijj ] are 
not the components of a tensor. Nevertheless, later on we will have an invariant 
interpretation of the first variation formula. For the time being we present, 
with apologies, this coordinate dependent approach. From the first variation 
formula it is, of course, simple to obtain conditions for critical points of E. 
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10. COROLLARY. If y: [a,b] M is a C°° path, then y is a critical point 
of E % if and only if for every coordinate system (*, U) we have 


d 2 v r dv 1 dyj 

J^gtrivi + [O', 0 0(0) -Jf-jf ~ 0 for HO G U- 

/•=] ij = 1 


PROOF. Suppose y is a critical point. Given t with y (/) e t/, choose a partition 
of with 1 e (//_],/,-) for some /, and such that y | is in U. If a 

is a variation of y keeping endpoints fixed, then in the first variation formula 
we can assume that the part of the integral from to U is written in terms 
of (a% U). The final term in the formula vanishes since y is C°°. Now apply 
the method of proof in Lemma 8', choosing all da 1 /du( 0, /) to be 0, except one, 
which is 0 outside of /;), but a positive function times the term in brackets 
on (//_],/(). ❖ 


In order to put the equations of Corollary 10 in a standard form we introduce 
another set of symbols 


yk 

1 u 


!=\ 


ki 


[O',/] 


!=\ 


kl[ 
2 


( 


dgil dgjl 
dx J ‘ dx 1 



Our equations can now be written 


d 2 y k 

dt 2 


+ E 

ij = 1 


dy' dyi 
dt dt 


~ 0. 


We know from the standard theorem about systems of second order differential 
equations (Problem 5-4), that for each p e M and each v e M p> there is a 
unique y : (— £, 0 M, for some £ > 0, such that y satisfies 


y(0) = p 


d 2 y k 

It 2 ' 


+ E rfj(y(0) 

’J =t 


dy 1 dy J 
dt dt 


0 . 
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Moreover, this y is C°° on (—£,£). This last fact shows that if y 1 : [0,£) —> M 
and y 2 : (— s, 0 ]—> M are C°° functions satisfying this equation, and if moreover 


Vi (o) = y 2 ( o) 


d Y\ 
dt 



dy 2 

dt 


( 0 "), 


then y t and y 2 together give a C°° function on (—£,£). Naturally, we could 
replace 0 by any other t. We now have the more precise result, 


11. COROLLARY. A piecewise C°° path y: [a,b] — » M is a critical point 
for E% if and only if y is actually C°° on [a, b ] and for every coordinate system 


(x, U) satisfies 


d 2 y k 
dt 2 “ 


+ E r -v(y(')) 

t'J= 1 


dy l dyi 
dt dt 


= 0 


for y(t) e U. 


PROOF. Let y be a critical point. Choosing the same a 1 as before (all a 1 are 0 
outside of (/,•_],/,■)), we see that y\ [/,■_!, /,•] satisfies the equation, because the 
final term in the first variation formula still vanishes. Now choose a so that 


da „ ^ * dy 


/ = 1, — 1. 


We already know that the integral in the first variation formula vanishes, 
we obtain 



So 


which implies that all A t{ ^ are 0. By our previous remarks, this means that y 
is actually C°° on all of [a,b]. <♦ 


As the simplest possible case, consider the Euclidean metric on R", 

n 

( , ) = ® dx l . 

i=\ 

Here g\j = 8 ^ , so all dgjj/dx k = 0, and T k j = 0. The critical points y for the 
energy function satisfy 

d 2 y k 
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Thus y lies along a straight line, so y is a critical point for the length function 
as well. The situation is now quite different from the first variational problem 
we considered, when we considered only curves of the form t i-» (/,/(/)). 
Any reparameterization of y is also a critical point for length, since length is 
independent of parameterization (Problem 16). This shows that there are critical 
points for length which definitely aren’t critical points for energy, since we have 
just seen that for y to be a critical point for energy, the component functions 
of y must be linear, and lienee y must be parameterized proportionally to arc- 
length. This situation always prevails. 


12. THEOREM. If y : [a, b] M is a critical point for E , then y is param- 
eterized proportionally to arclength. 

PROOF \ Observe first, from the definitions, that 


Now we have 


L 

It 



dt 


d 

~dl 


( " 

( E saw)) 

>j=< 


dy' dyj \ 
dt dt J 


« W 


EE 


dgij 

dx l 


(K 0) 


dy 1 dy 1 dy J 
dt dt dt 


M 


+ 5Z 


grj(yU)) 


d 2 y r dy J 
dt 2 dt 


n 

+ Zir(Y{t)) 
i,r=] 


dy 1 d 2 y r 
dt dt 2 ' 


Replacing dgij/dx 1 by the value given above, this can be written as 


d 

dt 


dy 

dt 


J=\ V=1 j,l=] ' 

dy 1 ( d 2 y r dy-’ dy 1 

+ E^r(E^O'W)^ + E [//.oo'«)- 5r - 5r 

I 1 > H 1 ■ I 1 


Since y is a critical point for E , both terms in parentheses are 0 (Corollary 10). 
Thus the length U dy/dt\\ is constant. <♦ 
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The formula 

(*) | ^ = [>k,j] + [jk,i] 

occurring in this proof will be used on several occasions later on. It will also be 
useful to know a formula for dg tJ /dx k . To derive one, we first differentiate 


E S!mg mi = Sj 

m = I 


to obtain 


Thus we have 

3A 

dy k 


A a* 1 "' _ A 3g/ m . 

g!m dyk dyk g 

m= \ m=l ' 


E U 3g m ' U mjdglm 

g ?/ m -^F = -E« * ‘ 


3 y k 


!,m ~ ' !,m 

- A g my ([/*,'«] + [mkj]) by (*) 


!,m 


-E*" r /*-E* m ' r ^> 


m 


or 


(**) 


3 A 

3 y k 


n 


D«" r 4+*' yr /*)- 


We can find the equations for critical points of the length function L in ex- 
actly the same way as we treated the energy function. For the moment we 
consider only paths y : [a,b] -» M with dyjdt ^ 0 everywhere. For the por- 
tion y\ [//_],/;] of y contained in a coordinate system (x,t/), we have 


L(y\[U-uU])= [ 

J'i 


\l 


tgu(y(n)^ d Md,. 


ij=l 


dt dt 


Considering our coordinate system as M n , we are now dealing with the case 


Fix, y) = 


\l 


5Z gui x )y i y j • 

U = 1 
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We introduce the arclength function 


*(0 = LaiYY 


Then 



So we have 


dF_ 

3x l 


( 


dy 

«'>-i 


) 



dgij 


dx } 


(K( 0) 


dy 1 dy* 
dt dt 


2 ds 


dt 


3F_ 

dy 1 


( 


x dy 


) 


E^«)^f 

r = 1 

ds 

Tt 


After a little more calculation we finally obtain the equations for a critical point 
of L: 


d 2 y k 
dt 2 


n 


+ E 

‘J= 1 


dy' dyj 
dt dt 


d 2 s 
dy k dt 2 
dt ds 

Tt 


It is clear from this that critical points of E are also critical points of L (since 
they satisfy d 2 s/dt 2 — 0). Conversely given a critical point y for L with 
dyjdt 7 ^ 0 everywhere, the function 


[a,b] -> [0, L b a (y)] 


is a difieomorphism, and we can consider the reparameterized curve 


y os"' : [0, L b a (y)] ->■ M. 


This reparameterized curve is automatically also a critical point for L, so it 
must satisfy the same differential equation. Since it is now parameterized by 
arclength, the third term vanishes, so y o j -1 is a critical point for E. 

There is only one detail which remains unsettled. Conceivably a critical 
point for L might have a kink, but be C°° because it has a zero tangent vector 
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there, as in the figure below. In this case it would not be possible to reparame- 



terize y by arclength. Problem 37 shows that this situation cannot arise. 

Henceforth we will call a critical point of E a geodesic on M (for the Rie- 
mannian metric ( , )). This name comes from the science of geodesy, which 
is concerned with the measurement of the earth’s surface, including surveying 
and the measurement of degrees of latitude and longitude. A geodesic on the 
earth’s surface is a segment of a great circle, which is the shortest path between 
two points. Before we can say whether this is true for geodesics in general, 
which are so far merely known to be critical points for length, we must initiate 
a local study of geodesics. 

The most elementary properties of geodesics depend only on facts about 
differential equations. Observe that the equations for a geodesic, 


d% Y k , V- r ^k d Y l d Y J 
dt 2 + 2^ 1 tj dt dt 
uj=\ 


= 0 , 


have an important homogeneity property: if y is a geodesic, then t i-» y{ct) is 
also clearly a geodesic. This feature of the equation allows us to improve the 
result given by the basic existence and uniqueness theorems. 


13. THEOREM. Let p e M. Then there is a neighborhood U of p and a 
number e > 0 such that for every q e U and every tangent vector v e M g with 
||u|i < £ there is a unique geodesic 


y v : (-2,2) M 


satisfying 

Yv (°) = q , -jfW) ~ v * 

PROOF, \ The fundamental existence and uniqueness theorem says that there 
is a neighborhood U of p and £] , £2 > 0 so that for q e U and v e M q with 
||jt| < £] there is a unique geodesic 

Yv : (-2e 2 ,2£ 2 ) -*■ M 
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with the required initial conditions. 

Choose e < £]£2* Then if |uj < £ and |/[ < 2 we have 

l|u/£ 2 ll < ei and |£ 2 /| < 2£ 2 . 

So we can define y v (t) to be y v j £2 ( £ 2 0 - *♦* 

If v e M q is a vector for which there is a geodesic 

y: [0,1]-* M 

satisfying 

y( 0 ) = g, %(0)=v. 

then we define the exponential of v to be 

exp(u) = exp 9 (u) = HO- 


(The reason for this terminology will be explained in the next chapter.) The 
geodesic y can thus be described as 

HO = exp 9 (/u). 

Since M q is an /(-dimensional vector space, there is a natural way to give it 
a C°° structure. If 0 C M q is the set of all vectors v e M q for which exp 9 (u) 
is defined, then the map 

exp 9 : & M 

is C 00 , since the solutions of the differential equations for geodesics have a C°° 
flow. Identifying the tangent space ( M q ) v at v e M q with M q itself, we have an 
induced map 

(exp^Jv* : M q — > 

In particular, we claim that the map 

(exp 9 )o*: M q — * M q is the identity. 


In fact, to obtain a curve c in the manifold M q with dc/dt{ 0) = v e M q = 
(M q ) o, we can let c(t) = tv. Then exp 9 o c(t) = exp 9 (?u), the geodesic with 
tangent vector v at time 0, so 


(exp 9 ) 0 *(u) = — 


exp 9 (c(0) = v. 
/= o 
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Before proving the next result, we recall some facts about the manifold TM . 
If (x, U) is a coordinate system on M, then for q e U we can express every 
vector v e M q uniquely as 


v 




i=i 


9 


We will denote a 1 by x'fu), so that 


^ , 3 

v = ) x‘ (v) — - 
^ w 3x' 

i=i 

where n : TM — > A/ Is the projection. Then 

(X 1 OTT Jt" o; r, x 3 , . . . , A fl ) = (x 1 ,.. . ,x n , x 1 , . . . ,x fl ) 

is a coordinate system on For v e M q> q e U we therefore have 

tangent vectors 


?r(v) 


_a_ 

3x' 



e (TM) v ; 



the vectors | v are all in the tangent space of the submanifold M q C TM } 

while the vectors S/Sx'j span a complimentary subspace. 

1 4. THEOREM. For every p e M there is a neighborhood W and a number 
e > 0 such that 

(1) Any two points of W are joined by a unique geodesic in M of length 
< £. 

(2) Let v(q, q') denote the unique vector v e M q of length < e such that 
exp 9 (u) = q'. Then ( 9 , 9 ') v(q,q f ) is a C°° function from VF x VF 
TM. 

(3) For each q e W, the map exp 9 maps the open e-ball in M q diffeomor- 
phically onto an open set U q 3 W. 
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PROOF. Theorem 13 says that the vector 0 e M p has a neighborhood V in the 
manifold TM such that exp is defined on V. Define the C°° function F : V —> 
M x M by 

F(v) = (jr(u),exp(u)). 

Let (x, f/) be a coordinate system around p. We will use the coordinate 
system 

(x 1 , . . . ) i n ,x 1 ) . . .,x fl ), 

described above, for jr~ 3 (t/). If 7T; : M x M — *• M is projection on the t th 
factor, then 

(X O , . . . , X O 7l\ , X o 7T2, . . . , X O 7T2 j (X] , . . . , Xj , X 2 , . . . , X 2 ) 

is a coordinate system on U x U. Now, using the fact that 

(exp^)o* : M p -> M p 

is the identity, it is not hard to see that at 0 e M p we have 



Consequently F * is one-one at 0 e M p> so F maps some neighborhood V' 
of 0 diffeomorphically onto some neighborhood of (/?,/?) e M x M. We may 
assume that V' consists of all vectors v € M q with q in some neighborhood U' 
of p and jjujj < e. Choose IT to be a smaller neighborhood of p for which 
F{V') D W x w. 

Given a W as in the theorem, and q e W, consider the geodesics through q 
of the form t \-> exp q (tv) for ||u|| < e. These fill out U q . The close analysis of 
geodesics depends on the following. 




Rmnannian Metrics 


337 


1 5. LEMMA (GAUSS’ LEMMA). In U q , the geodesics through q are perpen- 
dicular to the hypersurfaces 

{exp 9 (u) : HUE = constant < e}. 

FIRST PROOF. Let v: M -> M q be a smooth curve with |ju(/)|| = a constant 
k < e for ail t, and define 

a(«, /) = exp 9 (m • u(0) — 1 < m < 1 . 

We are claiming that for every such a we have 

^(m,/),-^(m,/)\ = 0 for all (w,/). 


A calculation precisely like that in the proof of Theorem 1 2 proves the following 
equation, in which the arguments («, /) and a(u t 0 are omitted, for convenience: 


( 1 ) 


_a_ 

3m 



+ £[<•/,/] 

I,/s=l 


3 a 1 3 a ! \ 
3m 3m / 



W 


y .'=1 


da’ 3c7\ 

ThTl T ) 


The first term on the right is 0 since each curve u i-» a(u,l) is a geodesic. 
Similarly, we obtain 


3 Ida 3a \ da 1 d 2 a r 

< 2 > yvu’j-u = 2 l ^ 

' ; 1=1 v=i jj = 1 


. n da’ da 1 \ 
3m 3 1 )’ 


which is just twice the second term on the right of (1). But 3o:/3m(m, /) is just the 
tangent vector at time m to the geodesic m i-» exp 9 (M • u(/)), where ||u(0|| ~ k-> 
so ||3o:/3m|| = k. Thus the second term on the right of (2) is also 0. So 


I da da 

\37’37 


is independent of m. 


But a(0,/) = exp 9 (0) = q % so 3a/3/(0,/) = 0. It follows that 
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SECOND PROOF. Let v: M M q be any smooth curve with j|u(/)|| = a constant 
k < £ for all /, and define 

j6(u,0 = exp 9 (/ ■ u(w)) (note carefully the roles played by t and «). 
Then ft is a variation of the geodesic y(t) — exp 9 (/ • u(0)), defined on [0,1]. By 



the first variation formula, we have 

dE{hu)) 


du 


u= o 




1 dB dv 1 

i ( 0 * 0 ) ’i (0) , 


the integral vanishing since y is a geodesic. But each curve («) has energy 

|2 

dt 


E{h«)) = f 

Jo 


rfjS («)(/) 


dt 


— f k 2 dt — k 2 , 
Jo 


so 


0 = 


du 


u = o 


--(£ (0>1) *£ (1) )-* 


16. COROLLARY. Let c: [ a,b ] — > U q — {g} be a piecewise smooth curve, 



c(/) = exp 9 («(0 ■ u(0). 
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for 0 < «(/) < e and j|u(/)|| = 1. Then 

L b a c > |w (b) - w(a)|, 

with equality if and only if u is monotonic and v is constant, so that c is a radial 
geodesic joining two concentric spherical shells around g. 

PROOF, If a(«, /) = exp 9 (« ■ u(/)), then c{t) — a(«(/), 0 and 

dc da . ^ da 

~r ~ F~ u (0 d" V" * 
dt du d t 


Since 


we have 


1 da da \ 

,8 u’Jil = °’ 


da 

du 


= 1. 


dc 


dt 


da 


dt 


> W(t)\ 2 , 


— W{t) P + 

with equality if and only if da/dt = 0, and hence i/(/) = 0. Thus 

-b II II rb 


dc 

J ^ dt ~ J 0 \ u ’W dt - I u ~ 


with equality if and only if u is monotonic and v is constant. 


17. COROLLARY. Let W and e be as in Theorem 15, let y: [0, 1] M be 
the geodesic of length < e joining g,g' e W, and let c : [0, 1] —> M be any 
piecewise C°° path from g to g'. Then 

L{y) < L(c), 

with equality holding if and only if c is a reparameterization of y. 

PROOF. We can assume that g' = exp 9 (ri>) e U q — {g} (otherwise break c up 
into smaller pieces). For <5 > 0, the path c must contain a segment which joins 
the spherical shell of radius 8 to the spherical shell of radius r, and lies between 
them. By Corollary 16, the length of this segment has length > r — 8. So the 
length of c is > r, and clearly c must be a reparameterization of y for equality 
to hold. +> 
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We thus see that sufficiently small pieces of geodesics are minimal paths for arc- 
length. We can use Corollary 17 to determine the geodesics on a few simple 
surfaces, without any computations, if we first introduce a notion which will 
play a crucial role later. If (M, ( , )) and (M\ ( , )') are C°° manifolds with 
Riemannian metrics, then a one-one C°° function f:M—> M' is called an 
isometry of M into M' if /*(,)' = (,). For example, reflection through a 
plane E 2 C M n+1 is an isometry / : S n — » S n . It is clear that if c : [0, 1] — > M 
is a C°° curve, then the length of c with respect to ( , ) is the length of foe 
with respect to ( , )'; and if c is a geodesic, then / o c is likewise a geodesic. 

For the isometry I \ S n ^ S n mentioned above, the fixed point set is the great 
circle C = S” n E 2 . Let p,q e C be two points with a unique geodesic O 
of minimal length between them. Then 1(0) is a geodesic of the same length 
as C ! between I(p) = p and I(q) = q. So O — l(C / ) > which implies that 
C C C, so that C is a geodesic. Since there is a great circle through any point 
of S n in any given direction, these are all the geodesics. 



Notice that a portion of a great circle which is larger than a semi-circle is 
definitely not of minimal length, even among nearby paths . Antipodal points on 



path of smaller length 


the sphere have a continuum of geodesics of minimal length between them. All 
other pairs of points have a unique geodesic of minimal length between them 
but an infinite family of non-minimal geodesics, depending on how many times 
the geodesic goes around the sphere and in which direction it starts. 
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The geodesics on a right circular cylinder Z are the generating lines, the 



circles cut by planes perpendicular to the generating lines, and the helices 
on Z. In fact, if L is a generating line of Z, then we can set up an isometry 
/ : Z — L — > M 2 by rolling Z onto R 2 . The geodesics on Z are just the images 



under 7 -3 of the straight lines in R 2 . Two points on Z have infinitely many 
geodesics between them. 

We are now in a position to wind up our discussion of Riemannian met- 
rics on M by establishing an important connection between the Riemannian 
metric ( , ) and the metric d : M x M — > M it determines, 

d(p>q) — inf{L(y) : y a piecewise smooth curve from p to q). 

Notice that on both the sphere and the infinite cylinder every geodesic y defined 
on an interval [a,&] can be extended to a geodesic defined on all of M. This is 
false on a cylinder of bounded height, a bounded portion of M n , or — {0}. 
In general, a manifold M with a Riemannian metric ( , ) is called geodesically 
complete if every geodesic y : [a, b] — > M can be extended to a geodesic from M 
to M. 
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18. THEOREM (HOPF-RINOW-DE RHAM). If ( , > is a Riemannian 
metric on M , then M is geodesically complete if and only if M is complete 
in the metric d determined by ( , ). Moreover, any two points in a geodesi- 
cally complete manifold can be joined by a geodesic of minimal length. 

PROOF. Suppose M is geodesically complete. Given p,q e M with d(p>q) =■ 
r > 0, choose U p as in Theorem 14. Let S C U p be the spherical shell of radius 
8 < e. There is a point 


po = exp^u, ||u|| = 1 

on S such that d(po,q) < d(s,q) for all s e S. We claim that 
(*) exp^(ru) = q; 

this will show that the geodesic y{t) — exp^f/u) is a geodesic of minimal length 
between p and q. To prove this result, we will prove that 

(**) d(y(t),q) = r - 1 t e [£,#■]. 

First of all, since every curve from p to q must intersect S, we clearly have 

d(p 7 q) = min (d(p,s) + d(s 7 q)) = 8 + d( po> q). 

So d(po,q) — r — 8. This proves that (**) holds for t — 8. 

Now let to e [5, r] be the least upper bound of all t for which (**) holds. Then 
(**) holds for to also, by continuity. Suppose to < r. Let S' be a spherical shell 



of radius 8' around y{t o) and let po' e S ! be a point closest to q. Then 
rf (K(*oM) = min(</(x(/ 0 ),s) + d(s t q)) = 8' + d(po>q)> 

s€o 
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so 

(***) d(po, g)-(r~ 'o) - &'• 

Hence 

d(p, po ) > d(p, q) - d(po, q) — to 4- S'. 

Bui the path c obtained by following y from p to y(t o) and then the minimal 
geodesic from y(t o) to po has length precisely to +S 1 . So c is a path of minimal 
length, and must therefore be a geodesic, which means that it coincides with y. 
Hence 

y(t o + S') = po'. 

Hence (***) gives 

d{y{to A- S'),q) = r — ( to + S'), 

showing that (**) holds for to + S'. This contradicts the choice of to, so it must 
be that to = r. In other words, (**) holds for t = r, which proves (*). 

From this result, it follows easily that M is complete with the metric d . In 
fact, if A C M has diameter D, and p e A, then the map exp^ : M p — > M 
maps the closed disc of radius D in M p onto a compact set containing A. In 
other words, bounded subsets of M have compact closure. From this it is clear 
that Cauchy sequences converge. 

Conversely, suppose M is complete as a metric space. Given any geodesic 
y : (a,b) M , choose t n b. Clearly y(t n ) is a Cauchy sequence in M , so ii 
converges to some point p e M. Using Theorem 1 4, it is not difficult to show 
that y can be extended past b. Consequently, by a least upper bound argument, 
any geodesic can be extended to M. <♦ 

As a particular consequence of Theorem 18, note that there is always a min- 
imal geodesic joining any two points of a compact manifold. 



344 


Chapter 9 


ADDENDUM 

TUBULAR NEIGHBORHOODS 

Lei M n C be a submanifold of N, with i: M — » N the inclusion map. 

so that for every p e M we have i*(M p ) C N p . If ( , ) is a Riemannian metric 
for N, then we can define M P L C N p as 

M p L — {u e N p : (u, = 0 for all w e M p }. 


Lei 

E = Mp 1 and m: E M take M P L to p. 

peM 

It is not hard to see that v — m : E M is a A: -plane bundle over M> the 
normal bundle of M in N. 

For example, the normal bundle v of S’” -1 G M” is the trivial 1 -plane bundle, 
for v has a section consisting of unit outward normal vectors. On the other hand 



if M is the Mobius strip and S’ 1 C M is a circle around the center, then it is 
not hard to see lhai the normal bundle v will be isomorphic to the (non- trivial) 
bundle M S’ 1 . If we consider S’ 1 C M C P 2 , then the normal bundle 



of S l in P 2 is exactly the same as the normal bundle of S l in M , so ii too is 
non-trivial. 
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Our aim is to prove that for compact M the normal bundle of M in TV is 
always equivalent to a bundle n : U — » M for which JJ is an open neighborhood 
of M in N> and for which the 0-section s : M —> U is just the inclusion of M 
into U. In the case where N is the total space of a bundle over M , this open 
neighborhood can be taken to be the whole total space. But in general the 
neighborhood cannot be all of N. For example, as an appropriate neighborhood 
of S’ 1 C M 2 we can choose M 2 — {0}. 



A bundle n : U M with U an open neighborhood of M in A, for which the 
0-section s: M U is the inclusion of M in t/, is called a tubular neighborhood 
of M in N . Before proving the existence of tubular neighborhoods, we add some 
remarks and a Lemma. 

If 7r : L/ — > A/ is a tubular neighborhood, then clearly 
7r o s = identity of M , 

son is smoothly homotopic to the identity of U, 

so 7T is a deformation retraction, and H k {U) H k (M ); thus M has the same 
de Rham cohomology as an open neighborhood. Moreover, if we choose a 
Riemannian metric ( , ) for n : U M and define D — {e € U : (e 7 e) < 1}. 
then D is a submanifold-with-boundary of t/, and the map n\D: D — » M is 
also a deformation retraction. So M also has the same de Rham cohomology 
as a closed neighborhood. 

19. LEMMA. Let A' be a compact metric space and A'o C X a closed subset. 
Let / : X — » Y be a local homeomorphism such that / [A'o is one-one. Then 
there is a neighborhood U of A'o such that f\U is one-one. 
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PROOF. Let C C X x X be 

{(*>: V) e X x X :x ^ y and f(x) = /O')). 

Then C is closed, for if is a sequence in C with x„ —> x and y„ — > y, 

then /(x) — lim /(x„) = lim f{y„) — /(j>), and also x ^ y since / is locally 
one-one. 

If g: C -> M is g(x,j’) = d(x,Xo) + (/(^,Ao), then g > 0 on C. Since C 
is compact, there is e > 0 such that g > 2e on C. Then f is one-one on the 
e-neighborhood of Xq. <£♦ 

20. THEOREM. Let M C N be a compact submanifold of N. Then M has 
a tubular neighborhood n : U — > M in N } which is equivalent to the normal 
bundle of M in N. 

PROOF. Choose a Riemannian metric ( , ) for N t with the corresponding 
norm || j|, and metric d : N x N M. Let 

E = {v : v € N p and v e M P L , for some p e M} 

E £ = {v&E: lu|f < e) 

U e — {q g N : d{q , M) < e). 

It follows easily from Theorem 13, and compactness of that exp is defined 
on E e for sufficiently small e > 0. We claim that for sufficiently small e, the map 
exp is a diffeomorphism from E e onto U £ . This will clearly prove the theorem. 

Let V C E be the set of a non-critical points for exp. Then V D M (consid- 
ered as a subset of E via the 0-section), and V\ — V n E] is compact; since exp 
is one-one on M C Vi , it follows from Lemma 19 that for sufficiently small e 
the map exp is a diffeomorphism on E £ . 

It is clear also that exp(.E £ ) C U £ . To prove that exp is onto t/ £ , choose any 
q e U £> and a point p e M closest to q. If y : [0, 1] N is the geodesic of 
length < e with y(0) = p and y(l) = q, it is easy to see that y is perpendicular 
to M at p (compare the second proof of Gauss' Lemma). This means that 
q — txp p dy/dt(0) where dy/dt{ 0) e E £ . ♦♦♦ 

One of the interesting features of Theorem 20 is that all the paraphernalia 
of Riemannian metrics and geodesics are used in its proof, while they do not 
even appear in the statement. Theorem 20 will be needed only in Chapter 1 1, 
where we will also need the following modification. 
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21. THEOREM. Let TV be a manifold-with-boundary, with compact bound- 
ary dN. Then BN has (arbitrarily small) open [and closed] neighborhoods for 
which there are deformation retractions onto dN. 

PROOF. Exactly the same as the proof of Theorem 20, using only inward point- 
ing normal vectors. <♦ 
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PROBLEMS 

1. Let V be a vector space over a field F of characteristic ^ 2, and let h : V x 
V — > F be symmetric and bilinear. 

(a) Define q: V —> F by q(v) — h(v,v). Show that if 0i > ... ) 0 n is a basis 
for V*, then 

n 

9 = a V v *i * V *J 

c iJ=1 

lor some a- t j. 

(b) Show that 

q(-v) = q(v) 

h(u t v ) = \[q(u + u) - q(u) - q(v)]. 

(c) Suppose 9: V —> F satisfies q(—v) = u, and that h(u, v) = q(u-\~v) — q («) — 
q(v) is bilinear. Show that 

q(u + v + w) — c/(u) — q(v + w) = cj(u + v) — q(u) — q(v)—q(u + w)—q(u) — q(w). 
Conclude that t/(0) = 0, and q(2u) = 4q(u). Then show that q{v) = h(v, v). 

2. Let ( , ) be a Euclidean metric for V*. Suppose 0;, 0; e V* satisfy <f>\ A 
■ * ■ A <f>k = 0i A • ■ ■ A 0* 0, and let W# and Wy be the subspaces of V* 
spanned by the 0/ and 0,-. 

(a) Show that a) e if and only if co A 0 3 A • ■ ■ A 0* =0. Conclude that 
W* = W*. 

(b) Let <7],...,<7£ he an ortho normal basis of — W#. If <pi — Ylj a ji°j> 
show that the signed A: -dimensional volume of the parallelepiped spanned by 
0 i , . . . , <Pk is det(a,y). (The sign is + if <p ] , . . . , 0* has the same orientation as 
ctij . . .,0k) and — otherwise.) 

(c) Using Problem 7-9, show that this volume is the same for 0 i , . . . , 0 *. 

(d) Conversely, if W# = and the signed volumes of the parallelepipeds are 
the same, show that 0] a ■ • * A 0^ = 0] A • ■ ■ A 

If we identify V with K**, so that we have a wedge product V\ A- ■ *AU£ of vectors 
Vi e V, then we have a geometric condition for equality with w\ A ■ *■ A tu*. 

i 

In Lepns sur la Geomeirie des Espaces de Riemann , E. Cartan uses this condition to 
dfpne £2 *(K*) as formal sums of equivalence classes of k vectors; he deduces 
geometrically the corresponding conditions on the coordinates of Vj, tu,-. 

3. Let V be an n-dimensional vector space, and ( , ) an inner product on V 
which is not necessarily positive definite. A basis v\ z ... z v„ for V is called 
orthonormal if (v,-, Vj) = ±5,-y. 
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(a) If V 7^ {0}, then there is a vector v e V with (u, v) ^ 0. 

(b) For VF C V, let VF- 1 = {u e y : (u, tu) = 0 for all uj e VF}. Prove that 
dim > n - dim VF. Hint: If { tu,} is a basis for VF, consider the linear 
functionals X,-: V — > M defined by A., (u) = (u, iy, ). 

(c) If ( , ) is non-degenerate on VF, then V — VF ® VF- 1 , and ( , ) is also 
non-degenerate on W ■ L . 

(d) V has an orthonormal basis. Thus, there is an isomorphism / : M” — > 
V with /*(.) = (, )r for some r (the inner product ( , ) r is defined on 
page 301). 

(e) The index of ( , ) is the largest dimension of a subspace W c V such that 
( , )jlT is negative definite. Show that the index is n — r, thus showing that r 
is unique (“Sylvester’s Law of Inertia”). 

4. Let ( , ) be a (possibly non -positive definite) inner product on y, and let 
V\, . . . , v n be an orthonormal basis (see Problem 3). Define an inner product 
( , )* on Q*(y) by requiring that 

U*,-, A ■ • ■ A V*i k 1 < i] <■■*</><« 

be an orthonormal basis, with 

(u*,-, A * * ■ A V*i kz V*ji A ■ * ■ A v* Jk f = det((v ia ,v jp )). 

(a) Show that ( , )* is independent of the basis (Use Problem 7-16.) 

(b) Show that 

(01 A A0*,01 A.--A^jfc)* = det((0,-,0;)*) = det((0i,0/) 3 ). 

(c) If ( , ) has index /, then 

(U*1 A...A4U*, A...Ay/ = (-l)' 

(d) For those who know about 0 and A*. Using the isomorphisms 0^y* 

(0*y)* and A*(F*) ^ (A^F)*, define inner products on 0^F and A k V by 
using the isomorphism V V* given by the inner product on V. Show that 
these inner products agree with the ones defined above. 

5. Recall the definition of V] x ■ ■ * x u„_] in Problem 7-26. 

(a) Show that (i>i x ■ • ■ x u„_i , u,) = 0. 

(b) Show that |i>] x * ■ • x u„_i | = Vdet(g,y ), where gij = Hint'. Apply 

the result on page 308 to a certain (/; — 1) -dimensional subspace of M”. 
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6. Let £ = 7r : iT —>■ 5 be a vector bundle. An indefinite metric on £ is 
a continuous choice of a non-positive definite inner product ( , ) p on each 
7T -3 (/?). Show that the index of ( , ) p is constant on each component of B. 

7. This problem requires a little knowledge of simple -connected ness and cov- 
ering spaces. 

(a) There is no way of continuously choosing a 1-dimensional subspace of S 2 P , 
for each p e S 2 . (Consider the space consisting of the two unit vectors in each 
subspace.) 

(b) There is no Riemannian metric of index 1 on S 2 . 

8. Let ( , ) and ( , )' be two Riemannian metrics on a vector bundle £ = 
7 t \ E B. Let S be the set of e e E with (e,e) = 1, and define S' similarly. 
Show that S is homeomorphic to S\ If £ is a smooth bundle over a manifold M, 
show that S is diffeom orphic to S'. 

9. Show by a computation that if the functions g,j and g'ij are related by 

t dx^ 

g*f} = 2^&j dx , a bx , r 

with det(g,y) ^ 0, and the functions g*j , g nj are defined by 

= 4, £yv« = *j. 

k = 1 k = 1 

then 

= Yg‘J Sx '“ Sx ' e 

* f ■?* av a x r 

This, of course, is the classical way of defining the tensor [having the compo- 
nents] g lJ . 

10. (a) Let ( , ) be a Riemannian metric on and A a tensor of type (j), so 
that A(p)\ M p M p . Define a tensor B of type (q) by 

B(p)( V],v 2 ) - (A{p){v i),u 2 ). 

If the expression for A in a coordinate system is 

A .. . a 

A = £ A i dx ® Y7’ 

ij=1 
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show that B = Yli,k ^x l <g> dx k , where 

n 

Bik = Y. A i^ k ' 

(b) Similarly, define a tensor C of type (°) by 

C(p)& 1 ^ 2 ) = (A{p)*fr\)M- 

Show that if C has components C^, then 

C*' = £>*'>*/. 

/=! 

The tensors B and C are said to be obtained from A by “raising and lowering 
indices”. 

11. (a) Let A'i,. . be linearly independent vector fields on a manifold M 
with a Riemannian metric ( , ). Show that the Gram-Schmidt process can be 
applied to the vector fields all at once, so that we obtain n everywhere orthonor- 
mal vector fields Y \ , . . . , Y n . 

(b) For the case of a non-positive definite metric, find Y \ , . . . , Y„ with (T/, Yj) = 
±&ij in a neighborhood of any point. 

12. (a) If /: [a^b] —*■ M is positive, show that the area of the surface obtained 
by revolving the graph of f around the x-axis is 

f 27if yf\ + (/') 2 . 

Jq 

(b) Compute the area of S 2 . 

13. Let M c M" be an ( n — 1) -dimensional submanifold with orientation (x. 
The outward unit normal v(p) at p e M is defined to be that vector in 

of length 1 such that u(/?), (iq)^, . . . , ( v n -]) p is positively oriented in when 
(v \) p , . . . , (u„_i ) p is positively oriented in M p . 

(a) If M = dN for an ^-dimensional manifold-with-boundary /V C M", then 
v(p) is outward pointing in the sense of Chapter 8. 

(b) Let dV„- ] l^e the volume element of M determined by the Riemannian 
metric it acquires as a submanifold of M n . Show that if we consider v(p) as an 
element of M”, then 


dV n -Rp)((vx) p , . . . ,{v n -i)p) = det 


HP) 

V\ 
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Conclude that dV„-\(p) is the restriction to M p of 

n 

^(“1) I_1 v‘(p) dx\p) A • • • A dx‘(p) A ■ • • A dx n (p). 

1=1 

(c) Note that i>i x • • - x v n -\ = av(p) for some a e M (by Problem 5). Show 
that for w e M" we have 


(UJ S v(p)) . (Uj X - X V n - U v(p)) = (U),Ui X ••• X U„_i). 

Conclude that 

v 1 (p) ■ dV n ~\(p) ~ restriction to M p of 

(~\y-'dx'(p) A--. AdxUj) A--. Adx n (p). 

(d) Let M c M 71 be a compact ^-dimensional manifold-with-boundary, with v 
the outward unit normal on BM. Denote the volume element of M by dV n> 
and that of BM by dV n - j. Let X = ]Th a l B/Bx l be a vector field on M. Prove 
the Divergence Theorem : 

f div X dV n = f (X>v)dV n -\ 

JM Jd M 

(the function div.Y is defined in Problem 7-27). Hint'. Consider the form a> 
on M defined by 

n 

Q) = ^(~ l) i- V dx ] A • • • A dx* A ■ ■ ■ A dx n . 

i=1 

(e) Let M c M 3 be a compact 2-dimensional manifold-with- boundary, with 
orientation ^ and outward unit normal v. Let T be the vector field on BM 
consisting of positively oriented unit vectors. Denote the volume element of M 
by dA, and that of BM by ds. Let A' be a vector field on M. Prove (the original) 
Stokes’ Theorem'. 

f (V x X,v)dA= f ( X,T)ds 
Jm Jbm 

(V x A is defined in Problem 7-27). 


14. (a) Let V„ be the volume of the unit ball in M 71 . Show that 
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(b) If I n = j (1 — x 2 )^ dx , show that 


/ - W “ 1 / 
in — in- 2* 


n 


(c) Using V\ = 2, Vi ~ 7T, show that 


' n nf 2 


Vn = < 


(n/2)! 

2 (*+ l )/2 7 r (/ I -1)/2 

”T- 3 • 5 ■ -7n 


« even 

n odd, 

7i n ! 2 


(In terms of the F function, this can be written — .) 

v F( 1 + n/2) ' 

(d) Let A n -\ be the (/t — l)-volume of S’” -1 . Using the method of proof in 

Corollary 8-8, but reversing the order of integration, show that 

i 


V„ = f r"-'A„ 

Jo 


-i dr = ~A n - 1 . 
n 


(e) Obtain this same result by applying the Divergence Theorem (Problem 13), 
with X(p) = p p . 


15. (a) Let c : [0, 1] — » M” be a differentiable curve, where M" has the usual 
Riemannian metric ( , ) = ^2,-dx 1 ® dx 1 . Show that 


L(c) =. 



n 


N 


£[(r')'(0] 2 dt. 
1 = 1 


(b) For the special case c: [0, 1] — > M 2 given by c(t) = show that this 

length, 

f v/l+[/'(')] 2 dt, 

is the least upper bound of the lengths of inscribed polygonal curves. 



Hint : If the inscribed polygonal curve is determined by the points (/,-,£•(//)) for 
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a partition 0 = to <■■■</„ — 1 of [0, 1], then we have 

left) - c(/i-i)l = 7 (n ~ u- O 2 + (fiu) ~ fiti- o) 2 

= y^- ) 2 + /'(^)^ - u~\ ) 2 


for some £/ e [//_i , //]. 

(c) Prove tile same result in the general case. Hint'. Use the results of Prob- 
lem 8-1, and uniform continuity of V on a compact set. 

It is natural to suppose that the area of a surface is, similarly, the least upper 
bound of the areas of inscribed polygonal surfaces, but as H. Schwarz first 
observed, this least upper bound is infinite for a bounded portion of a cylinder! 
To illustrate Schwarz’s example I have plagiarized the following picture from a 
book called MavieMamunecnuu Amojiiu na M-Hozoo6pa3unx , written by someone 
called M. CiiwiiaK. 



To increase the number of triangles, we maintain the hexagonal arrangement, 
bm move the planes of the hexagons closer together, so that the triangles are more 
nearly in a plane parallel to the bases of the cylinder. In this way, we can increase 
the number of triangles indefinitely, while the area of each approaches hi /2. 


The topic of surface area for non-differen liable surfaces is a complex one, which 
we will not go into here. 
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16. Let c: [0, 1] — » M be a curve in a manifold M with a Riemannian metric 
( , }. If p: [0, 1] — » [0, 1] is a diffeomorphism, show that 

L(c) = L(co p ). 


17. Show that the metric d on M may be defined using C°°, instead of piece- 
wise C°° curves. (Show how to round off corners of a piecewise C°° path so that 
the length increases by less than any given t > 0; remember that the formula 
for length involves only first derivatives.) 

18. (a) Let B C M be homeomorphic to the ball {p e M" : \p\ < 1} and let 
S C M be the subset corresponding to {p e M” : \p\ = 1}. Show that M ~ S 
is disconnected, by showing that M — B and B ~ S are disjoint open subsets of 
M~S. 

(b) I f p & B ~ S and q e M — B, show that d(p,q) > min d(p,q'). Use 

q'eS 

this fact and Lemma 7' to complete the proof of Theorem 7. (In the theory of 
infinite dimensional manifolds, these details become quite important, for M~S 
does not have to be disconnected, and Theorem 7 is false.) 


19. (a) By applying integration by parts to the equation on pages 318-319, 
show that 


dJ(a («)) 
du 


«= o 


/ 


d 2 oc 

dudt 


( 0,0 


dF 

l^(',/(0,/'(0) 


/' 


3 F 

J^(t,f(t),f'(t))dt dt ; 


this result makes sense even if / is only C 1 . 

(b) Du Bois Reymond's Lemma. If a continuous function g on [a,b] satisfies 

b 

r\'{t)g{t)dt =0 



for all C°° functions rj on [a,b] with q(a) = r)(b ) = 0, then g is a constant. 
Hint: The constant c must be 


c = 


1 

b — a 



du. 


We clearly have 


f 


'/(OfetO 


- c]dt = 0, 


so we need to find a suitable t] with rj'(t) = g(t) — c. 

(c) Conclude that if the C 1 function / is a critical point of 7, then / still satisfies 
the Euler equations (which are not a priori meaningful if f is not C 2 ). 
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20* The hyperbolic sine, hyperbolic cosine, and hyperbolic tangent functions 
sinh, cosh, and tanh are defined by 

e x — e~ x , e x + e~ x sinh x 

sinhx = , cosh x = , tanhx = . 

2 2 cosh a' 


(a) Graph sinh, cosh, and tanh. 

(b) Show that 

2 2 
cosh — sinh = 1 

tanh 2 + l/cosh 2 = 1 

sinh(x + y) = sinh x cosh y + cosh x sinh y 
cosh(x + y) = cosh x cosh y + sinh x sinh y 
sinh' = cosh 
cosh' = sinh . 


(c) For those who know about complex power series: 


. sintx 

sinh x = , cosh x = cos ix. 

i 


(d) The inverse functions of sinh and tanh are denoted by sinh 1 and tanh 1 , 
respectively, while cosh*" 1 denotes the inverse of cosh | [0, oo). Show that 


sinh (cosh 1 x) = Vx 2 — 1 

cosh(sinh~' x) = V 1 + A' 2 

cosh(tanh -1 x) = * 

yf \ — x 1 


(sinh -1 )'(x) 


(cosh ')'(x) 


1 

y i + x 2 

i 


21. Consider the problem of finding a surface of revolution joining two circles 
of radius 1, situated, for convenience, at ci and ~a. We are looking for a function 
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of the form 


f(x) =c cosh 


A' 

C 


where c is supposed to satisfy 


, a 

c cosh - = 1 (c > 0). 
c 

(a) There is a unique yo > 0 with tanhyo = 1/yo- Examine the sign of 1 fy~ 
tanh y for y > 0. 

(b) Examine the sign of cosh y — y sinh y for y > 0. 

(c) Let 

A a {c ) = c cosh - c > 0. 
c 

Show that A a has a minimum at a/yo, t ^ ie va ^ ue of A a there, and sketch 
the graph. 

(d) There exists c with ccosha/c = 1 if and only if a < yo/ coshyo. If a = 
yo/ cosh yo, then there is a unique such c, namely c = a/yo = 1/ coshyo. If 
a < yo/ coshyo, then there are two such c , with c\ < a/yo < c%. It turns out 
that tile surface for ci has smaller area. 



(e) Using Problem 20(d), show that 


yo 

cosh y 0 



- 1 . 


[yo ~ 1 .2, so \/yo 2 — 1 ~ .67.] 
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[These phenomena can be pictured more easily if we use the notion of an 
envelope— c.f. Volume III, pp. 176ff The envelope of the 1-parameter family 
of curves 

x 

fc(x ) = c cosh — 
c 

is determined by solving the equations 


dfc(x) 




dc 


, X X . A' 

cosh sinh — . 

c c c 


We obtain 

x , x , 

— = ±;>0) y = c cosh — = c cosh y 0) 
c c 

so the envelope consists of the straight lines 

cosh y 0 

y = ± x. 

Jo 


The unique member of the family through (yo/ cosh yen 1) is tangent to the 
envelope at that point. Fbr a < yo/ cosh yo, the graph of / CJ is tangent to 



the envelope at points P>Q e (—a > a) > but the graph of f C2 is tangent to the 
envelope at points outside [—«,«]. The point Q is called conjugate to P along 
the extremal f Cl , and it is shown in the calculus of variations that the existence 
of this conjugate point implies that the portion of f Ci from P to (a, 1) does no! 
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give a local minimum for J f V 1 + (/') 2 ■ (Compare with the discussion of 

conjugate points of a geodesic in Volume IV, Chapter 8, and note the remark 
on pg V.396.)] 

22. All of our illustrations of calculus of variations problems involved an F 
which does not involve t , so that the Euler equations are actually 




(a) Show that for any / and F : M 2 — > M we have 

±( F _ r?!L\= r\*L-L*L 

dt\ J By) J |_ a * dt By 
and conclude that the extremals for our problem satisfy 

F~f^=0. 

dy 

(b) Apply this to F( x, y) = xV 1 + y 2 to obtain directly the equation dyjdx = 
yfcy*-— \ which we eventually obtained in our solution to the problem. 


23. (a) Let a' and x' be two coordinate systems, with corresponding gjj and g'ij 
for the expression of a Riemannian metric. Show that 


dx f y 


E 

1 


3 gij Bx k dx l dx-i 
Bx k Bx /y dx ta dx'P 


* f Bx ! B 2 x J 

+ ^ gij 
i,y=1 


dx-i B 2 x ! \ 
dx'P Bx ,a Bx ry J ’ 


(Id) For the corresponding [ij,k] and [&I3,yY> show that 


[<xP,Y]' 


V" r ,, dxJ dxk , V" 

^’^dx^dx^dx^ + ^ 




i,j=\ 


Bx* d 2 x J 
dx ty dx ,a dx'P ’ 


so that [ij,k] are not the components of a tensor, 

(c) Also show that 


r ,y = V r k dxi dxJ dx ' y 
“0 ^ iJ dx fct dx'P dx k 

i,j\k = 1 



d 2 x ! dx ,y 
dx ,a dx'P dx 1 


24. Show that any C°° structure on M is diffeomorphic to the usual C°° struc- 
ture. (Consider the arclength function on a geodesic for some Riemannian 
metric on M.) 
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25. Let ( , ) = dx l ® dx l be the usual Riemannian metric on R rt , and 
let '£ijgijdu‘ ® du k be another metric, where w 1 ,...,*/ 1 again denotes the 
standard coordinate system on R". Suppose we are told that there is a diffeo- 
morphism / : R” R” such that Yij gij du 1 — /*( , ). How can we 

go about finding /? 

(a) Let df/du 1 = e,- : R" — > R". If we consider e, as a vector field on R", show 
that /*(3/3 m') = e/. 

(b) Show that gjj = (e h ej). 

(c) To solve for / it is, in theory at least, sufficient to solve for the e,-, and to 
solve for these we want to find differential equations 


da 


3m j 



e r 


satisfied by the fTs- Show that we must have 


bijjc = f = E 


r=I 


!=\ 


3 2 f ! 

3w'3w^ 


3 m* 


(d) Show that 


3 gu _ A a 2 / 7 df d 2 / 1 d / 1 

3m* “ 3w' 3 m* 3m-> 3m->3m* 3m' 

n 

= * 

(e) By cyclically permuting /, j\ k , deduce that 

&ij,k = [0s^]s 

/ 

so that >4F = F ; y . In Logons sur la Geometrie des Espaces do Riemann , E. Car tan uses 
this approach to motivate the introduction of the F z * . 

(f) Deduce the result = F£ directly from our equations for a geodesic. 
(Note that the curves obtained by setting all but one /' constant are geodesics, 
since they correspond to lines parallel to the x'-axis.) 
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26. If (R', ( , )') and (V'", ( , )") are two vector spaces with inner products, 
we define ( , ) on V = V 1 © V” by 

(t/ © u", w' © u>") = (t/, w'Y + (u", w"Y'. 


(a) Show that ( , } is an inner product. 

(b) Given Riemannian metrics on M and it follows that there is a natural 
way to put a Riemannian metric on M x N. Describe the geodesics on M x N 
for this metric. 

27. (a) Let y: [a,b] -*■ M be a geodesic, and let p : [a,jS] -*■ [u.b] be a 
diffeomorphism. Show that c = y o p satisfies 


d 2 c k 

~dri 


n 

+ E r $( f W) 


i,J=l 


dc l dci dc k p"(t) 
dt dt ~~ dt p'{i) 


(b) Conversely, if c satisfies this equation, then y is a geodesic. 

(c) If c satisfies 


d 2 c k 

~dri 


n 

+ E r 5 (<•(')) 

Uj~ i 


dc l dc-t 

~di~di 


dc k 



for (x\ 


5 


then c is a reparameterization of a geodesic. (The equation p"(t) = p f {t)p,{t) 
can be solved explicitly: p{t) ~ f* ds , where M’{s) = juts).) 

28. Let c be a curve in M with dc/dt ^ 0 everywhere, and consider the hy- 
persurfaces 

{exp C (|)U : ||u|| = constant, where v e M c ^ with (t ), dc/dt) = 0}. 

Show that for u e M c (,) with (u, dc/dt) = 0, the geodesic w i-» exp C ( r )« • v 
is perpendicular to these hyper surfaces. (Gauss 5 Lemma is the “special case” 
where c is constant.) 
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29. Let y: [a^b] — * M be a geodesic with yfiv) = /?, and suppose that exp^ is 
a difieomorphism on a neighborhood (9 C M p of {/y'(0) : 0 < / < 1}. Show 
that y is a curve of minimal length between p and q = y(6), among all curves 
in exp ((9). (Gauss’ Lemma still works on exp ((9),) 

30. If ( , ) is a Riemannian metric on M and d : M x M —> M is the corre- 
sponding metric, then a curve y : [a,b\ — > M with d(y(a), y{b)) — E{y) is a 
geodesic. 

31. Schwarz^ inequality for continuous functions states that 



with equality if and only if / and g are linearly dependent (over M). 

(a) Prove Schwarz’s inequality by imitating the proof of Theorem 1 (2). 

(b) For any curve y show that 

lL b AY)f <&-<,) E b „(y), 


with equality if and only if y is parameterized proportionally to arclength. 

(c) Let y: [a,b] —> M be a geodesic with E^{y) — y(Z?)). If c{a) = 

y(a) and c(b) ~ y(6), show that 


E(y) ~ 


Y ) 2 < 

b ~ a ~ 


L{c)‘ 


a 


E(c). 


Conclude that E(y) < E(c ) unless c is also a geodesic with 


L b a (c) = d{c{a)>c{b)). 


In particular, sufficiently small pieces of a geodesic minimize energy. 

32. Let p be a point of a manifold M with a Riemannian metric ( , ). Choose 
a basis Ui, . . . , v n of M Pi so that we have a “rectangular” coordinate system x 
on M p given by ]Th a*Vj \-> («' , . . . , a n ); let x be the coordinate system x° exp -1 , 
defined in a neighborhood U of p. 

(a) Show that in this coordinate system we have ^jj(p) = 0. Hint: Recall 
the equations for a geodesic, and note that a geodesic y through p is just exp 
composed with a straight line through 0 in M p , so that each y k is linear. 
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(b) Let r : U —> M be r(q) = d(p,q), so that r o y = ^(y*) 2 . Show that 
d 2 {{r o y) 2 ) _ Y dy k y ^ _2 T-k dy 1 dyj 


dr 


L k x ' ij,k J 


(c) Note that 


dy l dy J < 

“ dt dt “ , 

i,J k 




dt dt 

Using part (a), conclude that if ||y'(0)|| is sufficiently small, then 

d 2 (r oy) 2 


dt 2 


> 0 , 


so that d(r o y) 2 /dt is strictly increasing in a neighborhood of 0. 

(d) Let B s = {u e M p : ||u|| < f} and S e — {u e M p : ||u|| = e}. Show that 
the following is true for all sufficiently small e > 0: if y is a geodesic such that 
y(0) e exp(S’ e ) and such that y'(0) is tangent to expfSU, then there is 8 > 0 
(depending on y) such that y{t) £ expf^e) for 0 ^ £ (—5,5). Hint’. If y'( 0) is 



tangent to expf^), then d(r o y)jdt ~ 0. 

(e) Let q and q f be two points with y{q) i r{q t ) < e and let y be the unique 
geodesic of length < 2e joining them. Show that for sufficiently small e the 
maximum of r o y occurs at either q or q ! . 

(f) A set U CM is geodesically convex if every pair q>q' e U has a unique 
geodesic of minimum length between them, and this geodesic lies completely 
in U. Show that exp({u e M p ; ||u|| < £}) is geodesically convex for sufficiently 
small e > 0. 

(g) Let f\U — > M" be a diffeomorphism of a neighborhood 1/ of 0 e M" 
into M”. Show that for sufficiently small £, the image of the open £-ball is 
convex. 
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33. (a) There is an everywhere differentiable curve c(/) = (/,/(/)) i n such 
that 

length of c\ [0,/i] 

lim — r 2 — - — 1. 

h-* 0 |c(/l) — c(0)| 

Hint: Make c look something like the following picture. 



(b) Consider the situation in Corollary 15, except that c(/) = q if and only if 
t = a, and suppose «'( t) > 0 for t near 0. If c is C 1 , then u(/) approaches a 
limit as t —>■ 0 (even though u(0) is undefined). Show that if c is C 1 , then there 
is some K > 0 such that for all t near 0 we have 


0 < w < 1. 


3a 


da 


< Ku 

37' 1 -' 5 


Hint : In M q we clearly have 


d{u • u(0) 

— I i . 

dv(t) 

dt 

— |W| • 

dt 


Since exp^ is locally a diffeomorplnsm there are 0 < K\ < Ki such that 

KiM < U*P 4 *v\\ < K 2 m 

for all tangent vectors v at points near q, 

(c) Conclude that 


r W[0,A]) 

hm — — — = lim 

A-S-O d(p, c(h)) h -> 0 



3 a 

2 

L r i,) + 


di 


u(h) 


= 1. 
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(d) If c is C 1 , show that L(c) is the least upper bound of inscribed piecewise 
geodesic curves. 



34. (a) Using the methods of Problem 33, show that if c is the straight line 
joining u,uj e M Pi then 

lim :(e>T ° C> =l. 

v,w-*0 L{c) 


(b) Similarly, if y VtW is the unique geodesic joining exp(u) and exp(uj), and 
Yv,w = exp o c VtW , then 


(c) Conclude that 


lim ^4=1. 

v,w->0 L{c v , m ) 

rf(exp u, exp w ) 
lim = 1, 


u,uj— * 0 ||U — tU|| 

35. Let / : M — > N be an isometry. Show that / is an isometry of the met- 
ric space structures determined on M and N by their respective Riemannian 
metrics. 


36. Let M be a manifold with Riemannian metric ( , ) and corresponding 
metric d. Let be a map of M onto itself which preserves the 

metric d. 


(a) If y is a geodesic, then / o y is a geodesic. 

(b) Define /': M p —*■ Mj( P ) as follows: For y a geodesic with y(0) = /?, let 


/'(/( 0)) 


dfiYU)) 


dt 


t = o 


Show that \\f\X) || = || A' ||, and that f'{cX) = cf'{X). 

(c) Given e M p , use Problem 34 to show that 

2{X,Y) \\X\\ 2 + \\Y\\ 2 \\tX-tY\\ 2 


imi-mi 


iia'imifii 
\\x\\ 2 + \\y\\ 2 
iia'ii - uni 


— lim 
/-►o 


ll/A'iMi/yn 

[</(exp/A\ exp/F)] 2 


WtX\\.\\tY\\ 
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Conclude that (A', Y) p = (/'(T), /'(F))^), and then that f\X + F) = 

nX)+f'(Y). 

(d) Part (c) shows that /' : M p —> is a diffeomorphism. Use this to show 

that / is itself a diffeomorphism, and hence an isometry. 

37. (a) For u, w e M n with w ^ 0, show that 

||u + /u)|| - ||u[| (u,uj) 


The same result then holds in any vector space with a Euclidean metric ( , ). 
Him : If v: M” M is the norm, then the limit is Z)d(ii)(u>). Alternately, one 
can use the equation (w, v) = ||«|| • ||u|| - cos# where $ is the angle between u 
and u. 

(b) Conclude that if w is linearly independent of u, then 


lim 

r-9-o 


\\v + tw\\ - ||u|| - [[/mil 
t 


# 0 . 



(c) Let y: [0, 1 ] — ^ M be a piecewise C 1 critical point for length, and suppose 
that y'(f o + ) 7 ^ y'Co~) for some /o e (0,1). Choose t\ < to and consider the 
variation a for which a(a) is obtained by following y up to t\, then the unique 
geodesic from y{t\) to y{to + «), and finally the rest of y. Show' that if t\ is 



close enough to /o : then d L{a{ii)) / ciu\ u=Q 0, a contradiction. Thus, critical 

paths for length cannot have kinks. 
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38. Consider a cylinder 2 C M 3 of radius r. Find the metric d induced by the 
Riemannian metric it acquires as a subset of M 3 . 

39. Consider a cone C (without the vertex), and let L be a generating line. 
Unfolding C — L onto M 2 produces a map / : C — L M 2 which is a local 



isometry, but which is usually not one-one. Investigate the geodesics on a cone 
(the number of geodesics between two points depends on the angle of the cone, 
and some geodesics may come back to their initial point). 

40. Let g: S’" -*■ P" be the map g(p) = [p] = { p , —p). 

(a) Show that there is a unique Riemannian metric (( , )) on P n such that 
g*(( , )) is the usual Riemannian metric on S n (the one that makes the inclusion 
of S” into M n+1 an isometry). 

(b) Show that every geodesic y : M — > P” is closed (that is, there is a number a 
such that y{t +a) = y{t) for all /), and that ever)' two geodesics intersect exactly 
once. 

(c) Show that there are isometries of P" onto itself taking any tangent vector 
at one point to any tangent vector at any other point. 

These results show that P K provides a model for “elliptical” non-Euclidean 
geometry. The sum of the angles in any triangle is > tt. 

41. The Poincare upper half-plane ffl 2 is the manifold {(x, y) e M 2 : y > 0} 
with the Riemannian metric 

dx® dx + dy ® dy 


(a) Compute that 

r| 2 = r; 2 = rj, = - -1 rf, = h aii other r,$ = o. 
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(b) Let C be a semi-circle in M 2 with center at (0, c) and radius R. Considering 
it as a curve t (/,y(/)), show that 

d 2 y«)) _ -/(f) _ y f (t) 2 
dt 2 t - c y(i) 

(c) Using Problem 27, show that all the geodesics in M 2 are the (suitably pa- 
rameterized) semi-circles with center on the x-axis, together with the straight 
lines parallel to the y-axis. 

(d) Show that these geodesics have infinite length in either direction, so that the 
upper half-plane is complete. 

(e) Show that if y is a geodesic and p £ y, then there are infinitely many 
geodesics through p which do not intersect y. 

(f) For those who know a little about conformal mapping (compare with Prob- 
lem IV 7-6). Consider the upper half-plane as a subset of the complex num- 
bers C. Show that the maps 

az + b 

f(z) = a,b,c>d g M, ad ~ be > 0 

cz + d 

are isometries, and that we can take any tangent vector at one point to any 
tangent vector at any other point by some /*. Conclude that if length /1 7? — 
length A'B / and length A C = length A l C‘ and the angle between the tangent 
vectors of ft and y at A equals the angle between the tangent vectors of ft 
and y' at A\ then length BC = length B'C 1 and the angles at B and B' and 
at C and C' are equal (“side-angle-side”). These results show that the Poincare 




upper half-plane is a model for Lobachevskian non-Euclidean geometry. The 
sum of the angles in any triangle is < it. 
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42. Let M be a Riemannian manifold such that every two points of M can be 
joined by a unique geodesic of minimal length. Does it necessarily follow that 
the Riemannian manifold M is complete? 

43. Let M be a manifold with a Riemannian metric ( , ), and choose a fixed 
point p g M. Suppose that every geodesic y: [a,b] -» M with initial value 
y(a) — p can be extended to all of R. Show that the Riemannian manifold M 
is geodesically complete. 

44* Let p be a point in a complete non-compact Riemannian manifold M. Prove 
that there is a geodesic y : [0, oo) M with the initial value y(0) = p t having 
the property that y is a minimal geodesic between any two of its points. 

45. Let M and N be geodesically complete Riemannian manifolds, and give 
M x N the Riemannian metric described in Problem 26. Show that the Rie- 
mannian manifold M x N is also complete. 

46. This problem presupposes knowledge of covering spaces. Let g: M — » N 
be a covering space, where N is a C°° manifold. Then there is a unique C°° 
structure on M which makes g an immersion. If ( , ) is a Riemannian metric 
on N, then g*{ , ) is a Riemannian metric on M, and (M ,g*( , )) is complete 
if and only if (//,(,)) is complete. 

47. (a) If M n C N n+k is a submanifold of N, show that the normal bundle v 
is indeed a k -plane bundle. 

(b) Using the notion of Whitney sum © introduced in Problem 3-52, show that 

v@TM ~ (TN)\M, 

48. (a) Show that the normal bundles V \ , Vi of M n C N n+k defined for two 
different Riemannian metrics are equivalent. 

(b) If £ = jt : E — > M is a smooth /c-plane bundle over M n , show that the 
normal bundle of M C E is equivalent to £. 

49. (a) Given an exact sequence of bundle maps 

/ S 

0 — > E i — > E 2 — ► Ei — > 0 

as in Problem 3-28, where the bundles are over a smooth manifold M [or, more 
generally, over a paracompact space], show that Ei — E\ © E 3. 

(b) If £ = jt: E M is a smooth bundle, conclude that TE ^ jr*(£) © 
7 
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50. (a) Let M be a non-orientable manifold. According to Problem 3-22 there 
is 5 ] c M so that (TM)\S l is not orientable (the Problem deals with the case 
where ( TM)\S l is always trivial, but the same conclusions will hold if each 
( TM)\S ] is orientable; in fact, it is not hard to show that a bundle over S l is 
trivial if and only if it is orientable). Using Problem 47, show that the normal 
bundle v of S 1 C M is not orientable. 

(b) Use Problem 3-29 to conclude that there is a neighborhood of some S l c M 
which is not orientable. (Thus, any non-orientable manifold contains a "fairly 
small” non-orientable open submanifold.) 



CHAPTER 10 
LIE GROUPS 


T his chapter uses, and illuminates, many of the results and concepts of the 
preceding chapters. It will also play an important role in later Volumes, 
where we are concerned with geometric problems, because in the study of these 
problems the groups of automorphisms of various structures play a central role, 
and these groups can be studied by the methods now at our disposal. 

A topological group is a space G w'hich also has a group structure (the product 
of a,b e G being denoted by ab) such that the maps 

( a , b) ab from G x G to G 

a a~ l from G to G 

are continuous. It clearly suffices to assume instead that the single map ( a , b ) t-*- 
ab~ l is continuous. We will mainly be interested in a very special kind of 
topological group. A Lie group is a group G w'hich is also a manifold with a 
C°° structure such that 

(a, y) xy 
X x~ l 

are C°° functions. It clearly suffices to assume that the map (a, y) a;’” 1 
is C°°. As a matter of fact (Problem 1), it even suffices to assume that the map 
(x, ;>) xy is C°°. 

The simplest example of a Lie group is M”, with the operation + . The 
circle S ] is also a Lie group. One way to put a group structure on 5 1 is to 
consider it as the quotient group M/Z, where Z C M denotes the subgroup 
of integers. The functions a' cos 2jta' and x sin 2jix are C°° functions 
on M/Z, and at each point at least one of them is a coordinate system. Thus 
the map 

(a', ;0 H’ x - y xy 
m mm 

RxR — > M — > 5 1 = M/Z. 
which can be expressed in coordinates as one of the two maps 

(a', ;>) cos 2jt(a' — ;>) = cos 2jta' cos 2j iy + sin 2jtx sin 2ny 

(a - , y) sin 2jt (A' — = sin 2jta: cos 2j iy — cos 2ttx sin 2jt>’, 

is C°°: consequently the map (a',t) xy~ l from S l x S 1 to S l is also C°°. 
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If G and H are Lie groups, then G x H, with the product C°° structure, 
and the direct product group structure, is easily seen to be a Lie group. In 
particular, the torus S 1 x S ] is a Lie group. The torus may also be described 
as the quotient group 


R x R/(Z x Z): 


the pairs (a, b) and (<T,6') represent the same element of S ] x S ] if and only 
if a! — a e Z and b’ — b & Z. 

Many important Lie groups are matrix groups. The general linear group 
GL(/t,R) is the group of all non-singular real a x n matrices, considered as a 
subset of R w ~. Since the function del : R”~ — » R is continuous (it is a polynomial 
map), the set GL(«,R) = det“*(R — {0}) is open, and hence can be given the 
C°° structure which makes it an open submanifold of R w ~. Multiplication of 
matrices is C°°, since the entries of A B are polynomials in the entries of A 
and B. Smoothness of the inverse map follows similarly from Cramer’s Rule: 

= det A ,J '/ det A, 

where A is the matrix obtained from A by deleting row i and column j. 

One of the most important examples of a Lie group is the orthogonal group 
O («), consisting of all A e GL(«,R) with A ■ A i = /, where A i is the transpose 
of A. This condition is equivalent to the condition that the rows [and columns] 
of A are orthonormal, which is equivalent to the condition that, with respect 
to the usual basis of R", the matrix A represents a linear transformation which 
is an “isometry”, i.e., is norm preserving, and thus inner product preserving. 
Problem 2-33 presents a proof that 0(/t) is a closed submanifold of GL(n,R), 
of dimension n(n — l)/2. To show that 0(/t) is a Lie group we must show that 
the map (x,.v) xy~ ] which is C°° on GL(«,R), is also C°° as a map from 
O(w) x O(w) to O(h)- By Proposition 2-1 1, it suffices to show that it is continuous; 
but this is true because the inclusion of 0(/t) — » GL(«,R) is a homeomorphism 
(since 0(«) is a submanifold of GL(«,R)). Later in the chapter we will have 
another way of proving that O(w) is a Lie group, and in particular, a manifold. 

The argument in the previous paragraph shows, generally, that if H C G is a 
subgroup of G and also a submanifold of G, then H is a Lie group. (This gives 
another proof that S ] is a Lie group, for S 1 C R 2 can be considered as the group 
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of complex numbers of norm 1 . Similarly, S 3 is the Lie group of quaternions 
of norm 1. It is know that these are the only spheres which admit a Lie group 
structure.) It is possible for a subgroup H of G to be Lie group with respect to 
a C°° structure that makes it merely an immersed submanifold. For example, 
if L C M x M is a subgroup consisting of all (x, cx) for c irrational, then the 



image of LinS 1 x S ] =Mx M/(Z x Z) is a dense subgroup. We define a Lie 
subgroup H of G to be a subset H of G which is a subgroup of G, and also a 
Lie group for some C°° structure which makes the inclusion map /://—> G an 
immersion. As we have seen, a subgroup which is an (imbedded) submanifold 
is always a Lie subgroup. It even turns out, after some work (Problem 18), that 
a subgroup which is an immersed submanifold is always a Lie subgroup, but we 
will not need this fact. 

The group OOO is disconnected; the two components consist of all A e 0(«) 
with det/1 = 4-1 and det/1 = — 1, respectively. Clearly SO(«) = {A e O(n) : 
det A = 1}, the component containing the identity /, is a subgroup. This is not 
accidental. 

1 . PROPOSITION. If G is a topological group, then the component K con- 
taining the identity e e G is a closed normal subgroup of G. If G is a Lie 
group, then K is an open Lie subgroup. 

PROOF. If a g A, then a~ l K is connected, since b a~ l b is a homeomor- 
phism of K to itself. Since e = a~ ] a e a~ l K, we have a~ x K C K. Since this 
is true for all a e K, we have K~ l K C K , which proves that A' is a subgroup. 

For any b e G, it follows similarly that bKb~ l is connected. Since e e bKb ~ l , 
we have bKb~ x C K, so K is normal. Moreover, K is closed since components 
are always closed. 

If G is a Lie group, then K is also open, since G is locally connected, so K 
is a submanifold and a subgroup of G. Hence A' is a Lie subgroup. *X* 

The group SO(2) is just 5 ] , which we have already seen is a Lie group. As 
a final example of a Lie group, we mention E(n), the group of all Euclidean 



374 


Chapter 10 


motions, i.e.. isometries of M w . A little argument shows (Problem 5) that even' 
element of £(«) can be written uniquely as A • r where A C 0(«)> and r is a 
translation. 

r(*) = x a (x) = x + a. 

We can give EQi) the C°° structure which makes it diffeomorphic to 0(«) x R". 
Now E{n) is not the direct product 0(/t) x 1" as a group, since translations and 
orthogonal transformations do not generally commute. In fact. 

Ar a A~ ] (x) = A(A~ ] x+a) = x + A(a) = T Ma) (x), 


so 

At a A~ l = t A{a ), Ar a = T A ( a )A . 

Consequently, 

AT a (Br b )~ I = Ar a TbB~ l = Ar a ~bB~ l 
= AB TjS(a~b): 

which show's that E(n) is a Lie group. Clearly the component of e e E{n) is 
the subgroup of all Ax with A e SO(/t). 

For any Lie group G, if a G G we define the left and right translations. 
L a : G G and R a : G G, by 

L a {b ) = ab 
R a {b ) = ba. 

Notice that L a and R a are both difleomorphisms, w'ith inverses L a ~ i and R a ~ i . 
respectively. Consequently, the maps 

L a * '■ G b G a b 
Ra* : Gb -> Gba 

are isomorphisms. A vector field X on G is called left invariant if 

L a *X = X for all a g G. 

Recall this means that 

La* X b = %ab for all a,b e G. 

It is easy to see that this is true if we merely have 

L a * X e = X a for all a e G. 

Consequently, given X e G G e . there is a unique left invariant vector field X 
on G which has the value X e at e. 
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2. PROPOSITION. Every left invariant vector field I on a Lie group G 
is C°°. 

PROOF. It suffices to prove that X is C °° in a neighborhood of e, since the 
diffeomorphism L a then takes X to the C°° vector field L a *X around a (Prob- 
lem 5-1). Let (jx :,U) be a coordinate system around e. Choose a neighbor- 
hood V of e so that a t b e V implies ab~ l g U. Then for a e V we have 

Xx\a) = L a *X e (x l ) 

= X e (x i oL a ). 


Since the map (a, b) ab is C°° on V x V we can write 

x‘(ab) = x‘L a (b ) = f*(x l (a ),.. . , x”(a) t x 1 (b), . . .,x n (b)) 
for some C°° function f‘ on x(V) x x(K). Then 

v’fsA — Y (G 


Xx'(a ) = X e (x‘oL a ) 


■ d(x‘ o L a ) 
dxJ 


= E 

;=i 
w 

= ^VA.+y/W), *(«•)). 

j = I 


where X e = c J - — r 

dx J 
j~ i 


which shows that X x s is C°°. This implies that X is C°°. ♦> 


3. COROLLARY. A Lie group G always has a trivial tangent bundle (and is 
consequently orientable). 

PROOF. Choose a basis X\ e , . . . , X„ e for G e . Let X \ , . . . , X n be the left invari- 
ant vector fields with these values at e. Then X\ , . . . , X n are clearly everywhere 
linearly independent, so we can define an equivalence 

f: TG -+G x K" 




376 


Chapter 10 


A left invariant vector field X is just one that is L a -related to itself for all a . 
Consequently, Proposition 6-3 shows that [X, Y] is left invariant if X and Y are. 
Henceforth we will use X , Y, etc., to denote elements of G e , and X, Y, etc., to 
denote the left invariant vector fields with X(e) = X, Y(e ) — Y , etc. We can 
then define an operation [ , ] on G e by 

[X,Y]=[X,Y](e). 

The vector space G e , together with this [ , ] operation, is called the Lie algebra 
of G, and will be denoted by X(G). (Sometimes the Lie algebra of G is defined 
instead to be the set of left invariant vector fields.) We will also use the more 
customary notation g (a German Fraktur g) for X(G). This notation requires 
some conventions for particular groups; we write 

gl(/i,R) for the Lie algebra of GL(n,R) 

o(h) for the Lie algebra of O(h). 

In general, a Lie algebra is a finite dimensional vector space V, with a bilinear 
operation [ , ] satisfying 

[A\ X] = 0 

[[X, y], Z] + [[Y, Z],X] + [[Z, XI Y]= 0 “Jacobi identity” 
for all X, Y, Z e V. 

Since the [ , ] operation is assumed alternating, it is also skew-symmetric, 
[X, Y] = — [Y, X]. Consequently, we call a Lie algebra abelian or commutative 
if [X, Y] ^ 0 for all X, Y 

The Lie algebra of is isomorphic as a vector space to R". Clearly ^(R") 
is abelian, since the vector fields d/dx 1 are left invariant and [d/dx 1 , d/dx J ] = 0. 
The Lie algebra X(S ] ) of S ] is 1 -dimensional, and consequently must be 
abelian. If Vi are Lie algebras with bracket operations [ , ],■ for / = 1,2, then 
we can define an operation [ , ] on the direct sum V = V\ ® V 2 (= V\ x F 2 as 
a set) by 

UXi,XlUY l ,Y i )] = (lXi,Y l ] l ,lX i ,Y 2 h). 

It is easy to check that this makes V into a Lie algebra, and that £{G x H ) 
is isomorphic to X(G) x X(H) with this bracket operation. Consequently, the 
Lie algebra ^(S 1 x ■ • ■ x 5 ] ) is also abelian. 

The structure of gI(«,M) is more complicated. Since GL(«, M) is an open 
submanifold of M n ~, the tangent space of GL(/J,M) at the identity / can be 
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identified with R w . If we use the standard coordinates x ,J on R n ", then an n x n 
(possibly singular) matrix M = ( M,j ) can be identified with 

a 


m, = Y j m u 




Bx'J 


Let M be the left invariant vector field on GL(w, R) corresponding to M. Wc 
compute the function Mx kl on GL(«,R) as follows. For ever)' A e GL(n,R), 

Mx k, (A) = MA^') = L A ,M,(x kl ) = M,(x kl o L A ). 

Now' the function x kl o La : GL(/i,R) — » GL(h,R) is the linear function 

n 

(x kl o La)(B) = X kl (AB ) = L AlcaBal, 


a=] 


with (constant) partial derivatives 


So 


3 ( kl j x _ / A ki J ~ I 

3a"7 ( A) \o j^i. 


Mx kl (A) = Mj (x kl o L a ) = J^M u ^j(x kl o L A ) 

ij 

ti n 

= Yl MilAki = y'.MatAfcg. 


i=i 


a=l 


Thus, 


-LMx k ' = { Mjl k = i 

dx'J \ 0 k^i. 


So if TV is another n x n matrix, we have 


N,(Mx kl ) = J^Nij-Xjj (Mx“) 


IjJ 

n 


= L N kjMji = (NM)kh 

j = 1 


From this we see that 


[M, N]i = - NM) kl —j; 

k,l dx 
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n 

thus, if we identify g!(n,R) with M n ", the bracket operation is just 

[M,N] = MN -NM. 


Notice that in any ring, if we define [a, b] = ab — ba , then [ , ] satisfies the 
Jacobi identity. 

Since 0(«) is a submanifold of GL(n, K) we can consider O («)/ as a subspace 
of GL(/t,R)/, and thus identify o («) with a certain subspace of . This 
subspace may be determined as follows. If A : (— e,e) — »■ 0(«) is a curve with 
A (0) = /, and we denote (/! (/))// by Ajj(t), then 

n 

^ ] AjkOAjkO ~ $ij ; 
k=\ 

differentiating gives 

A ik f (0)8j k +d i kAj k f (0)=0, 

which shows that 

V(o) = -V(o)* 

# 

Thus O (n)j C M”' can contain only matrices M which are skew-symmetric, 


/ 


0 M \ 2 M \ 3 . . . M\ n 
-M\2 0 


M = 


— M\ 3 


0 



0 


/ 


This subspace has dimension n{n — 1 )/ 2 , which is exactly the dimension of O(h); 
so 0(«)y must consist exactly of skew-symmetric matrices. If we did not know 
the dimension of 0 (/j)> we could use the following line of reasoning. For each 
?, j with i < y, we can define a curve A : M — » 0(«) by 


/' 

A(t) = 

\ 


t 


cos t 


— sin t 


J 


sin t 

cos t 


\ 


t 



(rotation in the (/, 7 )-plane) 
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with sin / and — sin / at (i\j) and 1 ’s on the diagonal except at (/,/) and 

O', j), and 0 : s elsewhere. Then the set of all y4'(0) span the skew-symmetric ma- 
trices. Hence 0(»)/ must consist exactly of skew-symmetric matrices, and 0(«) 
must have dimension n(n — 1 )/2. 

We do not need any new calculations to determine the bracket operation 
in o(/7). In fact, consider a Lie subgroup H of any Lie group G, and let i \ H ^ 
G be the inclusion. Since /* : H e — > G e is an isomorphism into, we can identify 
H e with a subspace of G e . Any X e H e can be extended to a left invariant 
vector field X on H and a left invariant vector field X on G. For each a e H C 
G, we have left translations 

L a \ H H. L a :G -> G 

and 

L a oi = i o L a - 

So 

— i*L ait X — La*(j*X^) — X{cL). 

In. other words, X and X are /-related. Consequently, if Y e H e -> then [X,Y] 
and [X, Y ] are /-related, which means that 

[X,Y](e)=U([X,Y](e)). 

Thus, H e C G e = is a subalgebra of p, that is, H e is a subspace of which is 
closed under the [ , ] operation; moreover, H e with this induced [ , ] operation 
is just I) = £(H). 

This correspondence between Lie subgroups of G and subalgebras of g turns 
out to work in the other direction also. 

4. THEOREM. Let G be a Lie group, and I) a subalgebra of g. Then there 
is a unique connected Lie subgroup H of G whose Lie algebra is I). 

PROOF. For a e G, let A a be the subspace of G a consisting of all X ( a ) for 
X e t). The fact that I) is a subalgebra of g implies that A is an integrable 
distribution. Let H be the maximal integral manifold of A containing e. If 
b G G, then clearly Z,£*( A a ) = A* a , so L** leaves the distribution A invariant. 
It follows immediately that Lb permutes the various maximal integral manifolds 
of A among themselves. In particular, if b e H, then Lb~i takes H to the 
maximal integral manifold containing Lb~i(b) = e , so Lb~i(H) = H. This 
implies that H is a subgroup of G. To prove that it is a Lie subgroup we just 
need to show that (fl, b) ab~ l is C°°. Now this map is clearly C°° as a map 
into G. Using Theorem 6-7, it follows that it is C°° as a map into H. 

The proof of uniqueness is left to the reader. ♦> 
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There is a very difficult theorem of Ado which states that every Lie algebra 
is isomorphic to a subalgebra of GL(A^M) for some N. It then follows from 
Theorem 4 that every Lie algebra is isomorphic to the Lie algebra of some Lie group. Later 
on we will be able to obtain a “local” version of this result. We will soon see to 
what extent the Lie algebra of G determines G. 

We continue the study of Lie groups along the same route used in the study 
of groups. Having considered subgroups of Lie groups (and subalgebras of their 
Lie algebras), we next consider, more generally, homomorphisms between Lie 
groups. If <p: G H is a C°° homomorphism, then <j>* e \ G e H e . For any 
a & G we clearly have 

(j> o L a = Lff,( a f ° <j> , 

so if A' G and X = <p* e X is the left invariant vector field on H with 
value <f>* e X at e, then 

P*aX (fl) — (j>* a L a #X = X 

= X(<j>(a)). 

Thus X and X are ^-related. Consequently, the map p * e : — > I) is a Lie 

algebra homomorphism, that is, 

(f>* e (aX + bY ) = a<j>* e X + bp* e Y 

P*e\X , F] = [(f># e X, 0*^F]. 

Usually, we will denote <f>* e simply by : cj I). 

For example, suppose that G = H = K. There are an enormous number 
of homomorphisms (f>\ M — » M, because M is a vector space of uncountable 
dimension over Q, and every linear transformation is a group homomorphism. 
But if <f> is C°°, then the condition 

0(^+0 = 0 ( 5 ) + 0(0 

implies that 

d<f>(t + s) dp(s) 

ds ds 

evaluating at s = 0 gives 

0 # (O = 0'(O), 

which means that <f>(t) = ct for some c (= 0'(O)). It is not hard to see that even 
a continuous <f> must be of this form (one first shows that p is of this form on the 
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rational numbers). We can identify <£(R) with R. Clearly the map <f>* : R R 
is just multiplication by c. 

Now suppose that G = R, but H = S ] = R/Z. A neighborhood of the 
identity e e 5 1 can be identified with a neighborhood of 0 e R, giving rise to an 
identification of °C(S ] ) with R. The continuous homomorphisms <p: R S 1 
are clearly of the form 

R R — ► R/Z; 

once again, 0* : R R is multiplication by c. 

Notice that the only continuous homomorphism <f>\ S ] — * R is the 0 map 
(since {0} is the only compact subgroup of R). Consequently, a Lie algebra ho- 
momorphism q — > I) may not come from any C°° homomorphism (j>\ G — » H. 
However, we do have a local result. 

5. THEOREM. Let G and H be Lie groups, and <1> : g — > a Lie algebra 
homomorphism. Then there is a neighborhood U of e G G and a C°° map 
4>:U H such that 

<f>(ab) = <f>(a)<f>(b) when a, b,ab e f/, 

and such that for every X G a, we have 

4>* e X = Q(X). 

Moreover, if there are two C°° homomorphisms 0, \}/ : G — > H with (j>^ e = 
if*e = and G is connected, then <f> = \f/. 

PROOF. Let f (German Fraktur k) be the subset f C g x f) of all (X, 4>CT)), for 
X e fl. Since <h is a homomorphism, f is a subalgebra of x h = X(G x//). By 
Theorem 4, there is a unique connected Lie subgroup K of G x H whose Lie 
algebra is f. If jtj : G x H <7 is projection on the first factor, and co = jtj | K 3 
then to : K — » G is a C°° homomorphism. For X e p we have 

a>*{X,<t>{X)) = X : 

so w*: K(e, e ) * G e is an isomorphism. Consequently, there is an open neigh- 
borhood V of (<?,£•) e K such that co takes V diffeomorphically onto an open 
neighborhood U of e e G. If ttz : G x H H is projection on the second 
factor, we can define 

0 — jr on U . 
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The first condition on <f> is obvious. As for the second, if X e g, then 




so 

4>*X = 7T2*(X,<t>(X)) = <t>(X). 

Given 0,^ : G — » H, define the one-one map 6 : G — > G x H by 

6(a) = (a,x}/(a)). 

The image G' of 6 is a Lie subgroup of G x H and for X e g we clearly have 

e*x = (x,<t>(X)i 

so X(G f ) = f. Thus <?' = K, which implies that p(a) ~ <f>(a) for all a & G. ♦> 

6. COROLLARY. If two Lie groups G and H have isomorphic Lie algebras, 
then they are locally isomorphic. 

PROOF. Given an isomorphism 4> : g 1), let (j> be the map given by Theo- 
rem 5. Since (j>* e = 4> is an isomorphism, 0 is a dififeomorphism in a neighbor- 
hood ofreG. ♦> 


Remark : For those who know about simply-connected spaces it is fairly easy 
(Problem 8) to conclude that two simply-connected Lie groups with isomorphic 
Lie algebras are actually isomorphic, and that all connected Lie groups with a 
given Lie algebra are covered by the same simply-connected Lie group. 

7. COROLLARY. A connected Lie group G with an abelian Lie algebra is 
itself abelian. 

PROOF. By Corollary 6, G is locally isomorphic to M", so ab = ba for a,b 
in a neighborhood of e. It follows that G is abelian, since (Problem 4) anv 
neighborhood of e generates G. ♦> 

8. COROLLARY. For every X e G ey there is a unique C°° homomorphism 
<f > : R G such that 
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FIRST PROOF. Define <& \ R X(G) by 

4>(a) = or X. 

Clearly 4> is a Lie algebra homomorphism. By Theorem 5, on some neighbor- 
hood (— s, e) of 0 € M there is a map 0 : (— e, s) — » G with 

0(^ + 0 =^W(0 |j|,|/Uj + /|<e 


and 


d<f> 

dt 


0* 


t=0 


( dl I= J 


A\ 


To extend 0 to M we write every t with |/ 1 > e uniquely as 
/ = k(e/2) + r k an integer, |r| < e/2 

and define 

| <f>(ef 2) ■ ■ • 0(e/2 ) • 0(r) [0(e/2) appears /: times] k > 0 

| <f>{—e/2) • • • 0(— s/2) ■ <f>(r) [<f>(—e/ 2) appears — times] /: < 0. 

Uniqueness also follows from Theorem 5. 

SECOND (DIRECT) PROOF. If /:<?-> R is C°°, and 0 : R -> G is a C°° 
homomorphism, then 


0(0 = 


i/0 „ 

i (/) 


lim 

/ j — >0 

=■ lim 
A“>0 


/(0(/ + /r))-/(0(O) 
h 

/(0(/)0(/ 0) - /(0(O) 


i/ 

i/w 


K=0 


/ 0 £*</) ° 0 


i/0 


du 


(/) 


«=0 


= ^< o *av)-*(0(O)(/)- 


Thus 0 must be an integral curve of X , which proves uniqueness. Conversely, 
if 0 : R — » <7 is an integral curve of X, then 

/ b+ 0(j) *0(0 

is an integral curve of A' which passes through <f>(s) at time / = 0. The same is 
clearly true for 

l 0(j + 0; 

so 0 is a homomorphism. We know that integral curves of X exist locally; they 
can be extended to all of R using the method of the first proof. 
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A homomorphism 0: R — > G is called a 1 -parameter subgroup of G, We 
thus see that there is a unique 1 -parameter subgroup 0 of G with given tangent 
vector d<f>/dt( 0) G G e . We have already examined the 1 -parameter subgroups 
oi M. More interesting things happen when we take G to be R — {0}, with 
multiplication as the group operation. Then all C°° homomorphisms 0 : R — > 
R — {0}, with 

0(s + O = 0(00(0, 

must satisfy 


0'(O = 0'(O)0(/) 
<f>( 0 ) = 1 . 


The solutions of this equation are 


0(0 — ,(0 ^. 


Notice that R — {0} is just GL(1,R). All C°° homomorphisms 0: R — » GL(h,R) 
must satisfy the analogous differential equation 

0'(O = 0'(O) • 0(0, 

w m = /, 

where • now denotes matrix multiplication. The solutions of these equations 
can be written formally in the same way 

(**) 0(0 - exp(/0'(O)), 


where exponentiation of matrices is defined by 

A A 2 A 3 

cxp(A) = /+ p + ^r + ‘5r + -'-- 

This follows from the facts in Problem 5-6, some of which will be briefly reca- 
pitulated here. 

If A = (a,y) and \A \ =. max then clearly 

\A + B | <\A\ + \B\ 

\AB\ < n\A \ • Jf?|: 


hence \A\ k <n k x \A\ k <n k \A\ k . Consequently 

A N A n + k I ^ (nMD* (hMI)* + * 

AT + ‘" + (W + /f)!| “ N\ + '" + (N + K)l 


0 as N — > oo. 
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so the series for exp(y4) converges (the (/, j) th entry of the partial sums converge), 
and convergence is absolute and uniform in any bounded set. Moreover (see 
Problem 5-6), if AB = BA , then 

exp(>4 + 5) = (exp A) (exp B). 

Hence, if 0(/) is defined by (**), then 

exp(/0'(O) + h<f>'( 0)) - exp(/0'(O)) 

0 (0 = im : 

h~f o h 

h— >0 h 

h<f>'( 0) /t 2 0'(O) 2 

1 -p - ■ - 

= lim — — exp(/0'(O)) 

h~* 0 n 


so (f> does satisfy (*). 

For any Lie group G, we now define the “exponential map” 

exp : q — » G 


as follows. Given X e 9, let <j>: M — » G be the unique C°° homomorphism 
with d(f>fdt( 0) = X. Then 

exp(A') — 0(1). 


We clearly have 


exp{/] + h)X = (exp/j X) (exp *2 X) 
exp(-zA') = (exp/A')~ I . 


9. PROPOSITION. The map exp: G e G is C°° (note that G e ^ M" has a 
natural C°° structure), and 0 is a regular point, so that exp takes a neighborhood 
of 0 g G e difTeomorphically onto a neighborhood of e e G. If 0 : G — > H is 
any C°° homomorphism, then 


exp o 0* = 0 o exp. 


G e 
exp 


0 * 


0 


+ H e 

| exp 
H 
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PROOF. The tangent space ( G e x G)^x, a ) of the C°° manifold G e x G at the 
point (X, a) can be identified with G e © G a . We define a vector field Y on 
G e x G by 


Y{X,a) = 0 ® X(a). 




Then Y has a flow a: M x ( G e x G) G e x G, which we know is C°°. Since 

exp A' = projection on G of a(l,0© X ), 


it follows that exp is C°°. 

If we identify a vector v e (G e ) o with G e , then the curve c(/) = tv in G e has 
tangent vector v at 0. So 


exp^(u) 


d exp(c(0) 

It 


! =0 


d_ 

dt 


exp(/u) 

t=o 


= v. 


So exp^Q is the identity 7 , and hence one-one. Therefore exp is a diffeomorphism 
in a neighborhood of 0. 

Given \f/ : G — » H, and X e G e , let <f>: M — > G be a homomorphism with 


d<j> 

dt 


= X. 

i =o 


Then ^ o <j>: M H is a homomorphism with 


d(ir o <f>) 


dt 


r=0 


%X. 


Consequently. 

exp(^A') = o 0(1) = ^(exp X). ♦> 


10. COROLLARY. Every one-one C°° homomorphism <j>: G — » H is an 
immersion (so <f>(G) is a Lie subgroup of H). 

PROOF. If 4>* p (X(p)) = 0 for some non-zero X e p, then also <j>* e (.X) = 0. 
But then 

e - exp <j>* e (tX) = <f>(exp(tX)), 
contradicting the fact that 4> is one-one. 
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11. COROLLARY. Every continuous homomorphism <j>: M — » G is C°°. 

PROOF. Let U be a star-shaped open neighborhood of 0 G G e on which exp 
is one-one. For any a g exp(|f/), if a — exp(A'/2) for X G U, then 

a = exp(Ay2) = [exp(A74)] 2 , expAY4G exp(|f/). 

So a has a square root in exp(|f/). Moreover, if a = b 1 for b G exp(^f/), then 
b = exp(F/2) for Y g U, so 

exp(A'/2) =a = b 2 = [exp(F/2)] 2 = exp Y. 

Since X/2,Y G U it follows that A^/2 = Y, so Ay 4 — Y/2. This shows that 
every a g exp(^U) has a unique square root in the set exp(| U). 

Now choose e > 0 so that 0(/) g exp(|t/) for |/| < e. Let <f>(e) = expA', 
X g exp (\U). Since 

[^(s/2)] 2 = <P(e) = [exp A"/2] 2 , 

it follows from the above that <f>(e/ 2) = exp(Ay2). By induction we have 

<p(e/2 f, )=exp(X/2 n ). 

Hence 

<f>(m/2 n • e) = <f>(e/2 ,s ) m = [txp{X (2 n )] m = exp(m/2 n - X). 

By continuity; 

<p(ss) = expjA' for all s G [—1,1]. ♦> 


12. COROLLARY. Every continuous homomorphism <f> . G H is C°°. 

PROOF. Choose a basis X\,...,X„ for G e . The map t 0(exp/A' f -) is a 
continuous homomorphism of M to H y so there is E, g Fie such that 

<f>(cxp tXi) = exp tYj. 

Thus, 

(*) <£((exp t\ Xi) ■ ■ ■ (exp/„Ay)) = (exp/iTj) • ■ ■ (exp/„F„). 

Now the map \j / : R" — > G given by 

if(t u . = (expqA']) ■ ■■(cxpt„X n ) 


is C°° and clearly 





so ^ is a diifeomorphism of a neighborhood U of 0 G M w onto a neighbor 
hood V of e G G. Then on V, 

<f>= (^o^of 1 , 

and (*) shows that (J> o -p is C°°. So <f> is C 00 at e, and thus everywhere. ♦> 
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13. COROLLARY. If G and G’ are Lie groups which are isomorphic as topo- 
logical groups, then they are isomorphic as Lie groups, that is, there is a diffeo- 
morphism between them which is also a group isomorphism. 

PROOF. Apply Corollary 1 1 to the continuous isomorphism and its inverse. ♦> 

The properties of the particular exponential map 

exp: M w ~ (=flI(«,M)) GL(«,M) 

may now be used to show that 0(«) is a Lie group. It is easy to see that 

exp(M*) = (expM) 1 . 

Moreover, since exp (M + N) ~ (exp A/) (exp N) when MN = NM, we have 

(exp M) (exp —M) == I. 

So if M is skew-symmetric, M = —M x , then 

(exp AO (exp M) x = /. 

i.e., exp M e 0(«). Conversely, any A e O(n) sufficiently close to / can be 
written A = exp M for some M. Let A x = expAf Then / = A ■ A x = 
(exp A/) (exp ./V), so cxpN = (exp M)~ l = exp(— M). For sufficiently small M 
and N this implies that N = —M. So exp M x = A* = exp (-M); hence 
M* = —M. It follows that a neighborhood of / in 0(«) is an — l)/2 
dimensional submanifold of GL(/i,M). Since 0(«) is a subgroup, 0(«) is itself 
a submanifold of GL(/i,K). 

Just as in GL(«,M), the equation exp(Y -f Y) = exp X exp Y holds whenever 
[X, Y] = 0 (Problem 13). In general, [X,Y] measures, up to first order, the 
extent to which this equation fails to hold. In the following Theorem, and in 
its proof, to indicate that a function c: M G e has the property that c(/)// 3 is 
bounded for small /, we will denote it by 0(/ 3 ). Thus 0(/ 3 ) will denote different 
functions at different times. 

14. THEOREM. If G is a Lie group and X,Y e G e , then 

(1) exp iX exp IY = expf (X + Y) + j[X, Y] + 0(r 3 )J 

(2) exp(— /AJexpf— lY) expiX exp/T = exp{/ 2 [A', Y] + 0(t 3 )) 

(3) exp/Yexp/Texp(-/Y) = exp{/T + l 2 [X, Y] + <9(/ 3 )}. 
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PROOF. We have 


(i) Xf(a) = X a {f) = L a *X(f) = X(f o La) = -r- 

du 


f(a ■ exp uX). 


u=0 


Similarly, 

(“) 

For fixed s, let 
Then 


y m = — 

du 


f(a ■ exp uY). 


u=0 


(p(l) = /{txpsX exp/F). 


(iii) <f>'(t ) = ~f(zxpsX exp/ Y) = 

dt du 


o=0 


/(exp sX exp t Y exp u F) 


= (F/)(exp sX exp/F) by (ii). 

Applying (iii) to Yf instead of f gives 

(iv) *"(/) = [Y (F/)](exp sX exp/F). 

Now Taylor’s Theorem says that 

, d>"(Q) , , 

<P( i) = <H o) + 0'(O)/ + i 2 + 0(/ 3 ). 


Suppose that f{e) = 0. Then we have 

(v) /(exp sX exp/F) = /(exp sX) + /(F/)(exp sX) 

t 2 

+ -[Y(Yf)](expsX) + 0(t 3 ). 

Similarly, for any F. 

~F(cxpsX) = (XF)(expsX) 

a 

d 2 

-j^FGxpsX) = [X(XF)](txpsX) 

s 2 

F(zxpsX) = F(e) + s(XF)(e) + ~[X(XF)](e) + 0(s 3 ). 
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Substituting in (v) for F = f, F = Yf, and F = Y(Y f) gives 

(vi) /{exp sX exp/T) = s(Xf)(e) + t(Yf)(e) 

2 2 

+ S -[X(Xf)\(e) + ‘-[YiXme) + stX(Yf)(e) 

+ 0(s 3 ) + 0(t 3 ) + O(sh) + 0(st 2 ). 


In particular. 

(vii) /(exp tX exp tY) 


t[(X+Y)f]{e) 

XX 




t 


+ at + 




)' 


C e ) + 0(t\ 


Now for small 1 we can write 


exp tX exp tY = exp Z (/) 


for some C°° function Z with values in G e . Applying Taylor’s formula to Z 
gives 

Zlt) = tZx+t 2 Z 2 + CHt\ 

for some Z,,Z 2 6 G e . If /(e) = 0, then clearly f(A(t) + 0(/ 3 )) = f(A(t)) + 
0(1 3 ), so by (vi) we have 

(viii) /(expZ(/)) = /(exp(/Z, -M 2 Z 2 )) + 0(f 3 ) 

= t(Z,/)(e) + r 2 (Z 2 /)(e) 

*2 

+ -[Z,(Z,/)](e) + 0(/ 3 ). 

Since we can take the /*s to be coordinate functions, comparison of (vii) and 
(viii) gives 


X + Y = Zj 


2 


+ Z2 = 


XX 

~Y~ 


+ XY + 


yy 

” 2 “' 


which gives 

Z, =* + y, z 2 = i[z,y], 

thus proving (1). 

Equation (2) follows immediately from (1). 
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To prove (3), again choose f with f{e) ~ 0. Then similar calculations give 
(ix) /(exp tX exp/T exp(— tX)) 

(X YY XX — ~~ M 

(0 


, : ( XX YY XX 

= t[(X + Y -X)f]{e)+t 2 | l— h — — I — h XY — XX — YX j 


+ 0(t 3 ). 


If we write 


exp tX exp / Y exp(— tX) ~ exp(/5j + t 2 S 2 T 0(/ 3 )), 
then we also have 

(x) /(exp tX exp/T exp (—/A')) = /(exp (/Si + / 2 S 2 )) 4- 0(t 3 ) 

= t(S,f)(e) + t 2 (S 2 f)(e) 

1 2 ~~ 

+ j[S,(S, f)](e) + 0(l 3 ). 

Comparing (ix) and (x) gives the desired result. 

Notice that formula (2) is a special case of Theorem 5-16 (compare also with 
Problems 5-16 and 5-18). 

The work involved in proving Theorem 14 is justified by its role in the fol- 
lowing beautiful theorem. 


15. THEOREM. If G is a Lie group and H C G is a closed subset which is 
also a subgroup (algebraically), then H is a Lie subgroup of G. More precisely, 
there is a C°° structure on H, with the relative topology, that makes it a Lie subgroup 
of G. 


PROOF. We attempt to reconstruct the Lie algebra of H as follows. Let f) C G e 
be the set of all X g G e such that exp tX g H for all t . 


Assertion 7. Let Xj e G e with Xj — » X and let /,• — =► 0 with each /,- 
exp tjXi G H for all i. Then A e 1], 


Proof. We can assume /,• > 0, since exp(— tfX, ) — (exp//A7) 1 G 


let 


kj(t) — largest integer < -. 

tj 


/ 0. Suppose 
H. For / > 0, 


Then 


- - 1 < kiO) 5 

ti U 
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so 

//MO t. 

Now 


exp (ki(t)ti Xi) = [exp (// A7 )] *' (/) e H, 
ki{t)t{Xj tX. 

Thus exp tX g H, since H is dosed and exp is continuous. We clearly also have 
exp tX € H for / < 0, so X g I). Q.E.D. 

We now claim that I) c G e is a vector subspace. Clearly I 6 1) implies 
sX g 1) for all s g M. If X, Y g 1), we can write by (1) of Theorem 14 

exp tX exp/T = exp{/(A' + Y) + tZ(t)} 

where Z{t) 0 as 1 —> 0. Choose positive // 0 and let X, ~ X + Y + Z{l- t ). 

Then Assertion 1 implies that X + Y el). Alternatively, we can write, for fixed 1. 

^exp { -X exp “ ^ — ex P |/(^ + Y) 4- Y] + 0(1/« 2 )J ; 

taking limits as n — * oo gives exp t(X + Y)eH. 

[Similarly, using (2) of Theorem 14 we see that [X,Y] g 1), so that I) is a 
subalgebra, but we will not even use this fact.] 

Now let U be an open neighborhood of 0 g G e on which exp is a diflTeomor- 
phism. Then exp(f) n f/J is a submanifold of G. It clearly suffices to show thai 
if U is small enough, then 

H fl exp(t/) — exp(l) C\U). 

Choose a subspace I) 7 C G e complementary to I), so that G e = 1) © 1)'. 

Assertion 2. The map <f> : G e — » G defined by 

<f>(X + X') = exp X exp X' X G I), X' g I)' 

is a diffeomorphism in some neighborhood of 0. 

Proof. Choose a basis X \ , . . . , X ^ , . . . , X„ of G e with X \ , . . . , X^ a basis for Ip 
Then <j> is given by 
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Since the map £” =1 ajXj t~» (fl],. . -,ct n ) is a difTeomorphism of G e onto M". 
it suffices to show thai 


■ ■ ,a n ) — exp^^a,-^, j exp^ aiX^J 


is a diffeomorphism in a neighborhood of 0 e M”. This is clear, since 







Q.E.D. 


There is a neighborhood K' of 0 in I)' such that exp X' £ H if 
0 ^ X' g K'. 

/Voo/i Choose an inner product on I)' and let K C I)' be the compact set of all 
X' g I)' with 1 < lA''! < 2. If the assertion were false, there would be X\ g f)' 
with X/ — > 0 and exp X/ e H. Choose integers m with 

n;Xi'e K. 


Choosing a subsequence if necessary, we can assume X X' € K. Since 

\/f?i -► 0, exp(l /»,)(« , AV) g H, 
it follows from Assertion 1 that X' e 1), a contradiction. Q.E.D. 


We can now complete the proof of the theorem. Choose a neighborhood 
U = W x W' of G e on which exp is a diffeomorphism, with 

W a neighborhood ofO € I) 

W’ a neighborhood of 0 e ff 

such that W' is contained in V' of Assertion 3, and <p of Assertion 2 is a diffeomor- 
phism on IT x W f . Clearly 

exp(f) fl U) C H fl exp(£/). 

To prove the reverse inclusion, let a G H n exp(t/). Then 

« = exp X exp X 1 X g W, X' g W'. 

Since fl, exp X € H we obtain exp A'' g H, so 0 — X 1 , and a g exp(f) fl U). 
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Up to now. we have concentrated on the left invariant vector fields, but mam 
properties of Lie groups are better expressed in terms of forms. A form o) is 
called left invariant if L a *o) = o) for all a g G. This means that 

o)(b) - L a *[(i>{ab)]. 

Clearly, a left invariant &-form a) is determined by its value o)(e) G Q A (G e ). 
Hence, if coK . . . , o) n are left invariant 1 'forms such that o) J (e), . . . , o) n (e) span 
G e *. then every left invariant &-form is 

Y. o/, „./ A . a> ,] a ■ ■ ■ a o)‘ k = ^ Aja) 1 

i 

for certain constants aj . If a) l (e) y . . . ,a) n (e) is the dual basis to X iy X n € G e . 
then anv C°° vector field X can be written 

n 

X = Ylf j Xj for C °° Unctions f J . 
j = I 


Then 

o/( X ) = /', 

so a>‘ is C°°. It follows that any left invariant form is C 00 . 

If a) is left invariant, then for a e G we have 

La do) — d(L a *o>) = da). 

so do) is also left invariant. The formula on page 215 implies that for a left 
invariant 1-form o) and left invariant vector fields X and Y we have 

do)(X, Y) = X(o){Y)) - Y(o)(X)) - o)([X, ?]) 


Hence 

(*) do)(e)(X y Y) = -a)(e)([X, Y]) ; 

the bracket being the operation in g. 

The interplay between left invariant and right invariant vector fields is the 
subject of Problem 1 1. Here we consider the case of forms. 
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16. PROPOSITION. Let if/: G G be if/{a)^a~K 

(!) A form a) is left invariant if and only if if/* a) is right invariant. 

(2) If co € G (<?*), then if/*a) e ~ (— 1 ) k a> e . 

(3) If a) is left and right invariant, then da) ~ 0. 

(4) If G is abelian, then g is abelian (converse of Corollary 7). 

PROOF. (1) Clearly 

if/ o R b z= L b -\ o if/. 
so 

If a) is left invariant, then 

R b *(if/*a)) ~ ifz*L b -,*a) = ifz*o). 


so if/* a) is right invariant. The converse is similar. 

(2) It clearly suffices to prove this for k ~ 1. So it is enough to show that 
if/* e (X) — ~X for A' g G e . Now X is the tangent vector at / — 0 of the curve 
t t~» exp tX. So if/* e X is the tangent vector at / = 0 of / t~> (exp tX)~ ] = 
exp(— tX); this tangent vector is just ~X. 

(3) If a) is a left and right invariant /:-form, then 

Since if/*a) and a> are both left invariant, we have 


if/* a) = (— 1 ) k o>. 


The form da) is also left and right invariant, so 


if/*(da)) = (-1 ) k+i da). 


But 

if/*(da)) ^ d(if/*a)) ^ d((~l) k a)) = (-1 ) k da>. 

So da) ~ 0. 

(4) If G is abelian, then all left invariant 1 -forms a) are also right invariant. So 
da) = 0 for all left invariant 1 -forms. It follows from (*) that [X, Y] ~ 0 for all 
X, Y g ci. 
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Alternate proof of (4). By Theorem 14, if G is abelian, then for X, Y e G e we 
have 


Hence 


j[X,Y]+0(C) = j[Y,X] + 0(C). 


i[X, Y] + 0(l 3 )/i 2 = l[Y, X] + 0(r)/r. 


Letting t 0, we obtain [X, Y] = [Y f X]. <♦ 

Since day is left invariant for any left invariant a), it follows that for a basis aP , 
. . . , of of invariant 1-forms we can express each dof in terms of the co‘ a q> j . 
First choose X \ , . . . , X n e G e dual to of (e), . . . , co n (e). There are constants Cjj 
such that 


clearly we also have 


[x h x J -\ = Ylc? J x k -, 


[Xi ,Xj] = Y,CijXk. 


The numbers Cjj ai*e called the constants of structure of G (with respect to the 
basis X \ , . . . , X„ of ft). From skew-symmetry of [ , ] and the Jacobi identity we 
obtain 

(1) Cjj = —Cji 

(2) jyc<)d hk + c* c',. + C^Clj ) = 0 . 

/;=] 

From (*) on page 394 we obtain 

da> k = -^C*a/ Aa>j = Aa>J - 


It turns out that (2) is exactly what we obtain from the relation d 2 o) k = 0. Con- 
dition (2) is thus an integrability condition. In fact, we can prove (Problem 30) 
that if C k j are constants satisfying (1) and (2), then we can find everywhere 
linearly independent 1 -forms a > 1 , . . . , a/' in a neighborhood of 0 e K" such that 


</<»* = -5 E c <* 


a ) 1 a o) J . 
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Moreover, the existence of such o>‘ implies (Problem 29) that we can define a 
multiplication (a, b ) t~» ab in a neighborhood of 0 which is a group as far as 
it can be and which has the a>‘ as left invariant 1 -forms. From this latter fact 
and (a suitable local version of) Theorem 5 we could immediately deduce the 
following Theorem, for which we supply an independent proof. 

17. THEOREM. Let G be a Lie group with a basis of left invariant 1 -forms 
a) 1 , . . .,a> n and constants of structure Cjj. Let M n be a differentiable manifold 
and let 0 l , . . . , 6 n be everywhere linearly independent 1 -forms on M satisfying 

d6 k = a0L 

Then for every p e M there is a neighborhood U and a diffeomorphism 
/ : U — » G such that 

0' - /V. 

PROOF. Let JTj : M x G M and jt 2 : 71/ x G G be the projections. Let 

6 k = 7T,*0*, L) k = 7 T 2 * a> k . 

Then 

ci{6 k - L> k ) = - Yl C ii (^' A 0'] “ & A ^1) 
i<j 

= A - d> j ) + (& - d> f ) A L> J ]. 

i<j 

By Proposition 7-14, M x G is foliated by n -dimensional manifolds whose 
tangent spaces at each point are annihilated by all 6 k — a> k . Choose a & G 
and let T be the folium through (p, a). Now 6 ] , . . . ,6 n , oi 1 , . . . , of are linearly 
independent everywhere; so on T^a), which is the set of vectors in {M x G)^ p ^ 
where 9 k — a> k = 0, the sets 6 \ . . . , 6 n and a > 1 , . . . , a> n are each linearly inde- 
pendent. Hence jh : T — » M and jt 2 : T — > G are each diffeomorphisms 
in some neighborhood of ( p,a ). This means that T contains the graph of 
a diffeomorphism / from a neighborhood U of p to a neighborhood of a . 


G 

M 
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Let /: U M x G be the map 

fig) - (g, fig)) c r. 

Since 9 k — a> k ~ 0 on T, we have 

0 - f*{9 k - di*) = /V,*e* - f*rt2*a> k 

= (jtj O /)*0* - (jt 2 o f)*co k 

= 0 * - /V\ ♦> 

It is also possible to say by how much any two such maps differ: 

18. THEOREM. Let M be a connected manifold, let G be a Lie group, and 
let f\, / 2 : M — » G be two C°° maps such that 

/i*(o>) = / 2 *(a>) 

for all left invariant 1 -forms a). Then j\ and / 2 differ by a left translation, that 
is, there is a (unique) a e G such that 


h = L a o /] . 


PEDESTRIAN PROOF. Case 1. M M and the two maps yj,y 2 : M -> G jaftj/i 
yj (0) = y 2 (0). We must show that y j = y 2 . For every left invariant 1-form w 
we have 


o>(y 2 U)) 




= [a*(o*«)-)*®ta<«))] (5) 

= ®(y2(0)([iy,(Ox,«)-'],^ L )- 


It follows that 


^2 T, 1 dY\ 

d! -l L y*W'\, d, ■ 


If wc regard y ] as given, and write this equation out in a coordinate system, 
then it becomes an ordinary differential equation for y 2 (of the type considered 
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in the Addendum to Chapter 5), so it has a unique solution with the initial 
condition y 2 (0) =■ y t (0). But this solution is clearly y 2 ~ y x . 

Case 2. M — M, but the maps y } , y 2 are arbitrary. Choose a € G so that 

y 2 ( 0) ~a-y t (0). 

If o) is a left invariant 1-form, then 

(L a o y,)*(o>) - y x *{L*a>) = y*(a>) = y 2 *(o>). 

Since L a o y, (0) = y 2 (0), it follows from Case 1 that L a o y, — y 2 . 

Case 3. Genera} case. Let po e M. Choose a e G so that 

flipo) — a- fi(po)- 

For any p e M there is a C°° curve c: M — > M with c(0) = po and c(l) = p. 
Let y/ = ft oc. Then 

YiM = c*f 2 *(a>) - - y/M- 


By Case 2, we have 

y 2 (/) = a • yj(0 for all/, 
in particular for / — 1, so flip) ~ a ■ f\{p)- 

ELEGANT PROOF. Let jt/ : G x G — > G be projection on the / th factor. Choose 
a basis cy 1 , . . . ,o> n for the left invariant 1-forms. For (a, b) e G x G, let 

« 

- p|ker(jr,*£o' - Jr 2 *a/). 

i=i 

Then A is an integrable distribution on G x G. In fact, if A(G) C G x G is the 
diagonal subgroup {{a, a) \ a e G}, then the maximal integral manifolds of A 
arc the left cosets of A(G). Now define h: M — » G x G by 

Hp) = (/!(/>), > 2 (/>))■ 


By assumption, 


k*( TTj V - JT 2 V) — /,V ~ / 2 V = 0. 


Since M is connected, it follows that h(M) is contained in some left coset 
of A(G). In other words, there are a,b e G with 


ctf\(p) ~ bf 2 (p) for all p e M. <♦ 
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19. COROLLARY. If G is a connected Lie group and /: G G is a C 00 
map preserving left invariant forms, then f ~ L a for a unique a e G. 


While left invariant 1 -forms play a fundamental role in the study of G, the 
left invariant n-forms are also very important. Clearly, all left invariant //-forms 
arc a constant multiple of any non-zero one. If o n is a left invariant //-form, 
then o n determines an orientation on G, and if /: G — > R is a C°° function 
with compact support, we can define 



Since o” is usually kept fixed in any discussion, this is often abbreviated to 

f f or f f(a)da. 

JG JG 

The latter notation has advantages in certain cases. For example, left invariance 
of o n implies that 

( f(a) da = f f{ba) da . 

JG ' JG 

in other words* 

f fo n = f go ", where g(a) — f(ba); 

JG JG 

| note that Lb is an orientation preserving diffeomorphism, so 

f fo n = f Lb*(fo n ) ~ f (f o Lb)Lb*o r> == f (foL b )o\ 

J G J G vC G 

which proves the formula]. We can, of course, also consider right invariant 
n -forms. These generally turn out to be quite different from the left invariant 
/ 2 -forms (see the example in Problem 25). But in one case they coincide. 


20. PROPOSITION. If G is compact and connected and a) is a left invariant 
/ 2 -fovm, then co is also right invariant. 

PROOF. Suppose u> ^ 0. For each a e G, the form R a *o> is left invariant, so 
there is a unique real number f{a ) with 

R a *o> = f(a)a > . 

Since R a * o R b * = ( R a b )*, we have 

f(ab) ^ f(ba) » f(a) ■ /(&). 

So /(G) C M is a compact connected subgroup of R— {0}. Hence /(G) — {1}. *♦* 
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We can also consider Riemannian metrics on G. In the case of a compact 
group G there is always a Riemannian metric on G which is both left and 
right invariant. In fact, if ( , ) is any Riemannian metric we can choose a 
bi-invariant w-form o n and define a bi-invariant (( , )) on G by 

{{V,W))~ f ( La*R b *{V),L a *R b *{W))dadb . 

JGxG 

We are finally ready to account for some terminology from Chapter 9. 

21. PROPOSITION. Let G be a Lie group with a bi-invariant metric. 

(1) For any a e G, the map I a : G — * <7 given by l a {b) = ab _i a is an isometry 
which reverses geodesics through a, i.e., if y is a geodesic and y(0) = a, then 

(2) The geodesics y with y(0) — e are precisely the 1 -parameter subgroups 
of G, i.e., the maps / t~» exp(zA') for some X e g. 

PROOF. (1) Since 

IAb) = b~K 

the map / e *: G e -» G e is just multiplication by —1 (see the proof of Proposi- 
tion 16(2)), so it is an isometry on G e . Since 

le -* If ffl -1 

for any a € G, the map l e * : G a — » G a - 1 is also an isometry. Clearly I e reverses 
geodesics through e. 

Since 

I a = R a IeR a ~ l - 

it is clear that I a is an isometry reversing geodesic through a. 

(2) Let y : R — » G be a geodesic with y(0) = e. For fixed t, let 

y{u) ~y(t + w). 

Then y is a geodesic and y(0) = y(/). So 

I Y (oh(Y(u)) ~ / y( ,)(y(-«)) = I y g)(y(~u ~0) 

~ y(t + w) = y(w + 2/). 


But also 


I Y (t)I e (b) ~ y(t)by(t). 
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so 

yU)y(u)yU) ~y(u + 2t). 

It follows by induction that 

y(nt) ~ y(t) n for any integer n. 

If /' =s n't and t" =* n"t for integers n' and n ", then 

y(/' + O = y(0 fl/+ ' ,# *y(Oy(O ) 

so y is a homomorphism on Q. By continuity, y is a 1 -parameter subgroup. 

These are the only geodesics, since there are 1-parameter subgroups with 
any tangent vector at i = 0, and geodesics through e are determined by their 
tangent vectors at t ~ 0. ♦> 


We conclude this chapter by introducing some neat formalism which allows 
us to write the expression for da) k in an invariant way that does not use the 
constants of structure of G. If V is a ^-dimensional vector space, we define a 
K-valued /:-form on M to be a function a) such that each a)(p) is an alternating 
map 

a>(p) : M p x • ■ ■ x M p — > V. 

' w ' 

k times 

If U] , . . . , vj is a basis for V, then there are ordinary /:-forms a>* , . . . , co d such 
that for X\,. . . g M p we have 

d 

<o(P)(X , ,...,•*■*) = J^coHpKX,, . . . , x k )vr. 

i=l 


we will write simply 


d 


a> = -v t . 

i = l 

For anv K-valued /:-form a> we define a K-valued ( k + l)-form do) by 


d 

do) ~ ^ da >' ■ u,-; 

)=i 


a simple calculation shows that this definition does not depend on the choice of 
basis V], . . .Vd for V. 
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Similarly, suppose p\ U x V — » IV is a bilinear map, where U and V have 
bases ui,...,u c and v iy ...,Vd, respectively. If a> is a U -valued /r-form 

C 

/= i 


and rj is a U -valued /-form 


d 

n = '£,r,J' -Vj, 

j = 1 


A7}J ' P&i’Vj) 

i=l j = l 

is a W -valued (/: + /)-form; a calculation shows that this does not depend on the 
choice of bases wj , . . . , u c or in , . . . , vj. We will denote this IT-valued ( k *f /)- 
form by p(oo a rj). 

These concepts have a natural place in the study of a Lie group G. Although 
there is no natural way to choose a basis of left invariant 1-forms on G, there is 
a natural revalued 1-form on G , namely the form a) defined by 

(*) a>(a)(X(a)) = X € fl. 

Using the bilinear map [ , ] : fl x fl — ; ► fl, we have, for any fl-valued /:-form t] 
and any fl- valued /-form X on G, a new fl-valued ( k + /)-form [r] a X] on G. 

Now suppose that Xi,...,X„ e G e — fl is a basis, and that o 1 , . . . , u> n is a 
dual basis of left invariant 1-forms. The form a) defined by (*) can clearly be 
written 

n 

a> ~ 0) k • Xk . 

k = ] 

Then 


n 

da>^Yl da)k ' X k 

£=] 



C-j a) 1 A a) 



■X t . 


( 1 ) 
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On the other hand. 


so 


IX,, Xj] = J^cj‘ J x k , 

k*= I 


( 2 ) 


[«A®] = e(eec, 

k = i ^/=i ;=i 


V 


a/ a ap ■ Xk 


) 


Comparing (1) and (2). we obtain the equations of structure of G: 



The equations of structure of a Lie group will play an important role in 
Volume III. For the present we merely wish to point out that the terms do and 
[a) a a >] appearing in this equation can also be defined in an invariant way. For 
the term do we just modify the formula in Theorem 7-13: If U is a vector field 
on G and / is a q-valued function on G, then (Problem 20) we can define a 
g-valued function U(f) on G. On the other hand> o(U) is a ci-valued function 
on G. For vector fields U and V we can then define 


do(U, V ) = U(o(V)) - V(o(U))-o([U, V ]). 

Recall that the value at a e G of the right side depends only on the values U a 
and V a of V and V at a. If we choose U ~ X, V = Y for some X,Y e G e> 
then 


do(a)(X Q , Y a )^ 0 - 0 - o(a)([X, Y] a ) 
= ~o(e)([X, Y] e ) 

= -a>(e)([X y Y]) 

= r] 

= ~[o(a)(X a ),co(a)(Y a )\ 


since [X , Y] is left invariant 
by definition of [ , ] in G c 


| by definition of o. 


It follows that for any vector fields V and V we have 


do(U , V ) = -[a >{U),o{V)]. 


Problem 20 gives an invariant definition of p(oAT}) and shows that this equation 
is equivalent to the equations of structure. 
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WARNING: In some books the equation which we have just deduced appears 
as da>(U, V) ~ — \[u>{U), a>(V)]. The appearance of the factor \ here has 
nothing to do with the \ in the other form of the structure equations. It comes 
about because some books do not use the factor ( k + 1)1/ kill in the definition 
of a. This makes their X a 7} equal to | of ours for 1 -forms X and rj. Then the 

definition of d(^T a); dx 1 ) as ^Lda); a dx l makes their da) equal to ^ of ours 
for 1 -forms a). 
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PROBLEMS 

1 . Let G be a group which is also a C°° manifold, and suppose that (x, y) t~» x v 
is C K . 

(a) Find f~ ] when f:GxG — > G x G is f(x,y) ~ (x,x^)- 

(b) Show that ( e , e ) is a regular point of f. 

(c) Conclude that G is a Lie group. 

2. Let G be a topological group, and H C G a subgroup. Show that the 
closure H of H is also a subgroup. 

3. Let G be a topological group and H C G a subgroup. 

(a) If H is open, then so is every coset gH. 

(b) If H is open, then H is closed. 

4. Let G be a connected topological group, and U a neighborhood of e e G. 
Let U n denote all products a\ ■ • ■ a n for a- t e U. 

(a) Show that U n+l is a neighborhood of U n . 

(b) Conclude that \J n V n = <?■ (Use Problem 3.) 

(c) If G is locally compact and connected, then G is cr-compact. 

5. Let f : R" — » M" be distance preserving, with /( 0) = 0. 

(a) Show that f takes straight lines to straight lines. 

(b) Show that f takes planes to planes. 

(c) Show that / is a linear transformation, and hence an element of 0(«). 

(d) Show that any element of E(n) can be written A • r for A e O(n) and r a 
translation. 

6. Show that the tangent bundle TG of a Lie group <7 can always be made into 
a Lie group. 

7. We have computed that for M e we have 

_ _ n _ n 

M = where Mx kl (A) = ^M a iA ka . 

k,l a=l 

(a) Show that this means that 

M(A) = A • M g M" 2 = GL(m,M)/(. 

(It is actually clear a priori that M defined in this way is left invariant, for L — 
La since La is linear.) 

(b) Find the right invariant vector field with value M at 1. 
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8. Let G and H be topological groups and <f>: U ^ H a map on a connected 
open neighborhood U of e g G such that <j>{ab) — <j>{a)<j>{b) when a , 6, ab G t/. 

(a) For each c g G, consider pairs (F, ^), where F c G is an open neighbor- 

hood of c with F ■ F _I c £/, and where \}/: V ^ H satisfies ijf(a) • ^(6)"' — 
0(a6 _i ) for G K Define (Fi,^q) ~ (F 2 ,^ 2 ) if ^ 2 on some smaller 

neighborhood of c. Show that the set of all y equivalence classes, for all c G G, 
can be made into a covering space of G. 

(b) Conclude that if G is simply-connected, then <j> can be extended uniquely 
to a homomorphism of G into H. 

9. In Theorem 5, show that <j> and \j/ are equal even if they are defined only 
on a neighborhood U of e G G, provided that U is connected. 


10. Show that Corollary 7 is false if G is not assumed connected. 

11. If G is a group, we define the opposite group G° to be the same set with 
the multiplication ♦ defined by a *b ~ b - a. If g is a Lie algebra, with operation 
[ , ], we define the opposite Lie algebra g° to be the same set with the operation 

[X, Y]° = -[X, Y]. 

(a) G° is a group, and if ^ : G — > G is a t~» a -3 , then ^ is an isomorphism 
from G to G°. 

(b) g° is a Lie algebra, and X t~» ~X is an isomorphism of g onto g°. 

(c) X(G°) is isomorphic to [=jC(C?)]° = g°. 

(d) Let [ , ] be the operation on G e obtained by using right invariant vector 
fields instead of left invariant ones. Then (g, [ , ]) is isomorphic to X(G°), and 
hence to g°. 

(e) Use this to give another proof that g is abelian when G is abelian. 


12. (a) Show that 


exp 


(-. ;)-( 


cos a 
- sin a 


sin a 
cos a 


(Id) Use the matrices A and B below to show that exp(>4 + B) is not generally 
equal to (exp /l)(exp B). 


A = 





13. Let X,Y eG e with [X, Y] = 0. 

(a) Use Lemma 5-13 to show that (exp sX) (exp tY) = (exp/F)(exp5A'). 

(b) More generally, use Theorem 5 to show that exp is a homomorphism 
on the subspace of G e spanned by X and Y. In particular, expfA' + 7) = 
(exp A') (exp Y). 
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14. Problem 13 implies that exp t{X + Y) = (exp/A , )(exp/P) if [X, F] ~ 0. A 
more general result holds. Let X and Y be vector fields on a C°° manifold M 
with corresponding local 1-parameter families of local diffeomorphisms {pi}* 
{ps}- Suppose that [X, Y] ~ 0, and let r} ( ~ <p ( o ip ( = \f/ ( o p ( . 

(a) Show that 

= X(vAp)) + 

at 

(b) Using Corollary 5-1 2, show that 

= XinAp)) + Y(nAp)). 

dt 

In other words, {r} t } is generated by X + Y. 

15. (a) If M is a diagonal matrix with complex entries, show that 

det exp M ~ e tracc M . 

(b) Show that the same equation holds for all diagonalizable M with complex 
entries. 

(c.) Conclude that it holds for all M with complex entries. (The diagonalizable 
matrices are dense; compare Problem 7-15.) 

(d) Using Proposition 9, show that for the homomorphism det: GL(«,M) -> 

R - {0}, the map det*: R) oC(R - {0}) = R is just M traced. 

(e) Use this fact to give a fancy proof that trace MN ~ trace NM. (Look at 
trac e(MN — NM) = trace [M, N].) 

(f) Prove the result in part (d) directly, without using (c). (Since det* and trace 
are homomorphisms, it suffices to look at matrices with only one non-zero entry.) 

(g) Now use this result and Proposition 9 to give a fancy proof of (c). 

16. (a) Let U be a neighborhood of the identity (1,0) of S 1 (considered as a 
subset of R 2 ). Show that no matter how small U is, there are elements a € U 
which have square roots outside U in addition to their square root in U. 

(b) Show that for each h > 1, there is a neighborhood U of e e G such that 
every element in U has a unique n th root in U. 

(c) For G — S 1 . show that there is no neighborhood U which has this property 
for all n. 

17. (a) Let (a% V) be a coordinate system around e e G with x*(e) ~ 0. Let 

x l (ab) = f’(x ] (a ),. . . , x n {a), x } (6), . . . , a j, (6)) 
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for C°° functions /' . Show that 


A-/ f (0) = -D B +y/ f (0) = ^. 

(b) If or,/?: (—£■,£■) G are differentiable, show that 

(a - ^)'(O) = ar'(0) + ^'(0). 

(c) Also deduce this result from Theorem 14(1). (Not even the full strength of(l) 
is needed; it suffices to know that exp tX exp/Y = expl/fA' + Y) + O(t)}. The 
argument of part (a) is essentially equivalent to the initial part of the deduction 

of(l).) 

18. Let G be a Lie group, and let H C G be a subgroup of <7 (algebraically), 
such that every a e H can be joined to e by a C°° path lying in H. Let f) C G e 
be the set of tangent vectors to all C°° paths lying in H. 

(a) Show that I) is a subalgebra of G e . (Use Theorem 14.) 

(b) Let K c G be the connected Lie subgroup of G with Lie algebra f). Show 
that H C K. Hint : Join any a e H to e by a C°° curve c, and show that the 
tangent vectors of c lie in the distribution constructed in the proof of Theorem 4. 

(c) Let be curves in H with {c,-'(0)} a basis for f). By considering 

the map /(/*,...,/*) — <?i (/ 1 ) • ■ -Ck{t k ), show that K c H. Thus, H is a Lie 
subgroup of G. It is even true that H C <7 is a Lie subgroup if H is path 
connected (by not necessarily C°° paths); see Yamabe, On an arcwise connected 
subgroup of a Lie groups Osaka Math. J. 2 (1950), 13-14. 

(d) If H c G is a subgroup and an immersed submanifold, then H is a Lie 
subgroup. 

19. For a e <7, consider the map b t~> aba~ ] ~ L a R a ~ ] (b). The map 

( L a R a ) * . fi > g 

is denoted by Ad (a); usually Ad (a) (X) is denoted simply by Ad (a)X. 

(a) Ad(o6) = Ad(o)°Ad(6). Thus we have a homomorphism Ad : <7 ^ Autia)) 

where the automorphism group of g, is the set of all non-singular linear 

transformations of the vector space n onto itself (thus, isomorphic to GL(«,M) 
if fl has dimension ri). The map Ad is called the adjoint representation. 

(b) Show that 

expfAdftfJA') = fl(exp X)a~ ] . 

Hint: This follows immediately from one of our propositions. 
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(c) For A e GL(m, M) and M e pI(n,R) show that 

Ad(A)M ~AMA~ l . 

(It suffices to show this for M in a neighborhood of 0.) 

(d) Show that 

Ad(expLr)F = Y + t[X, F] + 0(t 2 ). 

(e) Since Ad : G — » 9, we have the map 

a a , r v tangent space of Aut{$) at the 

*c- fl (— e) identity map l fl of fl to itself. 


This tangent space is isomorphic to £W(fl), where End($) is the vector space of 
all linear transformations of fl into itself: If c is a curve in Aut{$) with c(0) = l fl , 
then to regard c'(0) as an element of ylaf(fl), we let it operate on Y e fl by 


c f (0)(Y) = 


dt 


c(Y). 
/= 0 


(Compare with the case fl = M", Aut{$) ~ GL(«,M), End(g) = n x n matrices.) 
Use (d) to show that 

Ad„(X)(Y) = [X,Y]. 

(A proof may also be given using the fact that [X, Y] ~ CgY.) The map 
Y t~> [ X , Y] is denoted by ad X e End(c\). 

(f) Conclude that 

fad X ) 2 

Adfexp X) ~ exp(ad X) = l g + ad X H 


(g) Let G be a connected Lie group and H C G a Lie subgroup. Show that H 
is a normal subgroup of G if and only if I) = X(H) is an ideal of fl = £(G), 
that is, if and only if [X, Y] e for all X e fl, Y e I). 

20. (a) Let where V is a finite dimensional vector space, with basis 

V ] , . . . , Vd. For X p e M p , define X p (f) e V by 


d 

X{f) = £*,(/') ■ Vi, 

1—1 


where f — /' • Vj for /' : M — » R. Show that this definition is indepen- 

dent of the choice of basis V \ , . . . , Vd for V, 
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(b) If co is a K -valued A -form, show that da> may be defined invariantly by the 
formula in Theorem 7-13 (using the definition in part (a)). 

(c) For p : U x V W, show that p(o) a r}) may be defined invariantly by 

p(a> a r})( Xi , . . . X^+i) 

j 1 1 ^ 1 ^gn ® ' P (tw( A'ig-p j j • • • , Xff (A))) T}(Xo- (A+J)» • • ■ * Xff^k +/))) ■ 

Conclude, in particular, that 

[a> a co](X, Y) = 2[o>(A r ), o>(T)]. 

(d) Deduce the structure equations from (b) and (c). 

21. (a) If co is a U -valued A-form and rj is a K -valued /-form, and p\ U x V — > 
W, then 

d(p(a> a T})) — p(do) a?j) + (—1 ) k p{co a dr}). 

(b) For a ^-valued A -form co and /-form 7} we have 

[o> a r}] - (-1) A/+3 [T]ACO]. 

(c) Moreover, if A is a q - valued m-form, then 

(-1 ) km [(0 A[T]A A]] + (-1 )*'fo A [A A CO]] + (-l/ m [A A[T}A q>]] = 0. 

22. Let G C GL(/?, M) be a Lie subgroup. The inclusion map G — * GL(«, M) -► 
M" 2 will be denoted by P (for “point”). Then dP is an M" 2 -vaIued 1-form (it 
corresponds to the identity map of the tangent space of G into itself). We can 
also consider dP as a matrix of 1 -forms; it is just the matrix (dx IJ ), where each 
dx lJ is restricted to the tangent bundle of G. We also have the M" -valued 

1- form (or matrix of 1 -forms) P~ ] ■ dP, where ■ denotes matrix multiplication, 
and P~ l denotes the map A t~» A~ l on G. 

(a) P~ ] dP — p(P~^ a dP), where p: M"'x M"' — > M" 2 is matrix multiplication. 

(b) L A *dP -A-dP. (Use f*d = df*.) 

(c) P~ 3 • dP is left invariant; and (dP) • P -3 is right invariant. 

(d) P~ ] ■ dP is the natural ft -valued 1-form co on G. (It suffices to check that 
P~ ] ■ dP — co at I.) 

(e) Using dP — P * co, show that 0 — dP ■ co + P ■ dco , where the matrix of 

2 - forms P dco is computed by formally multiplying the matrices of 1 -forms dP 
and co. Deduce that 


dco + co ■ co — 0. 
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If a> is the matrix of 1 -forms a) ~ this says that 


da P = — y^o>' 


ik a a> kj . 


Check that these equations are equivalent to the equations of structure (use the 
form dco(X, Y) = -[a >{X)MY)l) 

23. Let G C GL(2,R) consist of all matrices (q a ^ 0. For conve- 

nience, denote the coordinates x n and x 32 on GL(2, R) by x and y. 

(a) Show that for the natural $ -valued form a> on G we have 


1 



/ dx 

l 0 



so that dx/x and dy/x are left, invariant 1-forms on G, and a left invariant 
2-form is (dx a dy)/x 2 . 

(b) Find the structure constants for these forms. 

(c) Show that 

(dP) ■ p~ l = ~ ^ dx ~y dx + xd y 

and find the right invariant 2-forms. 

24. (a) Show that the natural eft («, Revalued 1-form a) on GL(m,R) is given by 


a> iJ = , ■ ’ „ Yy tk dx kJ , 
det(x a ^) " 

A — I 


where 

= det(x^) ■ (x^)" 1 . 

(b) Show that both the left and right invariant n 2 -forms are multiples of 

T~~n(dx^^ A • ■ • A dx nJ ) A * • • A (dx ln A ■ ■ • A dx tiR ). 

(det(A' a ^)) 

25. The special linear group SL(«,R) c GL(«,R) is the set of all matrices of 
determinant 1. 

(a) Using Problem 15. show that its Lie algebra yl(«,R) consists of all matrices 
with trace — 0. 
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(b) For the case of SL(2,M), show that 

p - j jp _ / vdx — ydu vdy — ydv\ 

\ — w ^a + a' du — w dy 4- A dv ) ' 

where we use x, y, u, v for a 33 , a' 32 , a' 23 , a -22 . Check that the trace is 0 by 
differentiating the equation xv — yu — 1. 

(c) Show that a left invariant 3 -form is 

v dx a du a dy — y dx a du a dv. 

26. For M,N e o(n) = X(0(«)) — {M : M = -M u h define 

(N, M) = — trace M • TV*. 


(a) ( , ) is a positive definite inner product on d(m). 

(b) If A g 0(«), then 


(Ad(A)M ,Ad(A)N) = ( M,N ). 

(Ad(y4) is defined in Problem 19.) 

(c) The left invariant metric on O(rt) with value ( , ) at O {n)j is also right 
invariant. 

27. (a) If G is a compact Lie group, then exp: g G is onto. Hint : Use 
Proposition 21. 

(b) Let A g SL(2, M). Recall that A satisfies its characteristic polynomial, so 
A 2 — (trace A) A + 7= 0. Conclude that traced 2 > —2. 

(c) Show that the following element of SL(2,K) is not A 2 for any A. Conclude 
that it is not in the image of exp. 



(d) SL(2, M) does not have a bi-invariant metric. 

28. Let a be a coordinate system around e in a Lie group <7, let jtj : G x G — * G 
be the projections, and let (y, z) be the coordinate system around (e,e) given 
by y' = a' o jtj , z‘ ~ x‘ o jt 2 . Define (f>‘ : G x G — > M by 

<f> ! {a, b ) = A'' ( ab ), 
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and let X; be the left invariant vector field on G with 




(a) Show that 




where 

t J i ( 0 ) ~ ^ (a, e). 

(b) Using L a L b = 

L a b, show that 


{£„,*, •(£)](*') = [*i(o4)](x'). 

Deduce that 

A' I •(4)(.Y , 0 L a ) = V'i (ab). 

and then that 

Ytj ( b ) ■ = ^/(^). 


j = J 


Letting Tp — (^j) be the inverse matrix of \p — (ipf), we can write 

^77 (o,b) - ^2i/j(ab) 'Tp’j(b). 

/=i 

This equation (or any of numerous things equivalent to it) is known as lie's first 
fundamental theorem. The associativity of G is implicitly contained in it, since we 
used the fact that L a Lb = L a b- 

(c) Prove the converse of Lie's first fundamental theorem , which states the following. 
Let <p = (0 3 , . . .,<p n ) be a differentiable function in a neighborhood of 0 € R 2 " 
[with standard coordinate system y 1 , . . . , v", r 1 , . . . ,z n ] such that 

<p(a, 0) — a for a € R”. 

Suppose there are differentiable functions in a neighborhood of 0 e R" [with 
standard coordinate system , x w ] such that 

dd> 1 " 

(*) -^j(a,b) -frjib) 

" /=i 


for (a, b) in a neighborhood 
of OeR 2 ". 
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Then ( a , b ) <j>{a , 6) is a local Lie group structure on a neighborhood ofO e M w 
(it is associative and has inverses for points close enough to 0. which serves as 
the identity); the corresponding left invariant vector fields are 


*, = £>/ 

;=i 


3 xJ 


[To prove associativity, note that 


d<f> l (<f>(a,b),z) 

dzJ 


n 

1 = 1 


b > ; (*)■ 


and then show that satisfies the same equation.] 


29. Lie's second fundamental theorem states that the left invariant vector fields X\ of 
a Lie group G satisfy 

n 

[X h Xj} = Y,C?jX k 

k = \ 

for certain constants Cjj— in other words, the bracket of two left invariant vector 
fields is left invariant. The aim of this problem is to prove the converse of Lks 
second fundamental theorem , which states the following: A Lie algebra of vector fields 
on a neighborhood of 0 G M”, which is of dimension n over M and contains a 
basis for M"o, is the set of left invariant vector fields for some local Lie group 
structure on a neighborhood of 0 g 1”. 

(a) Choose Xi,. . . ,X„ in the Lie algebra so that A'AO) = 3/3x'lo and set 


* = E d 

;=* i 


3 

dx J 


If 


<■>' = E# dxJ > 

7 = 1 


then the co 1 are the dual forms, and consequently 

da> k = — cjj o>‘ a co* C k constants. 


'V 




(b) Let 7i j : R” x R" -> be the projections. Then 

n >- n 

712* CO j “ o JT 2 ) d{ x 1 o 712) — o J^) ■ 7l*0) 1 


l-\ 


l=t 
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Consequently, the ideal generated by the forms d(x l 07 * 2 )— Z]/=t (^/ °X 2 )-xi*u>‘ 

is the same as the ideal J? generated by the forms 7 T 2 *a> J . Using the fact 

that the Cj k are constants, show that d( J?) C J?. Hence R w x M" is foliated by 

j?-dimensional manifolds on which the forms d(x l 0712 ) — (if/j 0712 ) ■ itfoX 
all vanish. 

(c) Conclude, as in the proof of Theorem 17, that for fixed a, there is a function 
<i > a : M” — » satisfying $> a (0) = a and 

n 

d¥ a {b) = Y^^i^a{b))-0) i {b), 

/= I 


or equivalently. 

~ w n 

- ^/(*)- 

1=1 

Now set (f>(a,b) = and use the converse of Lie’s first fundamental theo- 

rem. 


30. Lie's third fundamental theorem states that the C‘ k satisfy equations (1) and (2) 
on page 396, i.e.. that the left invariant vector fields form a Lie algebra under 
[ , ]. The aim of this problem is to prove the converse of Lie's third fundamental 
theorem, which states that any n -dimensional Lie algebra is the Lie algebra for 
some local Lie group in a neighborhood of 0 e M". 

Let C-j be constants satisfying equations (1) and (2) on page 396. We would 
like to find vector fields Ah, . . . , A'i, on a neighborhood of 0 e M" such that 
[Xi. Xj ] = CijXk- Equivalently, we want to find forms oo‘ with 

da> k = - ^2 C } k a>‘ a oo J . 
t<j 

Then the result will follow from the converse of Lie’s second fundamental the- 
orem. 


(a) Let h k r be functions on R x R" such that 


3A* 

dt 






h k r (0,x) = 0. 


These are equations “depending on the parameters a'” (see Problem 5-5 (b)). 
Note that h k (t, 0) = 8 k f. so that h k { 1,0) = 8 k . Let o k be the 1-form on Rxl" 
defined by 


J2 h ' dx '- 
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and write 

do k = X k + { dl a a k ). 

where X k and a k do not involve dt. Show that 

/<; \ 


a k = dx k - ^ C/5 x'a 1 ■ 




(b) Show that 


(c) Let 


Show that 


dX k = dt a(— ^ C k j dx l a cr ; - ^ C k j 

v ‘J iJ J 


e k =x k + -Y,c?jo‘AoJ. 




d6 k =dt Af-J^CfjX'X' -J2J2 C ij C rsX r O S ACT') 

' f ■ i - f r c / 


i,; ™ 

+ terms not involving dt . 


Using 


a at = -T.Y,( c uds - cfA)° 


s a <V 


tj r <s 


iJ r,s 


= 5 E + d.Cir)^ A a‘. 


t,J r ’ s 

and equation (2) on page 396, show that 

d6 k = dt A 


(“ J2 C U + \ H H C frCsj ^ A ^ ) 

V i,j U r ’ s J 


+ terms not involving dt. 


Finally deduce that 


d6 k = dt a — Cjt x ^6 l + terms not involving dt. 
j,t 
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(d) We can write 


& k - Y1 dx 1 A dxJ ■ 


1<J 


where (0. x) = 0 (Why?). Using (c), show that 


dg; 


ij 


d 1 




r,i 


Conclude that 6 k 
(e) We now have 


= 0 . 


k* 


da ' 




A G } . 




— - ~ ^2 C k j a 1 a o } + (dt a or*). 




Show that the forms co k (x) = cr*{l, ,y) satisfy 


do) k — “ r Q; 0)1 A ^ ■ 





CHAPTER 1 ] 

EXCURSION IN THE REALM 
OF ALGEBRAIC TOPOLOGY 


T his chapter explores further properties of the de Rham cohomolog)' vector 
spaces of a manifold. Our main results will be restatements, in terms of the 
de Rham cohomology; of fundamental properties of the ordinary cohomology 
which is studied in algebraic topology. Because we deal only with manifolds, 
many of the proofs become significantly easier. On the other hand, we will be 
using some of the main tools of algebraic topology, thus retaining much of the 
flavor of that subject. Along the wav we will deduce all sorts of interesting con- 
sequences. including a theorem about the possibility" of imbedding « -manifolds 
in M" +I . 

Let M be a manifold with M = U U V for open sets U, V C M . Before 
examining the cohomolog)' of M we will simply look at the vector space C k (M) 
of k -forms on M. Let 


i v : u m iy.V ^ M 

jv.unv^u jy.u nv ^ v 


be the inclusions. Then we have two linear maps a and j8. 


C k (M) 


a = iu* © /V* 


C K (U)®C K (V) 


P = Ju* ~ JV 


* C k (U n V) 


defined by 


of(a>) = iv* (a>)) yS{X j , X2) = ju*(k 1) — jv*(k 2). 

Here is just the restriction of a> to U. etc. Clearly /J oor = 0: In other 

words, image of C ker /}. Moreover, the converse holds: ker/J C image of. For. 
if jS(Ai,A2) = 0, then Aj = X2 on U Pi F. so we can define a) on M to be Ai 
on U and X 2 on V. and then of(co) = (ai,A 2 ). The equation image of = kerj6 is 
expressed by saying that the above diagram is exact at the middle vector space. 
We can extend this diagram by putting the vector space containing only 0 at the 
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ends; the arrow at either end of the following sequence are the only possible 
linear maps. 

1 . LEMMA. The sequence 

o jS 

0 C k (M) C k (U) © C k (V) — ► C k {U flf)^0 
is exact at all places. 

PROOF. It is clear that a is one-one. This is equivalent to exactness at C k (M). 
since the image of the first map is {0} C C k (M). Similarly, exactness at C k (V fl 
V) is equivalent to /I being onto. To prove that j6 is onto, let {epu* <pv] be a 
partition of unity subordinate to {U, V). Then a) e C k (U n V) is 

co = fi(<f>ya>, ~<f>uco). 

where cpyco denotes the form equal to cpyco on U n V, and equal to 0 on 
V - (U n V). ♦> 

By putting in the maps cl. we can expand our diagram as follows. 


0 


0 


~C k (M)- 

cl 

>C k+l (M) 


>C k (U)®C k (V)~ 

decl 

°L^c k+l (U)ec k+ '(V) 




-> c K (U n v) - 
d 

C k+l (U n V) 




+ o 


so that the row's are all exact. It is easy to check that this diagram commutes, 
that is, any two compositions Irom one vector space to another are equal: 

Of 


(cl © cl) O Of = 01 o cl 


d®d d 


P 




dof$ = fio(d®d) 


d 


d © d 
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Our first main theorem depends onlv on the simple algebraic structure in- 
herent in this diagram. To isolate this purely algebraic structure, we make 
the following definitions. A complex C is a sequence of vector spaces C k . 
k — 0, 1, 2, . . . , together with a sequence of linear maps 

d k -.C k -* c k+ ' 

satisfying d k+l or = 0, or briefly, d 1 = 0. A map a : Ci — r C 2 between 

complexes is a sequence of linear maps 

a k : C\ k -> C 2 k 


such that the following diagram commutes for all k . 


Ct 


k 


or 


* C: 


k 


rfi* 

Q k+l 


d z k 

a k+l r'k+l 
> C2 


The most important examples of complexes are obtained by choosing C k — 
C k (M) for some manifold M, with d k the operator d on k -forms. Another 
example, implicit in our discussion, is the direct sum C — Ci © C 2 of two 
complexes, defined by 

C k = C\ k © C 2 *. d k = d\ k © d 2 k . 


For any complex C we can define the cohomology vector spaces of C by 


H k (C) 


ker d k 
image d k ~ ] 


Naturally, if C = {C a {jW)) s then H k (C) is just H k (M). If or: Ci C 2 is a 
map between complexes, then we have a map. also denoted by of. 

a: H k (Ci) H k {C 2 ). 


To define a we note that every clement of H k {C\) is determined by some 
.V G Cj A with d] k („y) = 0. Commutativity of the above diagram shows that 
df{a k { x)) = a k+] d] k (x) = 0. so ot k (x) determines an element of // A (C 2 ). 
which we define to be or {the class determined by x). This map is well-defined. 
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for if we change x to a' + d\ k ~ ] 0>) for some y G C] k ~ ] , then a k (a') is changed 
to 

<x k (x + d] k ~ x {y)) - a k (x) + a k {d k ~ x {y)) 

= OL k (x) + 

which determines the same element of H k {C 2 ). When C\ k = C*{jW), C 2 k = 
C a '{A / ). and of : C A {M) — » C*{./V) is /* for f : N —> M> then this map is just 
/*: tf*(AO -► H k (N). 

Now suppose that we have an exact sequence of complexes 

a ft 

0 — > C] — > C2 — > C3 — > 0. 

which really means a vast commutative diagram in which all rows are exact. 


i 


0 


-C, 


A- 1 a k 1 . ^ k-l 1 . ^_k~ 1 


C 2 * 


C 3 * 


0 


d\ k 1 




(*,' 0 


Cl 


A ^ k P 


+ C2* 


■+ Ci 


d 3 k 1 

A* 


0 


</i A 




0 


■^Ct* +] — ■ > c 2 k+] 




Cl 




A+l 


0 


What does this imply about the maps of : H k {Q) H k {C 2 ) and /3: H k {C 2 ) 
H k {C 3 )? The nicest thing that could happen would be for the following dia- 
gram to be exact: 

0^ H k (Q H k {C 2 )~^ H k (C 3 )^0. 

This is not true. For example, if U and V are overlapping portions of S 2 foi 
which there is a deformation retraction of U n V into S 1 , then we have an exact 
sequence 

()-► C k (S 2 ) -> C k (U)®C k (V) -> C k (U nV) 0 . 
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but not an exact sequence 

0 >H\S 2 ) > H X {U) © H ] (V) > H l (Un V) > 0 . 

n n n 

0 0 E 

Nevertheless, something very nice is true: 

a fi 

2. THEOREM. If 0 — > C\ — > C 2 — > C3 0 is a short exact sequence of 
complexes, then there are linear maps 

8 k : //*(C 3 )-> H k+ \C\) 

so that the following infinitely long sequence is exact (everywhere): 

0^ H°(Q) H°(C 2 ) //°(C 3 ) H\Q) —> - 

> H k (C,) H k (C2) -A fl*(C 3 ) — » H k+1 (Ci) 

PROOF. Throughout the proof, diagram (*) should be kept at hand. Let x e 
Cf with elf (x) = 0. By exactness of the middle row of (*), there is y g C: k 
with fi k (y) = x. Then 

0 = </ 3 V ) = dj*0*O1 = ^* +, </2*(7). 

So ^2 A (J ; ) £ ker + 1 = image ot k + x \ thus d 2 k (y) — cc k+x (z) for some (unique) 
r G C\ k+X . Moreover. 

a k+x df +l (=) = </ 2 * + V +i (j:) = d 2 k+x d 2 k (y) = 0. 

Since a* +1 is one-one. this implies that d\ k+x (z) = 0, so z determines an ele- 
ment of //* +1 {Ci): this element is defined to be 8 k of the element of H k (C-i) 
determined by x. 

In order to prove that 8 k is well-defined, we must check that the result does 
not depend on the choice of x e C 3 A representing the element of //*(C 3 ). So 
we have to show that we obtain 0 g H k+X (Q) if we start with an element of 
the form df~ l (x') for x' G Cf~ x . In this case, let a'' — fi k ~ x (y f ). Then 

x = df~ x (x') = df- l p k - l (y') = 0*rf 2 *“V), 

so we choose d 2 k ~ x (f) as y. This means that d 2 k (y) = 0, and hence r = 0. 
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It is also necessary to check that our definition is independent of the choice 
of v with fi k (y) = x; this is left to the reader 
The proof that the sequence is exact consists of 6 similar diagram chases. We 
will supply the proof that kerof c imaged. Let a' g C\ k satisfy d\ k (x) = 0, and 
suppose that af*{A*) G Cz k represents 0 G H k (Ci)- This means that of A (A') = 
d 2 k ~ l (y) l° r some y g C 2 A “*. Now 

d} k ~'p-'(y) = fdf-'w = 0*<*V) = 0. 

So @ A “ l ( v) represents an element of H k ~ x iCi). Moreover, the definition of <S 

immediately shows that the image of this element under 8 is precisely the class 
represented by a\ ♦> 

It is a worthwhile exercise to check that the main step in the proof of Theo- 
rem 8-36 is precisely the proof that kerof C imaged, together with the first part 
of the proof that 8 is well-defined. All of Theorem 8-16 can be derived directly 
from the following corollary of Lemma 3 and Theorem 2. 

3. THEOREM (THE MAYER-VIETOR1S SEQUENCE). If M = U U E 
where U and V are open, then we have an exact sequence {eventually ending 
in 0’s): 

^H k {M) - H k (U)® H k {V) -> H k (U n V) 4 H k+ '{M) -> - . 


As several of the Problems show, the coliomology of nearly everything can 
be computed by a suitable application of the Mayer- Viet oris sequence. As a 
simple example, we consider the torus T = S l x S\ and the open sets V 
and V illustrated below. Since there is a deformation retraction of U and V 



onto circles, and a deformation retraction of U n V onto 2 circles, the Mayer- 
Vietoris sequence is 
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— ► H°(T) — ► H°(U) © H°(V) — ► H°(V n V) — ► H'{T) — » H l (V) © H'{V) - 

/< a 

E R 

— - H'(U n V) — > h 2 (T) — ► o. 

t> a 

Men E 

The map H X (U n F) -h> H Z {T) is not 0 (it is onto H Z (T )), so its kernel is 
1 -dimensional. Thus the image of the map H X (U) ® H x (V) — » H X (U fl F) 
is 1 -dimensional. So the kernel of this map is 1 -dimensional, and consequently 
the map H X {T) H X (U)® H X {V) has a 1 -dimensional image. Similar rea- 
soning shows that this map also has a 1 -dimensional kernel. It follows that 
dim H X {T) = 2. The reasoning used here can fortunately be systematized. 

4. PROPOSITION. If the sequence 

0 Vi -0U V 2 -> ► F*_j V k 0 


is exact, then 


0 = dim V\ — dim F 2 + dim F 3 — h (— 1 )* 1 dim V k . 

PROOF. By induction on k. For k = 1 we have the sequence 

0 -> F] 0. 

Exactness means that {0} C V\ is the kernel of the map V\ 0. which implies 
that V\ = 0. 

Assume the theorem for k — J. Since the map F? — > F 3 has kernel of(F]), it 
induces a map F 2 /Gf(F]) — > F 3 . Moreover, this map is one-one. So we have an 
exact sequence of k — 1 vector spaces 

0 — » Vi/otiYi) — » F 3 — > * - ■ — > V k -\ — » Vk — > 0: 


hence 


0 = dim Vijoi ( V \ ) — dim F 3 + ■ * • 

= — dim V\ + dim V 2 — dim F 3 + - • • . 

which proves the theorem for k. 
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Rather than compute the cohomology of other manifolds, we will use the 
Maver-Vietoris sequence to relate the dimensions of H k (M) to an entirely 
different set of numbers, arising from a “triangulation” of a new structure 
which we will now define. 

The standard ^-simplex A„ is defined as the set 

A„ = jx e r +1 : 0 < A' 1 ' < 1 and x* = l} . 



(In Problem 8-5. A„ is defined to be a different, although homeomorphic. set.) 
The subset of A„ obtained by setting n — k of the coordinates x l equal to 0 
is homeomorphic to A^. and is called a A- -face of A„. If A C M is a dif- 
feomorphic image of some A m . then the image of a k~f\ ace of A m is called a 
k- face of A. Now by a triangulation of a compact /7-manifold M we mean a 
finite collection fer"/} of diffeom orphic images of A„ which cover M and which 
satisfy the following condition: 

If o n iDa n j ^ 0. then for some k the intersection cr”,- r\o n j is a /:-face 

of both o n j and o n j. 



It is a difficult theorem that even' C°^ manifold has a triangulation; for a 
proof see Munkres. Elementary Differential Topology . or Whitney, Geometric Integration 
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Theory. Assuming that our manifold M has a tri angulation {o n i} we will call 
each o n i an n-simplex of the triangulation; any &-face of any cr”,- will be called 
a k -simplex of the triangulation. We let of* be the number of these /:-simpIexes. 

Now let U be the disjoint union of open balls, one within each ?t-simplex cr”,-. 
and let V n ~ \ be the complement of the set consisting of the centers of these balls, 
so that V„-\ is a neighborhood of the union of all {« — l)-simplexes of M. Then 




M = U U V„-t where U n V u ~\ has the same cohomology as a disjoint union 
of o( n copies of i S"“ ] . Consider first the case where n > 2. The Mayer- Vietoris 
sequence breaks into pieces: 


( 1 ) 0 — — > H°(U) ® ,) — > H°(U n V^_,) — > H\M) 

— *■ H\U) © H\V^ ,) — * //'(U n V n - 1) 

I] II 

0 0 

(2) For I < k <;?—]. 

H k ~HU n IV.,) -> H k {M) -» H k {U) ®H k (V„-i) -» H k {UC\ IV- 1 ) 

II II II 

0 0 0 


(3) H n ~ 2 {U n IV-,) — *■ — *■ H”~\U) © — * 

II II 

0 0 


+ H^\U n W,) — > H n {M) 


//"(l/)ffi//"(iv-i) 

II 

0 
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Applying Proposition 4 to these pieces yields 

dim H k (V n ~\) = dim H k (M) 0 < k < n — 2 

dim/Z^O^-t) = dim - dim H n (M) + a n . 

For the case rt = 2 we easily obtain the same result without splitting up the 
sequence. We now introduce the Euler characteristic x(^) of defined by 

X(M) = dim H°(M) - dim H X {M) + dim H 2 (M) + (-1)" dim H n (M). 

This makes sense for any manifold in which all H k (M) are finite dimensional; 
we anticipate here a later result that H k (M) is finite dimensional whenever M 
is compact. The above equations then imply that 

n— 1 

*=o 

n—2 

= dim H k (M) 

k = o 

+ (~l) n_1 [dim - dim H n {M) + a„] 

= X(M) ~ (-l) w a«. 
or 

X(M) = + (-!)"««. 


5. THEOREM. For any tri angulation of a compact manifold M we have 

X(M) = of 0 - on + a 2 h (— 

PROOF. In the manifold V n - t we define a new open set U which consists of 
a disjoint union of sets diffeomorphic to M w ; one for each (n — 1) -face, joining 
the balls of the old U. 



components of 
new U (« ~ 2) 

components of 
new U (n ~ 3) 
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We will let Vj ,~2 be the complement of arcs, in the new U, joining the centers 
of the balls in the old U. 

V„- 2 is the 
complement of 




An argument precisely like that which proves the equation 

x(^) = xO / n -i) + (~i)V n 

also shows that 

Similarly, we introduce VV,_ 3 , . . . , Vo; the last of these is a disjoint union of ofo 
sets each of which is smoothly contractible to a point. Hence x( Vo) — Gfo, while 
in all other cases we have 

x(n) = x(n-i) + (-i)W 

Combining these equations, we have 

xW = X(W-0 + (-!)%, 

= xiVn - 2) + [(-1 ) B-I a «-1 + (-1 )>«] 


= x(U)) + [(“l)*0fi + h (-!)"»„] 

= 0f 0 — Ofi + h (— l)"or n . ♦> 

6 . COROLLARY (DESCARTES- EULER). If a convex polyhedron has V 
vertices, E edges, and F faces, then 


V ~ E+F = 2. 
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If we turn from H k to H k we encounter a very different situation. If V C M 
is open, a form a) with compact support C M may not restrict to a form with 
compact support C V'. the inclusion map of U into M is not proper. On the 



other hand, if a> is a form with compact support C U. then co can be extended 
to M by letting it be 0 outside U\ we will denote this extended form by 



If C k (M) denotes the vector space of A- -forms with compact support on M , we 
can define a new sequence. 


/. LEMMA. The sequence 


C c k (U nv) 


ju 0 —jv' 


C c k (U)®C?(V) 


iu r + W 


» C k (M) -> 0 


is exact. 

PROOF. It is clear that ju’ ® ~ jy* is one-one; in fact, each map ju’ and jy' 
is one-one. 

To prove that /[/ + />' is onto, let a) be a A: -form with compact support on M , 
and let {< pu,4>v } be a partition of unity for the cover {U, V). Then 

CO = <f>UCO + (pyCO 

is clearly the image of (<f>u( 0 ,<f>ya>) e C k (U) ©C*(E). 

It is clear that image {ju* ® ~jy r ) C ktr{iu T + /(/)■ To prove the converse, 
suppose that 

(A,i,A, 2 ) e C k (U) ® C k (V) satisfies /[/(At) + iy r (Xi) = 0. 

This means that ai = — Xi. Since support X\ C U and support X 2 C U. this 
shows that support A 1 C U n V and support Xi C U nV. So (X ( , X 2 ) is the 
image of X\ e C k (U HE). ♦> 
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8. THEOREM (MAYER-VIETORIS FOR COMPACT SUPPORTS). If the 
manifold M = V U V for U, V open in M , then there is a long exact sequence 

£ 

> H*(unv) -> -> H*(M) — ► V) 

PROOF. Apply Theorem 2 to the short exact sequence of complexes given by 
the Lemma. ♦> 

This sequence is much harder to work with than the M ayer-Vietoris sequence. 
For example, suppose we want to find H * for R" — -( 0 ), which is diffeomorphic to 
S" -1 xR. If we write S n = UuV in the usual way, so that U OF is diffeomorphic 
to iS'" -1 x R, then S n x R = (U x R) U (V x R), where (U x R) n (V x R) 
is diffeomorphic to 5 M_l x R 2 . The only way to use induction is to find H* 
for all S n x R" 1 , starting with S 1 x R m . The details will be left to the reader; 
we will merely record one further result, for later use, and then proceed to yet 
another application of Theorem 2 . 

9 . COROLLARY, If M = U U V for U , V open in M i then there is a dual 
long exact sequence 

> H* +I (unv)*^ -> H?(Ur\V)* -> .... 

PROOF. We just have to show that if the sequence of linear maps 

a fi 
W\ — s VIA — » VF 3 

is exact at W2. then so is the sequence of dual maps and spaces 

P* * oc* * 
w$* — ► vf 2 * — > Wi*. 


For any A e Wfi* we have 

ot* f}*(X) = a*(X o j6) = A o (j6 o of) = A o 0 = 0. 

So of* o ,6* = 0. 

Now suppose A e W2* satisfies a* (A) = 0. Tlien A o of = 0. We claim that 

W\ — ^ VIA — WA 
A 

IS A 

R 

there is A : W3 -> R with A = /J*(A), i.e., A = jS o A. Given a w e W 3 which is 
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of the form /3(u/). we define 

A, (to) = A(jS'). 

This makes sense, for if jS(uj') = j8(tu"), then w — w tr = of(r) for some z, so 
A{uj) - Mw”) — A,of{") = 0. This defines A on fl{Wj) C W$. Now choose. 
W C IV3 with W3 = P(W 2 ) © W, and define A to be 0 on W. +> 

We now consider a rather different situation. Let TV C M be a compact sub- 
manifold of M. Then M-~N is also a manifold. We therefore have the sequence 

C k (M — TV) — > C k (M) — > C*(TV), 

where e is “extension”. This sequence is not exact at C k (M): the kernel of i* 
contains all a> e C k (M) which are 0 on TV, while the image of e contains all 
a) e C k {M) which are 0 in a neighborhood of N. 

To circumvent this difficulty, we will have to use a technical device. We 
appeal first to a result from the Addendum to Chapter 9. There is a compact 
neighborhood V of TV and a map jt : V — > TV such that V is a manifold-with- 
boundary; and if j : TV — V is the inclusion, then jt 0 j is the identity of A', 
while j o jt is smoothly homotopic to the identity of V. We now construct a 
sequence of such neighborhoods V = V\ D D V3 d ■ • • with V,- = A*. 



Now consider two forms a),- € C^( F,-), a)j £ C k {Vj). We will call coi and coj 
equivalent if there is / > /, j such that 

a>i\Vl = Vj\Vl‘ 

It is clear that we can make the set of all equivalence classes into a vector space 
$*(TV). the “germs of k -forms in a neighborhood of TW”. Moreover, it is easy 
to define cl: $*(TV) -> g*+*(TV), so that we obtain a complex Finally, we 
define a map of complexes 

C k c (M) -L g. k (N) 

in the obvious way: a> i-> the equivalence class of any a>\Vj. 
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10. LEMMA. The sequence 

£ / * 

0^ C k {M - N) — > C k {M) — > gL*(JV) 0 


is exact. 

PROOF. Clearly e is one-one. 

If a) € C k {M — TV), then co = 0 in some neighborhood U of TV. Since TV is 
compact and ^ there is some / such that V- t C U, and consequently 
co = 0 on Vi. This means that i*e(co) = 0. Conversely, suppose k e C k (M) 
satisfies i*(k) — 0. By definition of $*(TV). this means that k\Vi = 0 for some i. 
Hence k\M - TV has compact support C M — TV, and k = e(k\M — TV). 

Finally, any element of (TV) is represented by a form r] on some Vj. Let 
f : M — > [0, 1] be a C°° function which is 1 on V/+t, having support f C 
interior V(. Then j r\ e C k {M) z and f rj represents the same element of $A(TV) 
as consequently this element is /*(/ ij). ♦> 

1 1. LEMMA. The cohomology vector spaces H k ($) of the complex ($*(TV)} 
are isomorphic to H k {N) for all k. 

PROOF. This follows easily from the fact that j*: H k (Vi) H k (N) is an 
isomorphism for each Vi. Details are left to the reader. ♦> 

12. THEOREM (THE EXACT SEQUENCE OF A PAIR). If TV c M is a 
compact submanifold of M , then there is an exact sequence 

> H k {M — TV) -» H k {M) -> H k (N) H k+1 (M - TV) 

PROOF. Apply Theorem 2 to the exact sequence of complexes given by Lemma 
10, and then use Lemma 11. ♦> 

In the proof of this theorem, the de Rham cohomology of the manifold-with- 
boundary V/ entered only as an intermediary (and we could have replaced 
the V{ by their interiors). But in the next theorem, which we will need later, it 
is the object of primary interest. 

13. THEOREM. Let M be a manifold-with -boundary, with compact bound- 
ary 8M. Then there is an exact sequence 

> H k {M -8M) ^ H k (M) -» H k (dM ) -^ H k+l {M - 8M) -> . 
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PROOF, Just like the proof of Theorem 12, using tubular neighborhoods V\ of 
dM in M. ♦> 



As a simple application of Theorem 13, we can rederive H k (R n ) from a 
knowledge of by choosing M to be the closed ball B in R”, with 

H k {B) == H k {B) = 0 for k ^ 0. The reader may use Theorem 12 to compute 

H k (S n x R m ), by considering the pair ( S” x R"\{p} x R m ). Then Theo- 
rem 13 may be used to compute the cohomology of S n x S m ~ ] = d(S " x 
closed ball in R m ). For our next application we will seek bigger game. 

Let M C R” +I be a compact / 7 -dimensional submanifold of R” +I (a com- 
pact “hyper surface” of M w+I ). Using Theorem 8-17, the sequence of the pair 
(M n+1 ,M) gives 

H?(R n+] ) — > H n (M) -L - M) — * H? +] (R n+I ) — > H n+ '{M). 

If 8 II 

0 R 0 

It follows that 

(*) number of components of R" +I — M = dim H n {M) 4- 1. 

But we also know (Problem 8-25) that 

(**) number of components ofR”" 1 " 1 — M > 2. 

14. THEOREM. If M C R w+I is a compact hypersurface, then M is ori- 
entable, and R" +I — M has exactly 2 components. Moreover, M is the boundary 
of each component. 

PROOF, From (*) and (**) we obtain 


dim 1 > 2. 
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Since dim H n {M) is either 0 or 1, we conclude that dim H n (M) = 1, so M is 
orientable; then (*) shows that R n+I — M has exactly two components. The 
proof in Problem 8-25 shows that ever)' point of M is arbitrarily close to points 
in different components of R n+I - M, so every point of M is in the boundary 
of each of the two components. ♦> 


1 5. COROLLARY (GENERALIZED [C°°] JORDAN CURVE THEOREM). 
If M C R” +I is a submanifold homeomorphic to S n , then R” +1 — M has two 
components, and M is the boundary of each. 

16. COROLLARY. Neither the projective plane nor the Klein bottle can be 
imbedded in R 3 . 

Our next main result will combine some of the theorems we already have. 
However, there are a number of technicalities involved, which we will have to 
dispose of first. 

Consider a bounded open set U C R" which is star-shaped with respect to 0. 
Then U can be described "as 


U = f/x : x e S n 1 and 0 < / < p(x)j 
for a certain function p: S f ‘~ ] —> R. We will call p the radial function of U. 



If p is C°°, then we can prove that U is diffeomorphic to the open ball B of 
radius 1 in R". The basic idea of the proof is to take tx e B to p(x)t ■ x e U. 
This produces difficulties at 0, so a modification is necessary. 

1 7. LEMMA. If the radial function p of a star-shaped open set U C R rt is C°° : 
then U is diffeomorphic to the open ball B of radius 1 in R". 
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PROOF. We can assume, without loss of generality, that p > 1 on S n h Let 
/: [0, 1] -» [0, 1] be a C°° function with 

/ = 0 in a neighborhood of 0 
/'> 0 
/U) = ]• 

Define /i : 5 -> f/ by 

/i(r.v) = [r + (jo(jt) - l)/(/)]jr, * e S” -1 , 0 < t < 1 . 

Clearly h is a one-one map of B onto V. It is the identity in a neighborhood 
of 0, so it is C°°, with a non-zero Jacobian, at 0. At any other point the same 
conclusion follows from the fact that /(-*■/ + (jo(a') — l)/(/) is a C°° function 
with strictly positive derivative. ♦> 

In general, the function p need not be C°°; it might not even be continuous. 





However, the discontinuities of p can be of a certain form only. 

18. LEMMA. At each point .v e S'” -1 , the radial function p of a star-shaped 
open set U C M /; is “lower semi-continuous”: for every £ > 0 there is a neigh- 
borhood W of x in S'” -1 such that p(j') > p(x) — £ for all y e W. 

PROOF. Choose tx 6 U with p{x) — t < e. Since U is open, there is an open 



ball B with x e B c U. There is clearly a neighborhood W of .v with the 
property that for r e W the point /y is in B , and hence in U. This means that 
for .y e W we have p(y) > / > p(x) — £. ♦> 
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Even when p is discontinuous, it looks as if U should be diffeomorphic to M". 
Proving this turns out to be quite a feat, and we will be content with proving 
the following. 

19. LEMMA. If U is an open star-shaped set in M w , then H k (U) ^ H k (R tI ) 
and H k {U) ^ H k { IT) for all k. 

PROOF. The proof for H k is clear, since U is smoothly contractible to a point. 
We also know that Hj!{U) ^ M ^ Hp(R n ), By Theorem 8-17, we just have to 
show that H k (U) — 0 for 0 < k < n. 

Let a) be a closed /:-form with compact support K C U. We claim that there 
is a C°° function p: S'” -1 — » M such that p < p and 

K c V = {tx : x e S'" -1 and 0 < / < p(x)}. 

This will prove the Lemma, for then V is diffeomorphic to M rt , and consequently 
a) = dr} where r) has compact support contained in V, and hence in U. 

For each x e S n ~\ choose t x < p{x) such that all points in K of the form ux 
for 0 < u < p(x) actually have u < t x . Since K is closed and p is lower semi- 



continuous, there is a neighborhood W x of x in S'” -1 such that t x may also 
be used as / v for all y e W. Let W Xi , . . . , W Xr cover S'" -1 , let <p\ , . . . , <j) r be a 
partition of unity subordinate to this cover, and define 

P = bo0] H h L r 0r- 

Any point x e S n ~ i is in a certain subcollection of the W Xj , say W x , , . . . , W Xj 
for convenience. Then p/ + i(x), . . . ,p r (x) are 0. Each t Xl ,...,t Xf is < p(x). 
Since 0](x)H h<Pi(x) = 1. it follows that p(x) < p{x). Similarly, K C V. ❖ 
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We can apply this last Lemma in the following way. Let M be a compact 
manifold, and choose a Riemannian metric for M. According to Problem 9-32. 
every point has a neighborhood U which is geodesically convex; we can also 
choose U so that for any p e U the map exp^ takes an open subset of M p 
diffeomorphically onto U. Let {C/j, . . , , U r } be a finite cover by such open sets. 
If any V — Ui f ft* • • D Ui, is non-empty, then V is clearly geodesically convex. If 
p e V, then exp p establishes a diffeomorphism of V with an open star-shaped 
set in M p . It follows from Lemma 19 that V has the same H k and H k as M rt . 
In general, a manifold M will be called of finite type if there is a finite cover 
{U\, . . . ,U r } such that each non-empty intersection has the same H k and H k 
as M”; such a cover will be called nice. 

It is fairly clear that if we consider N = {1,2, 3, . . . } as a subset of M 2 , then 
M = M 2 — N is not of finite type. To prove this rigorously, we first use the 
Mayer-Vietoris sequence for M 2 = M U V, where V is a disjoint union of balls 
around 1,2,3,... . We obtain 



// ! (M 2 ) > H'(M)® H ] (V) >H\M n V) >H 2 ( M 2 ), 

II II II 

0 0 0 

where M n V has the same H i as a disjoint union of infinitely many copies 
of S' 1 ; this shows that H i (M) is infinite dimensional (see Problem 7 for more 
information about the cohomology of M). On the other hand, 

20. PROPOSITION. If M has finite type, then H k {M) and H k {M) are finite 
dimensional for all k. 

PROOF. By induction on the number of open sets r in a nice cover. It is 
clear for r = 1. Suppose it is true for a certain r, and consider a nice cover 
{Ui , . . . , U r , V) of M. Then the theorem is true for V = Ui U ■ • • U U r and 
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for U. It is also true for U H V, since this has the nice cover 
Now consider the Mayer-Vietoris sequence 

> H k ~ x {Vr\V)\ H k {M) A H k (U)®H k (V ) -> 

The map a maps H k {M) onto a finite dimensional vector space, and the kernel 
of a is also finite dimensional. So H k (M) must be finite dimensional. 

The proof for H k (M) is similar. <♦ 


For any manifold M we can define (see Problem 8-31) the cup product map 

H k {M) x H l (M) -X H k+I (M ) 


bv 


We can also define 


[ 0 > A Jj]. 

H k (M) x H ! c (M) H k+I (M) 


by the same formula, since a) A rj has compact support if r) does. Now suppose 
that M n is connected and oriented, with orientation \x. There is then a unique 
element of H”(M) represented by any t] e C£(M) with 

/ n = I ' 

It is convenient to also use fx to denote both this element of H£(M) and the 
isomorphism H*'(M) — > M which takes this element to ] e R. Now ever)^ 
a e H k {M) determines an element of the dual space H”~ k {M)* by 

e H”(M) M. 

We denote this element of by PD(a), the “Poincare dual” of a, so 

that we have a map 

PD: H k (M) -» PD(a)(P) = n(a v P). 


One of the fundamental theorems of manifold theory states that PD is always 
an isomorphism. We are all set up to prove this fact, but we shall restrict 
the theorem to manifolds of finite type, in order not to plague ourselves with 
additional technical details. As with most big theorems of algebraic topology, 
the main part of the proof is called a Lemma, and the theorem itself is a simple 
corolla rv. 
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21. LEMMA. If M — U U V for open sets U and V and PD is an isomorphism 
for all k on U, V. and U n V, then PD is also an isomorphism for all ^ on M. 

PROOF. Let / = n~ k. Consider the following diagram, in which the top row 
is the Mayer- Viet oris sequence, and the bottom row is the dual of the Mayer- 
Vietoris sequence for compact supports. 


H k ~hU) ® H k ~HV) * H k ~HV n V) — ► H k (M) * H k {V) © H k (V) » H k (U n V) 


PD® PD 


PD 


PD 


PD® PD 


PD 


\H } c + hu ) © Hl + '{V)\* — > H } C +] (U n V )* — > — » \H } C {U) © — ► H l c {U Pi V )* 


By assumption, all vertical maps, except possibly the middle one, are isomor- 
phisms. It is not hard to check (Problem 8) that every square in this diagram 
commutes up to sign, so that by changing some of the vertical isomorphisms 
to their negatives, we obtain a commutative diagram. We now forget all about 
our manifold and use a purely algebraic result. 


“THE FIVE LEMMA”. Consider the following commutative diagram of vec- 
tor spaces and linear maps. Suppose that the rows are exact, and that pi, pi. 
p 4 , ps are isomorphisms. Then py is also an isomorphism. 


a i 


Vi 


a 2 


f 3 


a 3 




«4 


+ v 5 


pi 


Wi 


0. 


p2 


w. 


02 


03 


w 3 


03 


04 


VP 4 


04 


05 




PROOF. Suppose 0 3 (jc) = 0 for some x e V$. Then 0 3 0 3 (x) = 0, so 04« 3 (x) — 
0. Hence a 3 (x) = 0, since 04 is an isomorphism. By exactness at F 3 . there is 
y e Vi with x = « 2 (y). Thus 0 = 0 3 (x') = 0 3 «2(y) = 0202 (f)* Hence 
p 2 {y) = 01(e) for some z e W\. Moreover, r = p\{w) for some w e V\. Then 


02(F) = 01 00 = 0101 (“0 =02ari(uO ( 


which implies that y = q;i(uj). Hence 

x = a 2 {y) = « 2 (« i (^)) = 0. 


So p$ is one-onc. 

The proof that 0 3 is onto is similar, and is left to the reader. This proves the 
original Lemma. ♦> 
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22. THEOREM (THE POINCARE DUALITY THEOREM). If M is a 
connected oriented n -manifold of finite type, then the map 

PD: H k (M ) -> 

is an isomorphism for all k. 

PROOF \ By induction on the number r of open sets in a nice cover of M. The 
theorem is clearly true for r = 1. Suppose it is true for a certain r, and consider 
a nice cover {Uj, . . . , f/ r , V} of M. Let V = U\ U ■ • • U U r . The theorem is true 
for U , V, and for U n V (as in the proof of Proposition 19). By the Lemma, it 
is true for M. This completes the induction step. ❖ 

23. COROLLARY. If M is a connected oriented H-manifold of finite type, 
then H k (M) and H”~ k (M) have the same dimension. 

PROOF. Use the Theorem and Proposition 19, noting that V* is isomorphic 
to V if V is finite dimensional. ♦> 

Even though the Poincare Duality Theorem holds for manifolds which are not 
of finite type, Corollary 23 does not. In fact, Problem 7 shows that H ] (M 2 — N) 
and Hi (M 2 — N) have different (infinite) dimensions. 

24. COROLLARY. If M is a compact connected orientable «-manifold, then 
H k {M) and H n ~ k {M) have the same dimension. 

25. COROLLARY, If M is a compact orientable odd-dimensional manifold, 
then x(M) = 0. 

PROOF. In the expression for /(M), the terms (— 1)* dim H k {M) and 
(-])"“* dim ~ (-l)* +, dim H n ~ k (M) 

cancel in pairs. ♦♦♦ 

A more involved use of Poincare duality will eventually allow us to say much 
more about the Euler characteristic of any compact connected oriented man- 
ifold M n . We begin by considering a smooth k -dimensional orientable vector 
bundle £ = jt : E — » M over M. Orientations \x for M and v for % give an 
orientation fi © v for the (« T /:)-manifold E . since E is locally a product. If 
{ U \ , . . . , U r } is a nice cover of M by geodesic ally convex sets so small that each 
bundle £| U,- is trivial, then a slight modification of the proof for Lemma 19 
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shows that {jt — 1 ((/i), . . . , r~ ] (t/ r )} is a nice cover of £, so E is a manifold of 
finite type. Notice also that for the maps 

s = 0-section 

M , .? F 

R 


we have 


jr o s = identity of M 

s o r is smoothly homotopic to identity of E, 

so r* : H ! (M) H 1 (E) is an isomorphism for all /. The Poincare duality- 

theorem shows that there is a unique class U e H k {E) such that 

R*pvU = p®ve H? +k {E). 

This class V is called the Thom class of £. Our first goal will be to find a 
simpler property to characterize U. 

Let F p = n~ l {p) be the fibre of % over any point p e M, and let j p : F p — » E 
be the inclusion map. Since j p is proper, there is an element j p *U e H k {F p ). 
On the other hand, the orientation v for % determines an orientation v p for F p . 
and hence an element v p e H k (F p ). 

26. THEOREM. Let {M,p) be a compact connected oriented manifold, and 
£ = jr : E — > M an oriented k -plane bundle over M with orientation v. Then 
the Thom class U is the unique element of H k {E) with the property that for 
all p € M we have j p *U = v p . (This condition means that 

/ j P *a>=U 

J(Fr,v n ) 

where U is the class of the closed form a).) 

PROOF. Pick some closed form a) e C k (E) representing (/, and let r) e C n (M) 
be a form representing p, so that f( M V — E Our definition of U states that 

(1) J 7T*r) Afl)=l. 

Let A C M be an open set which is diffeomorphic to M”, so that A is smoothly 
contractible to any point p 6 A. Also choose A so that there is an equivalence 

/ : r -I (/4) -> A x R k . 
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This equivalence allows us to identify ?r -1 (A) with A x F p . Under this identifica- 
tion, the map j p : F p —> jt -1 (A) corresponds to the map e h>- (/>, e) for e e F p . 
which we will continue to denote by j p . We will also use tt 2 : A x F p —> F p to 
denote projection on the second factor. 

Let || || be a norm on F p . By choosing a smaller A if necessary, we can 
assume that there is some K > 0 such that, under the identification of n~ l {A) 
with A x F p , the support of ojIjt -1 (A) is contained in {(q y e) : q e A, ||e|| < K). 


support a) 


A 



Using the fact that A is smoothly contractible to p, it is easy to see that there 
is a smooth homotopy H : {A x F p ) x [0, 1] — > A x F p such that 


H(e, 0) = e 

H(e, 1) = (p,jr 2 (e)) = j p (n 2 {e)): 


we just pull the fibres along the smooth homotopy which makes A contractible 



to e. For the H constructed in this way it follows that 

H(e, t) ^ support a) if ||e|| > K. 

Consequently, the form H*co on x F p ) x [0, 1] has support contained in 
{{q^it) : ||e || < K}. A glance at the definition of 7 (page 224) shows that the 
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form ]H*u) on A x F p has support contained in {{q^e) : J|eJJ < K}. Theo- 
rem 7-14 shows that 


(j p o 7! 2 )*a) - a) = - io*{H*a>) 

= d(]H*a)) + J(dH*co) 

= d(]H*a)). 

Tims 

(2) ni*jp*u> — co — dk, support A. C {(?,e) : ||e|| < 

So 

(3) f 11*7} A(0 — f 7T* 7) A 7T2* jp* co — f 7T*r) A dk. 

JA x Fj, JA x Fj, JAxFj, 

Now, on the one hand we have (Problem 8-17) 

(4) f 7T*r ] A7r 2 *jp*co=[7r*r } -[ j p *co. 

JA x Fp JA J F jt 

On the other hand, we claim that the last integral in (3) is 0. To prove this, ii 
clearly suffices to prove that the integral is 0 over A' x F p for any closed ball 
A‘ C A. Since 

IT* (A A dk = ±d(ir*fX A dk ). 


we have 


(5) f ir* 

JA’xF,, 


fX A dk — ± 


[ d{* * 

JA'xFj, 

= ± f n'fi 

JdA'xF,, 


(X A k) 


= 0. 


where ir*fx a k has 
compact support on 
A ' x F p by (2) 

bv Stokes’ Theorem 


because the form it*(x a k is clearly 0 on 3 A* x F p (since 3 A* is ( n — 1) -dimen- 
sional). 

Combining (3), (4), (5) we see that 
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This shows that J F ■ j p *co is independent of p, for p e A. Using connectedness, 
it is easy to see that it is independent of p for all p e M, so we will denote it 
simply by f F j*co. Thus 


/ 

A-' 


(A) 


71 7 ] 


A 0) = 


L”' n L f 


a). 


Comparing with equation (1), and utilizing partitions of unity, we conclude that 



J*a> = 1, 


which proves the first part of the theorem. 

Now suppose we have another class U 1 e H k (E). Since 

//*(£) ft* H n {E) H H (M) to R, 


it follows that V = cU for some c e M. Consequently. 

jp*U f = j p *cU = c-v p . 
Hence U* has the same property as U only if c = 1. 


The Thom class (/ of £ = tt : £ — > M can now be used to determine an 
element of Let s : M — » E be any section; there always is one (namely, 

the 0-section) and any two are clearly smoothly homotopic. We define the Euler 
class x(£) e H k (M) of % by 


X$) = s*U. 

Notice that if % has a non-zero section s: M E , and a) e C k {E) rep- 
resents U, then a suitable multiple c • s of s takes M to the complement of 
support co. Hence, in this case 


*($) = (c-j)*U=0. 


The terminology “Euler class” is connected with the special case of the bundle 
TM, whose sections are, of course, vector fields on M. If X is a vector field 
on M which has an isolated 0 at some point p (that is, X(p) = 0, but X(q) / 0 
for q ^ p in a neighborhood of p), then, quite independently of our previous 
considerations, we can define an “index” of X at p. Consider first a vector 
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field X on an open set U C®" with an isolated zero at 0 e U. We can define 
a function f x : U - {0} -> S' 1 ” 1 by f x {p) = X(p)i\X(p)\. If i: 5"" 1 -> U 
is i{p) = sp, mapping S n ~ ] into U, then the map f x o i ; S n ~ ] S' 1-1 has a 
certain degree; it is independent of e, for small e, since the maps m, 1 * 2 : -S' 1-1 -» 
£/ corresponding to £j and £2 will be smoothly homotopic. This degree is called 
the index of X at 0. 



index 1 in K" index (—1)” in R 


Now consider a difleomorphism h : U — » KcM” with /i(0) = 0. Recall that 
h*X is the vector field on V with 

{KX){y) = l U {X h ^ iy) ). 

Clearly 0 is also an isolated zero of h*X. 

27. LEMMA. If h: U — > V C is a diffeomorphism with h{ 0) = 0, and X 
has an isolated 0 at 0, then the index of h*X at 0 equals the index of X at 0. 
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PROOF. Suppose first that h is orientation preserving. Define 

H: M" x [0, 1] -> IK" 


by 

(h(tx) 0</<l 

//(*,/)={ 

\Dh(0)(x) t= 0. 

This is a smooth homotopy; to prove that it is smooth at 0 we use Lemma 3-2 
(compare Problem 3-32), Each map H { = x H{x,t ) is clearly a diffeomor- 
phism, 0 < / < 1. Note that H\ e SO(«), since h is orientation preserving. 
There is also a smooth homotopy {H t }, 1 < / <2 with each H t e SO(rt) and 
H 2 = identity, since SO(«) is connected. So (see Problem 3-25), the map h is 
smoothly homotopic to the identity, via maps which are diffeomorphisms. This 
shows that fh+x is smoothly homotopic to fx on a sufficiently small region of 
R" — {0}. Hence the degree of fh+x 0 1 is the same as the degree of fx ° i. 

To deal with non-orientation preserving h, it obviously suffices to check the 
theorem for ft(x) = (x 1 , . . , ,x" -1 , — x"). In this case 

fh*x = ho fx°h~\ 

which shows that degree fh*x = degree fx ♦♦♦ 


As a consequence of Lemma 27, we can now define the index of a vector field 
on a manifold. If X is a vector field on a manifold M, with an isolated zero at 
p e M, we choose a coordinate system (x,(/) with x(p) = 0, and define the 
index of X at p to be the index of x±X at 0. 


28. THEOREM. Let M be a compact connected manifold with an orien- 
tation p,, which is, by definition, also an orientation for the tangent bundle 
% — tz : TM M. Let X : M TM be a vector field with only a finite 
number of zeros, and let a be the sum of the indices of X at these zeros. Then 

X($) =o-ne 

PROOF. Let pi p r be the zeros of X. Choose disjoint coordinate systems 
(U,,x t ),...,(Ur,x r ) with x t (p t ) = 0, and let 

B , = a:, -1 ({/j 6 R n : \ p \ < 1}). 

If a) 6 C"(£) is a dosed form representing the Thom dass U of £, then we 
are trying to prove that 

[ X*(a>) = a. 
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We can clearly suppose that X{q) ^ support a) for q 4- U; &i- So 



X*(a>): 


thus it suffices to prove that 


(*) 



X*{a)) — index of X at pi. 


It will be convenient to drop the subscript i from now on. 

We can assume that TM is trivial over B . so that jt" 1 ( j 8) can be identified 
with B x M p . Let j p and n 2 have the same meaning as in the proof of The- 
orem 26. Also choose a norm J| || on M p . We can assume that under the 
identification of ^"‘(R) with B x M p , the support of (i)\ti~'{B) is contained 
in {(q,v) : q e A, ||u|| < 1}. Recall from the proof of Theorem 26 that 


rr-i j p di — co = dk support k C {{q, u) : ||u|| < 1 ]. 


Since we can assume that X(q) ^ support k for q 

(1) f X*(a>) = f X*n 2 *(j p *co) - f X*{dk) 

Jb Jb Jb 

= f X*n 2 *(j p *a>) - f X*(k) 

Jb Jbb 

= f X*ir 2 *U P *Q». 

Jb 

On the manifold M p we have 


e dB, we have 


by Stokes’ Theorem 


jp*a> = dp 


p an {n — ] )-form on M p 
(with non-compact support). 


If D C M p is the unit disc (with respect to the norm J| ||) and S n 1 denotes 
32) C M Pi then 

(2: f P= f P= f dp 

Js "~ 1 Jad Jd 

= f jp*“> 

Jd 

_ 1 by Theorem 26, and the fact 
— ' that support j p *co C D . 
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Now, for q e B — {/?}, we can define 

X{q) = X{q)/\X{q)l 

and X : dB — > TM is smoothly homotopic to X : dB — > TM. So 

(3) f X*x 2 *(jp*°>) = f X*x 2 *dp 

Jb Jb 

= f X*nfp by Stokes’ Theorem 
JdB 


-L 

-I, 


X*n 2 *p 


(712 o X)* P . 


From tile definition of the index of a vector field, together with equation (2), it 
follows that 


( 4 ) 


/ ( 12 °^*)^= index of X at p. 
JdB 


Equations (1), (3), (4) together imply (*). ♦> 


29. COROLLARY. If X and Y are two vector fields with only finitely many 
zeros on a compact orientable manifold, then the sum of the indices of X equals 
the sum of the indices of Y. 

At the moment, we do not even know that there is a vector field on M with 
finitely many zeros, nor do we know what this constant sum of the indices is 
(although our terminology certainly suggests a good guess). To resolve these 
questions, we consider once again a triangulation of M. We can then find a 
vector field X with just one zero in each /:-simplex of the triangulation. We 
begin by drawing the integral curves of X along the Lsimplexes, with a zero at 
each 0-simplex and at one point in each 1 -simplex. We then extend this picture 
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to include the integral curves of X on the 2-simplexes, producing a zero at onf 



point in each of them. We then continue similarly until the «-simplexes are 
filled. 


30. THEOREM (POINCARE-HOPF). The sum of the indices of this vector 
held (and hence of any vector held) on M is the Euler characteristic x(-^)* 
Thus, for % = jt : TM —> M we have x(£) — x(^) ' At* 

PROOF. At each 0-simplex of the triangulation, the vector held looks like 


with index 1. 

Now consider the vector held in a neighborhood of the place where it is zero 
on a 1 -simplex. The vector held looks like a vector held on M" = M 1 x M” -1 
which points direcTiy inwards on M 1 x {0} and directly outwards on {0} x M /,_1 . 
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For n = 2, the index is clearly — 3 . To compute the index in general, we note 
that fx takes the “north pole” N = (0, 1) to itself and no other point 

goes to N. By Theorem 8-12 we just have to compute sign^ fx . Now at N we 
can pick projection on R” -1 x {0} as the coordinate system. Along the inverse 
image of the x J -axis the vector field looks exactly like figure (a) above, where we 
already know the degree is —1, so fx * takes the subspace of S n ~ l n consisting of 
tangent vectors to this curve into the same subspace, in an orientation reversing 
way. Along the inverse image of the x 2 -, . . . , a '” -1 -axes the vector field looks like 



so fx * takes the corresponding subspaces of S'” -1 at into themselves in an ori- 
entation preserving way. Thus sign^ fx = — 1, which is therefore the index of 
the vector field. 

In general, near a zero within a k -simplex, X looks like a vector field on 
R” = R* x R n ~ k which points directly inwards on R^ x {0} and directly outwards 
on {0} x R” - *. The same argument shows that the index is ( — 3)*. 

Consequently, the sum of the indices is 

c*o - ari 4- a 2 — • • ■ = x(^)- *♦* 


We end this chapter with one more observation, which we will need in the 
last chapter of Volume V ! Let % = E M be a smooth oriented /:-plane 
bundle over a compact connected oriented ^-manifold M z and let { , ) be a 
Riemannian metric for £. Then we can form the “associated disc bundle” and 
“associated sphere bundle” 


D = {e:(e,e) < 1] 
S = {e : [e,e) = 1). 


It is easy to see that D is a compact oriented (n + /:)-manifold, with dD = S: 
moreover, the D constructed for any other Riemannian metric is diffeomorphic 
to this one. We let ttq : S — > M be n\S, 
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31. THEOREM. A class a e H k {M) satisfies jro*(a) = 0 if and only if a is a 
multiple of x(£)- 

PROOF. Consider the following picture. The top row is the exact sequence 

H k {D - S) £ ► H k (D) l - ^H k (S) 

s* 

s* 

H k {M) 

for (D,S) given by Theorem 13. The map s: M — » D — S is the 0-section. 
while s: M D is the same 0-section. Note that everything commutes. 


Or | DY 


*0 


n o = i* o (jt | D)* since no = (jt | D) o /. 

* _ - ^ since extending a form to D 

~ * does not affect its value on s{M). 


and that 

s* o (jt | Z))* = identity of H k (M), 

since (tt | Z>) o s is smoothly homotopic to the identity. 

Now let a e H k (M) satisfy ^(a) = 0. Then / *(jt | />)*« = 0, so (jt|Z))*q; e 
image e. Since D — S is diffeomorphic to E z and every element of H k (D — S ) 
is a multiple of the Thom class U of £, we conclude that 

(jr|jD)*a = c ■ e{U) for some c e IK. 


Hence 


a = r(jr|Z))*a = c ■ s*(e(U)) = c ■ s*U 
= c*x(£). 


The proof of the converse is similar. 
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PROBLEMS 

1, Find H k {S i x • • • x S l ) by induction on the number n of factors. [Answer: 
dim //*=(£).] 

2. (a) Use the Mayer- Vietoris sequence to determine H k {M — {p}) in terms 
of H k {M) > for a connected manifold M. 

(b) If M and N are two connected 12 -manifolds, let M # TV be obtained by 
joining M and N as shown below. Find the cohomology of M # TV in terms of 
that of M and N. 



(c) Find x for the rt-holed torus. [Answer: 2 — 2 / 2 .] 

3. (a) Find #*(Mobius strip). 

(b) Find H k { P 2 ). 

(c) Find H k { P"). (U se Problem 1-1 5(b); it is necessary to consider whether a 
neighborhood of P /,_l in P /( is orientable or not.) [Answer: dim H k (P n ) = 1 
if k even and < n, = 0 otherwise.] 

(d) Find H k (Klein bottle). 

(e) Find the cohomology of M # (Mobius strip) and M # (Klein bottle) if M 
is the H-holed torus. 

4. (a) The figure below is a triangulation of a rectangle. If we perform the 
indicated identifications of edges we do not obtain a triangulation of the torus. 
Why not? 


A 

>• 



A 
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(b) The figure below does give a triangulation of the torus when sides are iden- 
tified. Find «o, «!, 0 C 2 for this triangulation; compare with Theorem 5 and 
Problem 1. 



5. (a) For any triangulation of a compact 2-manifold M , show that 

3q;2 = 2a j 

a I = 3(a 0 - X(M)) 

a 0 {a 0 - 1) 

2 >«i 

«o > ^(7 + \/49 -24x(A0). 

(b) Show that for tri angulations of S 2 and the torus T 2 = S l x S ' 1 we have 

S 2 : «o ^ 4 aj > 6 c*2 > 4 

T 2 : a 0 > 7 > 21 «2 > 34. 

Find triangulations for which these inequalities are all equalities. 

6 . (a) Find H k (S fl x R" 1 ) by induction on n, using the Mayer-Vietoris sequence 
for compact Supports. 

(b) Use the exact sequence of the pair ( S n x R m , {p} x R m ) to compute the 
same vector spaces. 

(c) Compute H k (S n x S'"' -1 ), using Theorem 13. 

7. (a) The vector space /^(R 2 — N) may be described as the set of all se- 
quences of real numbers. Using the exact sequence of the pair (R 2 ,N), show' 
that H*( R 2 — N) may be considered as the set of all real sequences {a,,} such 
that a n = 0 for all but finitely many n. 

(b) Describe the map PD: H l {R 2 — N) — » H*{ R 2 — N)* in terms of these 
descriptions of H l (R 2 — N) and H] (R 2 —N). and show that it is an isomorphism. 

(c) Clearly R 2 — N) has a countable basis. Show that R 2 — N) does 
not. Hint-. If = {a^} e R 2 — N), choose {b\,b 2 ) e R 2 linearly indepen- 
dent of <«i 1 , «i 2 ): then choose ( 63 , £ 4 , £ 5 ) e R 3 linearly independent of both 

and (a 2 *,a 2 4 ,a 2 5 ); etc. 
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8. Show that the squares in the diagram in the proof of Lemma 2 1 commute, 
except for the square 


H k ~\U n V) ► H k {M) 


PD 


PD 


H l c +l {U n Vf ► H l c {M)* 


which commutes up to the sign ( — 1)*. (It will be necessary to recall how various 
maps are defined, which is a good exercise; the only slightly difficult maps are 
the ones involved in the above diagram.) 

9 . (a) Let M = M\ UM2VM3 U - ■ ■ be a disjoint union of oriented n -manifolds. 
Show that H k {M) == this “direct sum’ 5 consisting of all sequences 

(£*1,0:2, £*3,. ■ •) with oti € H k (Mj) and all but finitely many a,- = 0 6 

(b) Show that H k {M) = f]/ this “direct product’ 5 consisting of all 

sequences («i, £*2, «3, ■ • • ) with 07 e H k {M,-). 

(c) Show that if the Poincare duality theorem holds for each Mj, then it holds 
for M. 

(d) The figure below shows a decomposition of a triangulated 2 -manifold into 
three open sets Uq, U\, and C/2. Use an analogous decomposition in n dimen- 
sions to prove that Poincare duality holds for any triangulated manifold. 



Uq is union of shaded (T / 
U\ is union of unshaded 



Ui is union 


of shaded 
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10. Let £ = n : E -» M and £' = ir r : E* -> M be oriented /: -plane bundles, 
over a compact oriented manifold A/, and (/, /) a bundle map from £' to £ 
which is an isomorphism on each fibre. 

(a) If V e H k {E) and U l e H k {E') are the Thom classes, then f*{U) = U'. 
(6) /*(x(£)) — X(£0- (Using the notation of Problem 3-23, we have /*(x(£)) “ 

x(/*m) 

11. (a) Let £ = tt : E — > M be an oriented /r-plane bundle over an oriented 
manifold M , with Thom class U. Using Poincare duality, prove the Thom 
Isomorphism Theorem: The map H l {E) — » Hj. +k {E) given by a m>- a U is 
an isomorphism for all I. 

(Id) Since we can also consider U as being in H k {E ), we can form U u U e 
Hj k (E). Using anticommutativity of a, show that this is 0 for k odd. Conclude 
that V represents 0 e H k (E ), so that x(£) = 0- It follows, in particular, that 
X(£) = 0 when £ = n : TM —> M for M of odd dimension, providing anothei 
proof that x(M) = 0 in this case. 

12. If a vector field X has an isolated singularity at p e M n , show that the 
index of —X at p is ( — 1)” times the index of X at p. This provides another 
proof that x(M) = 0 for odd n. 

13. (a) Let pj,...,p r 6 M. Using Problem 8-26, show that there is a subset 
D C M difTeomorphic to the closed ball, such that all p e interior D. 

(b) If M is compact, then there is a vector field X on M with only one singu- 
larity. 

(c) It is a fact that a C°° map /: S' 1 " 1 —> S n ~ ] of degree 0 is smoothly ho- 
rn otopic to a constant map. Using this, show that if X(Xf) = 0, then there is a 
nowhere 0 vector field on M. 

(d) If M is connected and not compact, then there is a nowhere 0 vector field 
on M. (Begin with a triangulation to obtain a vector field with a discrete set ol 
zeros. Join these by a ray going to infinity, enclose this ray in a cone, and push 
everything off to infinity.; 



(e) If M is a connected manifold-with -bound ary. with BM ^ 0, then there is a 
nowhere zero vector field on M. 
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14. This Problem proves de Rham’s Theorem. Basic knowledge of singular 
cohomology is required. We will denote the group of singular /r-chains of X 
bv SfriX). For a manifold M, we let Sjf(M) denote the C°° singular /:-chains. 
and let /: S£°(M) —> S^iM) be the inclusion. It is not hard to show that there 
is a chain map x : S*(M) — » Sjf(M) so that x oi = identity of Sjf(M), while 
i ox is chain homotopic to the identity of S^M) [basically, x is approximation 
by a C°° chain]. This means that we obtain the correct singular cohomology 
of M if we consider the complex Hom(.S)f c (A/), E). 

(a) If a) is a closed /r-form on M, let RJi(co) e Hom(.S£ 0 (M), E) be 


Rh(a>)(c) = 


s. 


( 1 ). 


Show that Rh is a chain map from {C k {M)} to {Hom(^°°(M), E)}. (Hint'. 
Stokes’ Theorem.) It follows that there is an induced map Rh from the de Rham 
cohomology of M to the singular cohomology of M. 

(b) Show that Rh is an isomorphism on a smoothly contractible manifold (Lem- 
mas 17, 18, and 19 will not be necessary for this.) 

(c) Imitate the proof of Theorem 21, using the Mayer- Vietoris sequence for 
singular cohomology, to show that if Rh is an isomorphism for U, V, and UHV, 
then it is an isomorphism for U UK 

(d) Conclude that Rh is an isomorphism if M is of finite type. (Using the 
method of Problem 9. it follows that Rh is an isomorphism for any triangulated 
manifold.) 

(e) Check that the cup product defined using A corresponds to the cup product 
defined in singular cohomology. 




APPENDIX A 


CHAPTER ] 

Following the suggestions in this chapter, we will now define a manifold to be 
a topological space M such that 

(1) M is Hausdorff. 

(2) For each x e M there is a neighborhood U of x and an integer n > 0 
such that U is homeomorphic to M". 

Condition (1) is necessary, for there is even a 1 -dimensional “manifold” which is 
not Hausdorff. It consists of MU {*} where * ^ M, with the following topology: 
A set U is open if and only if 

(1) U n M is open. 

(2) If * e t/. then ((/ n M) U {0} is a neighborhood of 0 (in E). 

Thus the neighborhoods of * look just like neighborhoods of 0. This space may 
also be obtained by identifying all points except 0 in one copy of M with the 
corresponding point in another copy of M. Although non-Hausdorff manifolds 
are important in certain cases, we will not consider them. 

We have just seen that the Hausdorff property is not a “local property”, but 
local compactness is, so every manifold is locally compact. Moreover, a Haus- 
dorff locally compact space is regular, so every manifold is regular. (By the way 
this argument does not work for “infinite dimensional’ 1 manifolds, which are lo- 
cally like Banach spaces; these need not be regular even if they are Hausdorff) 
On the other hand, there are manifolds which are not normal (Problem 6). Ev- 
ery manifold is also clearly locally connected, so every component is open, and 
thus a manifold itself. Before exhibiting non-metrizable manifolds, we first note 
that almost all “nice” properties of a manifold are equivalent. 

THEOREM. The following properties are equivalent for any manifold M: 

(a) Each component of M is a -compact. 

(b) Each component of M is second countable (has a countable base for the 
topology), 

(c) M is metrizablc. 

(d) M is para compact. 

(In particular, a compact manifold is metrizable.) 
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FIRST PROOF, fa) => (b) follo\vs immediately from the simple proposition that 
a o -compact locally second countable space is second countable. 

(Id) => fc) follows from the Urvsohn metrization theorem. 

(cj => (d) because any metric space is paracompact (Kelley. Genera } Topofogy. 
pg. 160). The second proof does not rely on this difficult theorem. 

(d) => (a) is a consequence of the following, 

LEMMA. A connected, locally compact, paracompact space is o -compact. 

Pi oof. There is a locally finite cover of the space by open sets with compact clo- 
sure. If Uo is one of these, then Uo can intersect only a finite number V U„ t 
of the others. Similarly Uo U U\ U • - • U (/„, intersects only U nx+ U „ and 
so on. The union 

Uo U • • • U U„, U • • . U t7„, U • • • = Uo U • ■ . U U Hl U ■ • ■ U U„ 2 U • ■ • 

is clearly open. It is also closed, for if A' is in the closure, then a - must be in 
the closure of a finite union of these U,-. because x has a neighborhood which 
intersects only finitely many. Thus x is in the union. 

Since the space is connected, it equals this countable union of compact sets. 
This proves the Lemma and the Theorem. 

SECOND PROOF, fa) => (b) => (c) and (d) => (a) as before. 

(c) => (a) is Theorem 1-2. 

fa) => (d). Let M — C] U Co U • - - . where each C; is compact. Clearly C\ has 
an open neighborhood U\ with compact closure. Then U\ U Cj has an open 
neighborhood (A with compact closure. Continuing in this way, we obtain open 
sets Ui with Uj compact and Ui C U; + \. whose union contains all Q , and hence 
is M. It is easy to show from this that M is paracompact. ♦♦♦ 

It turns out that there are even 3 -manifolds which are not paracompact. The 
construction of these examples requires the ordinal numbers, which are briefiv 
explained here. (Ordinal numbers will not be needed for a 2-dimensional ex- 
ample to come later. 


ORDINAL NUMBERS 

Recall that an ordering < on a set A is a relation such that 
fl ) a < b and b < c implies a < c for all a,b,c e A (transitivity 
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(2) For all a,h e A. one and only one of the following holds: 

(i) a - h 

(ii) a < h (trichotomy). 

(hi) b < a (also written a > b' 

An ordered set is just a pair ( A . <) where < is an ordering on A . Two ordered 
sets {A, <) and (B< <) are order isomorphic if there is a one-one onto function 
/ : A -» B such that a < b implies f(a) < f[b): the map / itself is called an 
order isomorphism, and f~ l is easily seen to be an order isomorphism also. 

An ordering < on A is a well-ordering if ever)' 1 non-empty subset B C A 
has a first clement, that is. an element b such that b < b l for all b’ e B „ Some 
well-ordered sets are illustrated below: in this scheme we do not list any of the < 
relations which are consequences of the ones already listed. 


0 

( 0 ) 


0 < 3 


0 < 3 

< 2 

0 < 3 

< 2 < 

0 < 3 

< 2 < 

0 < 3 

< 2 < 

0 < 3 

< 2 < 

0 < 3 

< 2 < 

0 < 1 

< 2 < 

0 < 3 

< 2 < 

0 < 3 

< 2 < 

0 < 3 

< 2 < 

0 < 3 

< 2 < 


(A = {0,1)) 

(A = {0,1,2b 
3 etc. 

3 < • ■ • 

• • • < oj {oj is some set ^ 0, 1, 2, 3. ... j 

(a) -f 1 is. for the preseni. 

< • ■ < a) < a) 4 1 just a set distinct from 

those already mentioned' 

• • ■ < a; < a; 4 1 < w42 < •-■ 

■■•<0X0)41 <o)42< ••■ <o)'2 

■•■ <oxo)4l <o)42< -■xo)-2<o)-24l <■•■ 

•■■ <oxo)41 <o)42 < ■•■<o)'2<o)'241 < ■■•< a) 

-* - <cl>< - -- <oj-2 < - -*<£U-3 <-- - < - -- 
••• < co < • • • < to • 2 < ••■<o)-3<-*-<---< co 1 -. 
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Any subset of a well-ordered set is. of course, also a well-ordered set with tin 
same ordering. In particular, a subset B of a well-ordered set A is called an 
(initial) segment if b e B and a < b imply a € B. It is easy to see that if B is a 
segment of A. then either B = A or else there is some a e A such that 

B = {a* 6 A \ a' < a): 

in fact, a is the first element of A — B. Notice that each set on our list is a 
segment of the succeeding ones. It is not hard to see that no two sets on our list 
are order isomorphic. For example. 

0 < 1 <•■■< a) and 0<] < ■■ ■ < w <w+ ] 

are not order isomorphic because the second lias both a last and a next to Iasi 
element, while the first does not. But there is a much more general proposition 
which will settle all cases at once: 

1. PROPOSITION. If B 7 ^ A is a segment of A. then B is not order isomoi- 
phic to A. In fact, the onlv order isomorphism from B to a segment of A is tin 
identity. 

PROOF. If f : B —> B' C A is an order isomorphism and B' is a segment 
of A. then for the first clement h of B (and lienee of A) we clearly must have 
fib) = b. Then fib 1 ) must be b‘ . where b‘ is the second element. And so on. 
even for the “a) th ” element (the first one after the first, second, third, etc.)! The 
wav we prove this rigorously is amazingly simple: If f{b) / b for some b e B. 
just consider the first element of {b e B : fib) ^ b): an outright contradiction 
appears almost immediately. ♦> 

Proposition 1 has a companion, which makes the study of well-ordered sets 
simply delightful. 

2. PROPOSITION. If (A,<) and (B, -<) are well-ordered sets, then one is 
order isomorphic to a segment of the other. 

PROOF. We match the first element of A with the first of B , the second with 
the second, ... , the “a) th,f with the “a) th ”, etc., until we run out of one sci. 
To do this rigorously, consider order isomorphisms from segments of A onto 
segments of B. It is easy to show that any two such order isomorphisms agree 
on the smaller of their two domains (just consider the smallest element where 
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they don’t). So all such order isomorphisms can be put together to give another, 
which is clearlv the largest of all. If it is defined on all of A we are done. If it 
is not. then its range must be all of B (or we could easily extend it) and we arc 
still done. ♦> 


Suppose wc define a relation < between well-ordered sets by stipulating that 
( A .< ) < (B,<) when ( A .< ) is order isomorphic to a proper segment ol 
Transitivity of < is obvious, and Propositions 1 and 2 show that we al- 
most have trichotomy. “Almost”, because the condition “(/l, <) — (R, -<)" must 
be replaced by “(A, <) order isomorphic to ( B . -<)". To obviate this difficulty 
we need only work with order isomorphism classes of well-ordered sets, instead 
of with the well-ordered sets themselves. These order isomorphism classes are 
called ordinal numbers. They are beautiful:* 


3. PROPOSITION. < is a well-ordering of the ordinal numbers. 

PROOF. Given a non-empty set A of ordinal numbers, let { A , <) be a well- 
ordered set representing one of its elements oc. To produce a smallest element 
of A we can obviously ignore elements > a. Every element < a is represented 
bv an ordered set which is order isomorphic to some proper segment of A: 
each of these is the segment consisting of elements of A less that some a e A. 
Consider the least of these a' s. It determines a segment which represents some 
j6 e A. This is the smallest element of A. *t+ 

Notice that if a is an ordinal number, represented by a well-ordered set 
(A . <). then the well-ordered set of all ordinals jS < a has a particularly simple 
representation: it is order isomorphic to the set (A. <)! Roughly speaking: An 
ordinal number is order isomorphic to the set of all ordinals less than it. 

If a is an ordinal number, we will denote by a 4 1 the smallest ordinal after a 
(if a is represented by the well-ordered set ( A , <). then a 4* 1 is represented 
bv a well-ordered set with just one more element, larger than all members 
of A). Notice that some ordinals are not of the form a 4 1 for any a; these 
are called limit ordinals, while those of the form a 4 1 are called successor 


* Only one feature mars the beauty' of the ordinal numbers as presented here. Each 
ordinal number is a horribly large set; it would be much nicer to choose one specific well- 
ordered set from each order isomorphism class, and define these specific sets to be the 
ordinal numbers. There is a particularly elegant way to do this, due to von Neumann, 
which can be found in the Appendix to Kelley, General Topology. 
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ordinals. We will also denote some ordinals by the symbols appearing before: 
0, 1, 2. 3 ,a),(0 + 1, . . . f etc. 

Our list of well-ordered sets only begins to suggest the complexity which well- 
ordered sets can achieve. With a little thought, one can see how the symbols 
at 3 . of . ... would appear (symbols like a) 3 +a) 2 '3 + a)-4+6 would be used 
somewhere between a) 3 and a) 4 ): after all these one would need 


and after all these the symbol £o pops up. After 


-2.3 c a - - w 

*0 9^0 0 9 * • ■ ? £() 3 1 * - 9^0 


0 > 


,il> 


one comes to 


£] ? &2i • • • ; • • • • •. £w ( jJ ; • • ■ , £e<) , • • ■ ? £e F)t ..... 

and this is only the beginning 1 

All the well-ordered sets mentioned so far are countable. There are indeed an 
enormous number of countable well-ordered sets: 


4. PROPOSITION. Let £2 be the collection of all countable ordinals (ordinals 
represented by a countable w>c II -ordered set). Then £2 is uncountable. 

PROOF. By Proposition 3. (£2. <) is a well-ordered set. If it were countable, it 
would represent a countable ordinal oc e £2. By the remark after Proposition 3. 
this would mean that £2 is order isomorphic to the collection of ordinals < q. 
i.c.. to a proper segment of itself, contradicting* Proposition 1. *5* 

We have thus established the existence of an uncountable ordinal. Our spe- 
cific example, represented by £2, is clearly the first uncountable ordinal; any 
member of £2 is countable, and consequently has onlv countably many pre- 
decessors. (It is hopeless to try to “reach” £2 by continuing the listing of well- 
ordered sets begun above, for one would have to go uncountably far, and en- 
counter sets with an uncountable number of degrees of complexity. A leap oi 
faith is required.) 

Although the countable ordinals exhibit uncountablv many degrees of com- 
plexity. they are each simple in one way: 

* By deleting the words countable and uncountable in this proof one obtains the “Burali- 
Forti Paradox”: the set (kd oi all ordinal numbers is well-ordered, so it represents an 
ordinal a e Out. and hence is order isomorphic to an initial segment of Out. For a 
resolution of this paradox, see Kelley’s Appendix. 
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5, PROPOSITION. If a e Q is a limit ordinal, then there is a sequence f$\ < 

&2 < ^3 < ■ * ■ < such that every < a satisfies for some n (we sav 

that {j0 n } is “cofinal” in a). 

PROOF. Since a is countable, all its members can be listed (in not-necessarily 
increasing order) y u y 2 , y 3 , . . . . Let j0t = Kt anc ^ ^ et /Wt be the first y in the 
list which comes after fi n . *3* 

6. COROLLARY. Ifi a e £2. then a is represented by some well-ordered subset 
of K. However, no subset of K is order isomorphic to 

PROOF, Suppose there were one, and hence a smallest, a e £"2 not represented 
by some subset of K. It cannot happen that a — T 1, for then ft would be 
represented by a subset of K. thus also by a subset of (— oo,0) and a could 
by represented by a subset of K. So by Proposition 5, there is a sequence 
< §2 < ^3 < ■ ■ ■ < ot cofinal in a. Then is represented by a subset oi 
{— oo, /), and we can easily arrange that the subset representing is a segment 
of the subset representing jSy for / < j. The union of all these sets would then 
represent a , a contradiction. 

If a subset of K were order isomorphic to £T then there would be uncountable 
nianv disjoint intervals in K, namely those between the points representing a 
and a + 1 for all a e £2. This is impossible. ♦> 

The first example of a non-metrizable manifold is defined in terms of £2. 
Consider £2 x [0, 1), with the order < defined as follows: 

(a, 5) < (j9,/) if a < or if a = and s < t. 

This can be pictured as follows: 

• >-* > , ■ • * >-• >• • . ■ • — > 

(0,0) 0,0) (2,0) (w.O) (W-H.O) (W+2.0) tW'2,0) 

The set £2 x [0, 1) with the order topology (a subbase consists of sets of the form 
{.v : x < x 0 } and {v : .v > ,v 0 )) is called the closed long ray (with “origin” (0,0)). 
and L + ~ £2 x [0, 1) — {(0,0)} is the (open) long ray. The disjoint union of two 
copies of the closed long ray with their origins identified is the long line L. To 
distinguish L + and L. the names “half-long line , ‘ and “long line” may also be 
used. The Corollaty to Proposition 5 implies easily that the long ray and the 
long line are 1 -dimensional manifolds; aside from the line and the circle, there 
are no other connected 1 -manifolds. 
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Quite a few new 2-manifolds can now be constructed: 


L + x S ] 

(half-long evlinder), 

Lx S' 

(long cylinder). 

L + x R 

(half-long strips 

LxR 

(long strip), 

LxL 

(big plane). 

X 

t ^ 
+ 

(big half-plane). 


L + x L + (big quadrant). 

Identifying all points {(0,0), 6 ) in the product of the closed long ray and S l 
produces another 2-manifold, which might be called the “big disc”. 

There is another way of producing a non-metrizable 2-manifold which does 
not use Q at all. We begin with the open upper half-plane K 2 . = {(A',y) e K 2 : 
;• > 0) and another copy K 2 x {0} of the plane; we will denote this set by K5. 
and denote the point (x, y,0) by (x,y)o- Define a map / 0 : (M 2 ) + K+ by 

/o((.v, v)o) - (*y,y). 

Consider the disjoint union of K+ and 1^, with p € (Kp)+ and fo(p) e 
identified. This is a Hausdorff manifold; the following diagram shows two 
open sets homeomorphic to K 2 , The manifold itself is, in fact, homeomorphic 



to IK 2 ; wc could have thrown away to begin with since it is identified by a 
bomeomorphism with (Kq)+ . 

But consider now, for each a e K, another copy of K 2 , say K 2 x {tf}, which 
we will denote by K 2 . Define j a : (K 2 ) + — » M 2 . by 

fa((X,y)a) = + V.V. V). 
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In the disjoint union of K+ and all K*, a e U we wish to identify each p e (K^) + 
with f a {p) € K+. We may dispense with K+ completely, and in the disjoint 
union of all identify each (x,y)a and (*', y')b for which y ~ y‘ > 0 and 
A'y+tf _ x'yArb. The equivalence classes, of course, are a space homeomorphic 
to so we will consider a subset of the resulting space. This space is 
still a Hausdorff manifold, but it cannot be second countable, for it has an 
uncountable discrete subset, namely the set {(0,0) a ]. This manifold, the Priifer 
manifold, and related manifolds, have some very strange properties, developed 
in the problems. 


PROBLEMS 

L (a) A well-ordered set cannot contain a decreasing infinite sequence x\ > 

A'2 > X 3 > ■ ■ • . 

(b) If we denote (a 4 * 1 ) 4-1 by a 4 2, (a 4 2) 4 1 by a 4 3, etc., then any a 
equals 4 n for a unique limit ordinal and integer n > 0 . (Thus one can 
define even and odd ordinals.) 

2, Let c be a “choice function”, i.e., c(A) is defined for each set A ^ 0, and 
c(A) € A for all A. Given a set A\ a well-ordering < on a subset Y of X will 
be called “distinguished” if for all y e L, 

v = c(y - {/ e Y : y' < 

(a) Show that of any two distinguished well-orderings, one is an extension of 
the other. 

(b) Show that there is a well-ordering on X. (Zorn’s Lemma may be deduced 
from this fact fairly easily.) 

(c) Given two sets, show that one of them is equivalent to (can be put in one-one 
correspondence with) a subset of the other. 

(d) Show that on any infinite set there is a well-ordering which represents a 
limit ordinal. 

(e) From (d), and Problem 1, show that if X and Y are disjoint equivalent 
infinite sets, then X U Y is equivalent to Y. 

3. (a) L + and L are not metrizable. 

(b) If *, < a '2 < A ' 3 < • ■ • is a sequence in L + . then {x„} converges to some 
point. Consequently, any sequence has a convergent subsequence (but L + is 
not compact!). 
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(c) If {x n J and {;>„} are sequences in L + with x„ < y„ < x„ + \ for all n. then 
both sequences converge to the same point. 

(d) L + (and also L) are normal. (Use (c)). 

(e) More generally, any order topology is normal (completely different proof). 

(f) If f : L + — > M is continuous, and r > s, then one of the sets /“ ] ((— oo, s]) 
and /” J ([r, oo)) is countable. 

(g) If f : L + — » K is continuous, then / is eventually constant. 

4. (a) L + is not contractible. Hint: Given H: L + x[0, 1] — > L + with H( x%0) = 
x for all x, show that for every / we have {//(x,/)} — L + . 

(b) ii\ (L + ) — ii\ {L) — 0. Similarly for L + xl, Lxl, Lx L, Lx L + , L + x L '• . 

(c) tt,(L + x S 1 ) = jt,(L x S') = Z. 

5. (a) L + and L are not bomeomorphic. Hint: Imitating Problem 1-19, defim 
‘'paracompact ends". 

(b) L + x U and L x K are not homeomorphic; LA x S l and Lx 5 1 are noi 
homeomorphic, 

(c) Of the 2-manifolds constructed from L + or L with ttj = 0 and one para- 
compact end, only L + x K has the homotopy type of L + . 

(d) The Sione-Cech compactifications of L x L, L + x L, L + x L + , and the 
big disc arc all distinct. (Using Problem 3(g), one can explicitly construct these 
Stone-Cech compactifications. 

6. (a) Show that the Priiler manifold P is Hausdorfi'. 

(b) P does not have a countable dense subset. 

(c) Let U be an open set in K+ which is the union of “wedges” centered at 
(e/.O) for every irrational a . Show that V includes a whole rectangle of the form 



{a.h) x (O.e). Hintx Let A„ = {a : the wedge centered at a has width > 
Since M = QU (J w A„. some A n is not nowhere denst. 
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(d) Let C \ , C 2 C P be 


Cj = {(0, 0) fl : a irrational] 

C 2 = {(0, 0) e ; a rational). 

Show that Ci and C 2 are closed, but that they are not contained in disjoint 
open sets. 

(e) Define H : P x [0, 1] -> P by 


H((x t y) e ,s) 



\—s+sy I 

1 y 

- s 2 ,y \/ 1 - s 2 


1 + sy 
1 - s 4- s;' 


) 


a 


if > 0 

i [y < 0. 


Show that H is well-defined and that H(p, 1) e R 2 U {(0, 0) fl } for all p e P. 
Conclude that P is contractible. 

(f) P - {(x, y) a : v < 0) is a manifold -with -boundary P\ whose boundary is a 
disjoint union of uncountably many copies of R. 

(g) The disjoint union of two copies of P l , with conesponding points on the 
boundary identified, is a manifold which is not metrizable, but which has a 
countable dense subset. Its fundamental group is uncountable. 

7. It is known that every second countable contractible 2-manifold is S 2 or K 2 . 
Hence the result of constructing the Prufer manifold using only copies for 
rational a must be homeomorphic to M 2 . Describe a homeomorphism of this 
manifold onto M 2 . 


8. Let jWbea connected HausdorfF manifold which is not a point. 

(a) If A C M has cardinality c (the cardinality of K). then the closure A has 
cardinality c. 

(b) If C C M is closed and has cardinality c. then C has an open neighborhood 
with cardinality f. 

(c) Let p e M, There is a function f : £2 — » (set of subsets of M) such that 
/(a) has cardinality c for all a e £2, and such thai 

/( 0 )={/>) 

f(a) is an open neighborhood of the closure of U^<a / ($). 

(Consider functions defined on initial segments of Q. with these same properties, 
and apply Zorn’s Lemma. Alternatively, one can require f(a) to be the result of 
applying the choice function to the set of all open neighborhoods of the closure 
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of U^<a f(fi) w uh cardinality c. Then there is a unique f with the required 
properties. This is an example of defining a function by “transfinite induction”.) 

(d) A function / : — =► (set of subsets of [0, 1]) with the properties of the func- 

tion in part (c) is eventually constant. 

(e) has cardinality r, (Given p' £ M, consider an arc from p to />'.) 

9. (a) A connected 1 -manifold whose topology is the order topology for some 
order, is liomeomorphic to either the real line, the long line, or the half-long 
line. 

(b) Ever) r 1 -manifold M contains a maximal open submanifold TV whose topol- 
ogy is the order topology for some order. 

(c) If M is connected and TV / M, then M is homeomorphic to S l . 
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CHAPTER 2 

The long ray L + can be given a C°° structure, and even a C m structure. 
To see this we need the result of Problem 9-24— any C 00 [or C w ] structure 
on a manifold M homeomorphic to K is diffeomorphic to K with the usual 
structure. This implies that it is also diffeomorphic to (0, 1 ), and consequently 
that the structure on M can be extended if M is a proper subset of L + . An 
easy application of Zorn’s Lemma then shows that C°° and C w structures exist 
on L + . 

I do not know whether all C°° structures on L + are diffeom orphic. It is 
known that there are uncountablv many inequivalent C M structures on L + . If 
p 6 L + , and L + p denotes all points < p , then L + — L + p is clearly homeomor- 
phic to L + . If 0 is a C w structure for L + , then it yields a C w structure for 
L + — L + p , and hence for L + . These are all distinct, in other words, there is 
no C w map 

f : L + - L + p L + — L + g q > p 

with a C w inverse. In fact, we must have f(q) > q , and then it is easy to see 


p q 



that we must also have /(/(?)) > f(q), f(f(f(q))) > f(f(q)), etc. The 
increasing sequence q, f(q), f (f(q)), ■ . . has a limit point x 0 e L + ~ L + p . 
and f{x o) — .Vo. Now f cannot be the identity on all points > xq (for then 
it would be the identity everywhere, since it is C w ). So for some q\ > x 0 we 
have f{q\) ^ q i; we can assume f(q\) > q\, since we can consider f~ x in 
the contrary case. Reasoning as before, we obtain X\ > x 0 with /(xi) — X\. 
Continuing in this way, we obtain Xo < x\ < xi < • • • with f(x n ) = x n . This 
sequence has a limit in L + ~ L + p . but this implies that f(x) = x for all x, a 
contradiction. 

AC“ structure exists on the Priifer manifold; this follows immediately from 
the fact that the maps f a . used for identifying points in various (K^)+ with 
points in K+. are all C w . I do not know whether every 2-manifold has a C°° 
structure. 

Using the C w structure on L + . we can get a C w structure on L + x L + . How- 
ever, the method used for obtaining aC w structure on L + will not yield a complex 
analytic struclure on L + x L + ; the problem is that a complex analytic structure 
on K 2 may be conformally equivalent to the disc, and hence extendable, but it 
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may also be equivalent to the complex plane, and not extendable. In fact, it 
is a classical theorem of Rado that every Riemannian surface (2-manifold with 
a complex analytic structure) is second countable. On the other hand, a mod- 
ification of the Priifer manifold yields a non-metrizable manifold of complex 
dimension 2. References to these matters are to be found in 

Calabi and Rosenlicht, Complex Analytic Manifolds without Countable Base , Proc. 
Amen Math. Soc. 4 (1953), pp. 335-340. 

H. Kneser. Analytische Strucklur und A biahlbarkeil, Ann. Acad. Sic. Fennicae Se- 
ries A, I 251/5(1958), pp. 1-8. 


PROBLEMS 

10. Prove that lor q > p there is no non-constant C w map / : L + — L + p -» 
L+ - L%. 

11. Let (F, p) be a metric space and let / : X — > Y be a continuous locally 
one-one map. where X is Hausdorff. connected, locally connected, and locally 
compact. 

(a) Every two points x\y e X are contained in a compact connected C C X. 

(b) Let d (a', y ) be the greatest lower bound of the diameters of /(C) (in the 
p-metric) for all compact connected C containing x and y. Show that d is a 
rnetnc on X which gives the same topology for X. 

12. Of the various manifolds mentioned in the previous section, try to deter- 
mine which can be immersed in which. 
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CHAPTER 6 

Problem A- 6(g) describes a non-paracompact 2-manifold in which two open 
half-planes are a dense set. We will now describe a 3-dimensional version with 
a twist. 

Let A — {(x,y,z) eR 3 :j'^0}. and for each a e M let K 3 be a copy of K 3 . 
points in K 3 being denoted by (x,y,z) a . In the disjoint union of A and all K 3 . 
a e M we identify 

(x,y,z) a for y > 0 with (a 4- yx,y t z + a) 

(x t y t z) a for y < 0 with (a + yx, y, z - a). 

The equivalence classes form a 3-dimensional Hausdorff manifold M. On this 
manifold there is an obvious function “r”, and the sets z ~ constant form a 
foliation of M by a 2-dimensional manifold N. The remarkable fact about this 
2-dimensional manifold N is that it is connected. For. the set of points (v, y, c) € 
A with y > 0 is identified with the set of points (x, c - a) Q e with y > 0. 
Now the folium containing c - a) Q j contains the points (x,_y, c — a) a 

with v < 0. and these are identified with the set of points (x, y,c — 2a) e A 

with y < 0. Since we can choose a — c/2, we see that all leaves of the foliation 

are the same as the leaf containing {(x, y, 0) : y < 0} C A. 

This example is due to M. Kneser, Beispiei einer dimensionserhohenden analytic 
chen Abbildung zwischen « berdb lahlbaren Mann igfa l tigkeiien . Archiv. Math. 11 (I960). 

pp. 280-281. 
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CHAPTERS 7, 9, 10 


1. We have seen that any paracompact C 00 manifold has a Riemannian metric. 
The converse also holds, since a Riemannian metric determines an ordinary 
metric. 

2. Problem A-l 1 implies that a manifold N immersed in a paracompact mani- 
fold M is paracompact, but a much easier proof is now available: Let ( , ) be 
a Riemannian metric on M; if /: N — > M is an immersion, then N has the 
Riemannian metric /*( , ). 

We can now dispense with the argument in the proof of Theorem 6-6 which 
was used to show that each folium of a distribution on a metrizable manifold is 
also metrizable, for the folium is a submanifold, and hence paracompact. 

3. Since there is no Riemannian metric on a non-paracompact manifold M . 
the tangent bundle TM cannot be trivial. Thus the tangent bundle of the long 
line is not trivial, nor is the tangent bundle of the Priifer manifold, even though 
the Priifer manifold is contractible. (On the other hand, a basic result about 
bundles says that a bundle over a paracompact contractible space is trivial. 
Compare pg. V.272.) 

4. The tangent bundle of the long line L is clearly orientable, so there can- 
not be a nowhere zero 1-form a) on L, for a) and the orientation would de- 
termine a nowhere zero vector field, contradicting the fact that the tangent 
bundle is not trivial. Thus, Theorem 7-9 fails for L. Notice also that if M 
is non-paracompact, then TM is definitely not equivalent to T*M , since an 
equivalence would determine a Riemannian metric. So there are at least two 
inequivalent non-trivial bundles over M. 

5. Although the results in the Addendum to Chapter 9 can be extended to 
closed, not necessarily compact, submanifolds, they cannot be extended to non- 
paracompact manifolds, as can be seen by considering the 0-dimensionaJ sub- 
manifold {(0. 0)a} of the Priifer manifold. 

6. A Lie group is automatically paracompact, since its tangent bundle is trivial. 
More generally, a locally compact connected topological group is <7-compaci 
(Problem KM). 
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7. It is not clear that a non-paracompact manifold cannot have an indefinite 
metric (a non-degenerate inner product on each tangent Space). This will )> 
proved in Volume II (Chapter 8, Addendum 1). 


PROBLEM 

13. Is there a nowhere zero 2-form on the various non-paracompact 2-mani- 
folds which have been described? 




NOTATION INDEX 


CHAPTER 1 



76 

S(X) 

23 

{M,i) P 

68 

H” 

19 

M n p 

64 

M n 

4 

TM 

75 

p2 

11 

T(M,i) 

68 

yn 

19 

TR" 

64 

R n 

1 

T* 

103 

.S’ 1 

6 

x* 

82 

S n 

7 

X 

83 

m 

19 

x' 

81 



[X, v]p 

76 

CHAPTER 2 


v r 

64 


A x 

C r 

C° 

Dif(a) 

GL(ff,K) 

O(w) 

R(») 

{M n ,VL) 
SL{«, K) 
SO(«) 

(x,V) 

3/, , 3/ 

9 A"' (jP) ’ dx-i 
_9_ 

3a-' p 

-L 2_ 

9? 90 

CHAPTER 3 
Of 

e”(X) 

7 

f* 

j*p 

nt) 


61 

34 

34 

28 

34 

35 
61 
61 
62 


v(f) 

[Wl W«I 

%\A 
S®r, 
x & 

dc 

di 
dc 


dt 


liu 


80 

84 

72 

101 

102 

81 

80 


29 

V 

3 V < 

83 

61 

U ? f 


62 

CHAPTER 4 


28 




dj 

109 

35 

dy 1 

110 


End{V ) 

121 

39 

r 

107, 116, 


f* 

113 

36 

Hom(VMV) 

131 


T*M 

109 


T ® S 

116 

6^ 

7 k {V) 

116 

72 

7 k £) 

117 

83 

r k {V) 

120 

65, 75 

V{v) 

121 

65 


121 

101 

T, k {V) 

122 



478 


Notation Index 


T t k {$) 

123 

7 k[m] (V) 

231 

V ■ 

107 


231 

T 

r\ 

117 

107 

T k\n-M {V) 

231 

r** 

107 

^OO 

231 


129 

r°(V) 

201 

M —h 

134 

uJw 

i"* 

CN 

CN 


134 

<Pt 

206 

r 

108 

O ■ (V] VI t) 

202 

ai(X) 

109 

ff • (U],....Ujfc) 

227 


i rr 

Q(M) 

215 

J I-' 


Q k (V) 

201 



n°(V) 

201 

CHAPTER 5 


A 

203 

Ml 

171 



r" 

161 



exp ,4 

171 

CHAPTER 8 



174 

B k (M) 

263 

Lxj 

150 

B k (M) 

268 

LxY 

150 

C'tua) 

250 

Lx co 

150 

C‘R,n 

284 

a(t 2 ) 

177 

deg j 

275 

[X. Y] 

153 

IflTv 1 A • ■ ■ A d.\ n I 

258 

cx x (t) = a(t.x) 

143 

dO 

252 

X )q 

135 

de n 

290 

<h 

144 

d^[a,b.c) 

297 



f 

292 

CHAPTER 7 


r 

274 

Ah 

202 

H k (M) 

263 

Ali 

205 

fi k (M) 

268 

cur] X 

238 

t k 

246 

div X 

238 

{» 

l XLa) 

249 

dh 

219, 235 

Mfyg) 

296 

div 

210, 213, 215, 234 

M, 

283 

grad j 

237 

m,- 

283 

ico 

CN 

CN 

\\P\\ 

239 

ML) 

215 

r 

264 

i-, ,o) 

227 

sig n P J 

275 

Lx CO 

234 

w{p) 

293 

Si 

202 

Z k (M) 

263 



Notation hides 


479 


Z*(M) 

268 

j 

313 

A* 

285 

sinb 

356 

e 

29] 

tanb 

356 

i 

264, 29] 

W 1 

349 

0 

264 

Jt'(u) 

335 

a 1 

264 


335 

M 

263 

tt(w) 

338 

be 

248. 285 

8J 

3] 9 

h< 

285 


314 

dfA 

260 

r 

353 


246 

r A . 

i.i 

( , ; 

328 

30] 

J fdx + gdy 

239 

{ , >, 

( ’ )r 

315 

308 

fw 

243. 245, 246, 248. 

{ , ), 

30] 

r 


{ ■ )* 

349 

/ W 

Jm 

Itf-'iq) 

[0, lf 

u 

X 

A 

257, 259, 288 

294 

246 

299 

299 

266 

{ , }" 

( , ) 

« ■ }; 

i i 

ii ii 

ii ii. 

305 

30] 

367 

303 

303 

315 


CHAPTER 9 


cosh 

322, 356 

cosh ~ 3 

356 

d(p, q) 

314 

ds 

3] 4 

dV 

3H 

Euc(V) 

309 

Euc{%) 

309 

E(Y) 

324 

exp 

334 

/*( , } 

302 

(g ij ) 

306 

[>JJ] 

326 

Li 

3] 2 

$ 

1 — 

344 


CHAPTER 10 


Ml 

384 

A ij 

372 

Ad (a) 

409 

adA' 

4]0 

Aut{§) 

409 

C h 

'-ij 

396 

dio 

402, 404 

E(n) 

373 

Eud(c\) 

410 

exp 

385 

exp(/l) 

385 

GL(n,K) 

372 

G a 

407 

Q° 

407 

flUff, K) 

376 



480 


Notation Index 


h 

401 

L.Q 

374 

La 

379 

£{G) 

376 

0{t 3 ) 

388 

o(n) 

376 

P 

411 

P~ ] 

411 

Ra 

374 

SO (n) 

373 

X 

376 

X 

379 

<t>* 

380 

V' 

395 

p(tQ A 7]) 

40 3, 410 

a. ) (natural ft -valued 


1 -form. 

403 

[ - ] 

376 

foAXj 

403 

L f ° u 

400 

U 

400 

f(a)da 

400 




403 


k=\ 


CHAPTER ] ] 


C k {M) 

419 

Jx 

446 

$ k (N) 

43? 

MU A' 

453 

PD 

439 

Rh 

457 

V 

442 

A, 

426 

b 

423 

P 

435 

%(M) 

428 

m 

445 

l j 

439 


APPENDIX A 


Ord 

464 

a + I 

463 

H) 

464 

Q 

464 

a) 

461 

< 

461 

c 

463 



INDEX 


Abelian Lie algebra, 376, 382, 395 
Adams, J. F.. 100 

Adjoint T* of a linear transformation 
T, 103 

Ado, I. D., 380 

Alexanders Horned Sphere. 55 
Algebra. Fundamental Theorem of. 
285, 293 

Algebraic inequalities, principle of 
irrelevance of, 233 
Alternating 

covariant tensor field. 207 
multilinear function, 201 
Alternation, 202 
Analytic manifold, 34 
Annihilator, 228 
Annulus. 8 
Antipodal 
map, 278 
point, 1) 

Arclength, 312 
function. 313, 332 
Arcwise connected, 20 

subgroup of a Lie group, 409 
Area, generalized, 246 
Associated 

disc bundle, 451 
sphere bundle, 451 
Atlas, 28 
maximal, 29 
Auslander, L., 106 


Banach space. 145 
Base space, 7) 

Basis 

dual, 107 
for U p *, 208 
for Q k {p), 208 
Belongs to a distribution, 191 
Besicovitch, A. S., 179 
Big 

disc, 466 
half-plane. 466 
plane, 466 


quadrant, 466 
Bi-invariant metric, 401 
Boundary, 19, 248, 252 
Bounded manifold. 19 
Boy’s Surface, 60 
Bracket, 154 
in gI(w,K), 378 
in o(«,K), 379 
Bundle 

cotangent. 109 
dual, 108 
fibre, 309 
induced, 101 
map, 73 
w-plane, 7] 
normal, 344 

of contravariant tensors, 120 
of covariant tensors, 117 
tangent. 77 
trivial, 72, 210 
vector, 7] 

Burali-Forti Paradox. 464 


Calabi, E., 472 

Calculus of variations, 316 

Cartan, Elie, 39, 348, 360 

Cartan’s Lemma, 230 

Cauchy-Riemann equations, 200 

Cayley numbers, 100 

Chain, 248, 285 

Chain Rule, 35, 38 

Change, infinitely small, 1 11 

Chan, 28 

Choice, 283 

Choice function, 467 

Circle, 6 

Closed 

form, 218,252 
geodesic, 367 
half-space, 19 
long ray, 465 
manifold, 19 

subgroup of a Lie group, 391 
submanifold, 49 
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Closed {continued t 

up to first order. 160 
Cofinal, 465 
Cohomology, 419 
de Rham, 263 

group of M with real coefficients. 

263 

of a complex, 421 
Com mutative diagram. 65, 420 
Commutative Lie algebra. 3/6 
Complete, geodesically. 341 
Complex, 421 

analytic structure, 47) 
numbers of norm 1. 373 
Conjugate, 358 
Constants of structure, 396 
Continuous homomorphism, 387 
Contractible, 220, 225. 236 
Contraction, 121, 139. 227 
Lemma, 139 
Contravariant 
functor, 130 
tensor field, 120 
vector field, 113 
Convex 

geodesically, 363 
polyhedron, 429 
Coordinate lines, 159 
Coordinate system, 28. 158 
Coordinates, 28 
Cotangent bundle, 109 
C ovarian i 
functor, 130 
tensor field, 117 
vector field, 113 
Covei 

locally finite, 50 
point-finite, 60 
refinement of, 50 
Cramer’s Rule, 372 
Critical point, 40 

in the calculus of variations, 320 
Critical value, 40 
Cross section, 227 
Cross-cap, 14 
Cross-product, 299 
Cube, singular, 24b 


Cup product, 299, 439 
Curl, 238 
Cylinder, 8 
C* manifold, 34 
C° manifold, 34 

o y - 

distribution, 179 
form, 207 
function, 32 
manifold, 29 

manifold-with-boundary, 32 
Riemannian metric, 308 
structure on TM, 82 
C°°-related, 28 


Darboux 

integrable, 283 
integral, 283 

Darboux’s Theorem, 284 
Debauch of indices, 39, 123 
Decomposable, 228 
Definition, invariant, 214 
Deformation retraction, 279 
Degenerate, 286 
Degree, 275 
mod 2, 295 

Densitv 

even scalar, 133, 209 
odd scalar, 133, 259 
relative scalar, 23) 
scalar, 133 
Derivation, 39, 78 
of a ring, 83 
Derived set, 25 

Descartes- Euler Theorem, 429 
Determinant, 232 
Difieomorphic, 30 
Diil'eomorphism, 30 

one- para me ter group of, 148 
Differentiable, 27, 28, 31, 32 
at a point, 3 1 
manifold, 29 
structure. 30 

o]i the long line, 47 1 
on P fl , 32 
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Differentiable (continued 
(structure continued, 
on IT, 29 
on S n , 30 
Differential, 2 1 0 
equation, 136, 164 

depending on parameters, 169 
linear, 166 
forms, 201 
of a function, 109 
Dimension, 4 
Direct sum, 421 
Disc bundle, associated, 451 
Discriminant, 233 
Disjoint union, 4, 20 
Distribution, 179, 181 
ideal of, 215 
on torus, 180 
Divergence, 238 
Theorem, 352 
Domain, 3 

Du Bois Revmond’s Lemma, 355 
Dual 

basis, 107 
space, 107 
vector bundle, 108 


Einstein summation convention, 39 

Elements of norm 1, 308 

Elliptical n on- Euclidean geometry, 367 

Embedding, 49 

End, 23 

paracompact, 468 
Endomorphism, 121 
Energy, 324 
Envelope, 358 

Equations depending on parameters. 
169 

Equations of structure. 404 
Equivalence (of vector bundles), 72 
weak, 96 
Euclidean 
metric, 305, 315 
motion. 374 
n -space, 1 


Euler, 429 

characteristic, 428 
class, 445 

Euler’s Equation, 320 
Even 

ordinal, 467 
relative scalar, 23 1 
relative tensor, 134, 231 
scalar density, 133, 209 
Exact 

form, 21-8 
sequence, 419, 422 
of a pair, 433 
of vector bundles, 1 03 
Exponential map, 334, 385 
Exponential of matrices. 384 
Extension, 432 
Extremal, 320 


Faith, leap of, 464 
Fibre, 64, 68, 71 
Finite 

characteristic, 205 
type, 438 
First element, 461 
First variation, 319, 327 
Five Lemma, 440 
Fixed point, 139 
Foliation, 194 
Folium, 194 
Force field, 240 
Form, 207 

differential, 201 
left invariant, 374 
right invariant, 400 
/-related, 190 

Frobenius Integrabilitv Theorem, 192. 
215 

Fubini’s theorem, 254 
Functor, 130 
Functorites, 89 

Fundamental Theorem of Algebra. 
285, 293 

Fundamental Theorem of Calculus, 
254 
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Gauss’s Lemma, 337 
General linear group, 61, 377 
Generalized area, 246 
Geodesic, 333 
closed, 367 
reversing map, 401 
Geodesicallv complete, 341 
Geodesically convex. 363 
Geodesy, 333 
Germs of A- -forms, 432 
Global theorv of integral manifolds. 

m 

Gradient, 237 

Gram-Sclnnidt ortlionormalization 

process, 304 
Grok. 84 
Group 
Lie. 371 
matrix. 37? 
opposite, 407 
orthogonal, 372 
topological, 371 
Guillemin, V. W., 106 


Hahn-Banach theorem, 145 
Hair. 69 
Half-1 one 

cylinder. 466 
line, 463 
strip. 466 
Half-space, 19 
Handle, 8 
Hardy, G. H., 179 
Has one end, 23 
Heinlein, Robert A., 84 
Hausdorff, 459 
Homogeneous, 7 
Homomorphism 
continuous, 387 
of Lie algebras, 380 
Homotopic, 104, 277 
Homotopy, 104, 277 
Hopf, H„ 342, 450 
Hopf-Rinow-de Rham Theorem, 342 


Hyperbolic 
cosine, 356 
sine, 356 
tangent, 356 


Ideal of a Lie algebra, 410 
Identification, 10 
Imbedding. 49 
topological, 14 
Immersed submanifold, 47 
Immersion, 46 
topological, 14, 46 
Implicit function theorem, 60 
Indefinite metric, 350 
Independent infinitesimals, 314 
Index of inner product, 349 
Index of vector field 
on a manifold, 447 
on M", 44 6 
Indices 

debauch of, 39, 123 
raising and lowering, 351 
Induced 
bundle, 101 
orientation, 260 

Inequalities, principle of irrelevance of 
algebraic, 233 

Inertia, Sylvester’s Law of, 349 
Infinite volume, 312 
Infinitely small change, 1 1 1 
Infinitely small displacements, 314 
Infinitesimal generator, 148 
Infinitesimals, independent, 314 
Initial conditions, 136 
of integral curve, 136 
Initial segment, 462 
Inner product, 227, 301 
preserving, 304, 372 
usual, 301 

Inside, 21 

Integrability conditions, 189 
Integrable distribution, 192 
Iniegrable function 
Darboux, 283 
Riemann, 283 
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Integral 
curve, 136 
Darboux, 283 
line, 239, 243 
manifold, 179, 18] 
maximal, 194 

of a differential equation. 136 
Riemann, 283 
surface, 245 

Integration, 136, 226, 239 
Invariance of Domain. 5 
Invariant, 128, 232 
definition, 2] 4 

Irrelevance of algebraic inequalities, 
principle of, 233 
Isometry, 340 

Isomorphic Lie groups, locally. 382 
Isomorphism, natural. I OP 
Isotopic. 294 


Jacobi identity, 155, 376 

for the bracket in any ring, 378 
Jacobian matrix, 40 
Jordan Curve Theorem, 21, 435 


Kelley, J., 460, 463, 464 
Kink, 366 

Klein bottle, 18, 435 
Kneser, H., 472 
Kneser, M., 473 


Lang, S., 145 
Laplace’s expansion, 230 
Laplacian, 58 

Law of Inertia, Sylvester's. 349 
Leaf. 194 
Leap of faith, 464 
Left invariant 
form, 394 
n form, 400 


vector field, 374 
Left translation, 374 
Length, 243, 305, 312 
of a curve, 59 
Lie algebra, 376 

abelian, 376, 382, 395 
commutative, 376 
homomorphism of, 380 
ideal of, 410 
opposite, 407 
Lie derivative, 150 
Lie group, 371 

arc wise connected subgroup of. 409 
closed subgroup of, 391 
local, 415 

normal subgroup of, 410 
topologically isomorphic, 388 
Lie subgroup, 373 
Lie’s fundamental theorem 
first, 414 
second, 415 
third. 4] 6 
Limit 

ordinal. 463 
set. 60 

Line integral, 239, 243 
Linear differential equations, 165 
systems of, 17] 

Linear transformation 
adjoint of, 103 
contraction of, 121 
positive definite, 104 
positive semi-definite, 104 
Linking number, 296 
Lipschitz condition, 138 
Littlewood, J. E. , 179 
Lives at points, 119 
Lobachevskian non-Eu elide an geome- 
try, 368 
Local 
flow, ]44 
Lie group, 4] 5 

one-parameter group of local diffeo- 
morphism, 148 
spanned locally, 179 
triviality, 71 

Local theory of integral manifolds. 190 
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Localh 

compact. 20 
connected, 20 
finite cover. 50 
isomorphic Lie groups, 382 
Lipschitz. 139 
one-one. 13 
pathwise connecied, 20 
Long 

cylinder, 466 
line, 465 
ray, 46 d 
closed. 465 
open, 465 
Lower sum, 283 


MacKenzie. R. E., 106 
Magic, 2M 
Manifold, 1. 459 
analytic, 34 
atlas for. 28 
boundary of, 19 
bounded. 19 
closed. 19 
C r , 34 
C°, 34 
C 00 , 29 

differentiable, 29 
dimension of. 4 
imbedding in M a ’. 52 
integral. 179, 181 
maximal, 194 
non-mctrizabie, 465,4 66 
orientation of. 86 
smooth. 29 

Manifold- with- bnundarv. 19 
, 32 

Map 

between complexes. 421 
bundle. 73 
rank of. 4 0 
Massey. W. S., 8 
Matrix groups. 372 
Maximal integral manifold, 194 


Mayer-Vietoris Sequence, 424 
for compact supports, 431 
Measure zero, 40. 41 
Mesh, 239 
Metric 

bi-invariant, 401 
Euclidean, 305. 315 
indefinite, 350 
Riemannian, 308, 311 
usual, 312 

spaces, disjoint union of, 4, 20 
Milnor, J. W, 42 
Mod 2 degree, 295 
Mobius strip, 10 
generalized, 100 
Multi-index, 208 
Multilinear function. 115 
Munkres, J. R., 34. 106 


/7-dimensional, 4 
/7-forms, left invariant, 400 
/7-holed torus, 9 
/?-manif'old, 4 
/?-plane bundle, 71 
/7-sphere. 7 
/7 -torus. 7 

Natural g-valued 1-form, 403 
Natural isomorphism, 108 
Neighborhood, tubular, 345 
Newman, M. H. A.. 3 
Nice ewer, 438 
Non-bounded, 19 
Non-degenerate, 301 
Non-Euclidean geometry 
elliptical, 367 
Lobachevskian. 368 
Non-meirizable manifold, 465, 466 
Non-orientablc 
bundle, 86 
manifold, 86 
Norm, 303 
preserving, 304, 372 
Normal 

bundle, 344 
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Normal (continued) 
space, 459 

subgroup of a Lie group, 410 
outward unit, 351 
Nowhere zero section, 209 


Odd 

ordinal, 467 
relative tensor, 134, 288 
scalar density, 133, 259 
One-dimensional distribution, 179 
One-dimensional sphere. 6 
One-parameter group 
of difleomorphisms, 148 
of local diffeomorphisms, local. 148 
One-parameter subgroup, 384 
Open 

long ray, 465 
map, 60 
submanifold, 2 
Opposite 
group, 407 
Lie algebra, 407 
Ordei 

isomorphic, 461 
isomorphism, 461 
topology, 465 
Ordered set, 461 
Ordering, 460 
Ordinal numbers, 463 
Orientable 
bundle, 86 
manifold, 86 
Orientation 
of a bundle, 85 
of a manifold, 86 
of a vector space, 84 
preserving, 84, 85, 88, 105, 248 
reversing, 84, 88, 248 
Orthogonal group, 61, 372 
Orthonormal, 304, 348 
Orthonormalization process, Gram- 
Schmidt, 304 
Osgood’s Theorem, 284 


Outside, 21 

Outward pointing, 260 
Outward unit norma], 351 


Palais, R.S., 100, 225 
Paracompact, 210, 459 
end, 468 

Parameter curves, special, 167 
Parameterized by arclength, 313 
Partial derivatives, 35 
Partition, 239, 245 
of unity, 52 

Pathwise connected, 20 
Piecewise smooth, 312 
Pig, yellow, 434 
Poincare, H., 450 
Poincare dual, 439 
Poincare Duality Theorem, 441 
Poincare-Hopf Theorem, 450 
Poincare Lemma, 225 
Poincare upper half-plane, 367 
Point 

inward, 98 
outward, 98, 260 
Point-derivation, 39 
Point-finite cover, 60 
Polar coordinates, 36 
integration in, 266 
Polarization, 304 
Pollack, A., 106 
Positive definite, 104, 301 
Positive element of norm 1, 308 
Positive semi-definite, 104 
Product 

of vector bundles, 102 
tensor, 116 
Projection, 7, 30, 32 
Projective 

plane, 11, 435 
space, 19, 88 
Proper map, 60, 275 
Prufer manifold, 467 
Pseudometric. 95 
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Quaternions, 100 
of norm 1, 373 


Radial function, 435 
Rado, T., 472 
Rank 

of a form, 220 
of a map, 40, 98 
Rectifiable, 59 
Refinement of a cover, 50 
Regular 
point, 40 
space, 459 
value, 40 

Related vector fields. 1 90 
Relative 
scalar, 134, 231 
tensor, 134, 231, 288 
Reparameterization, 244, 248 
Retraction, 264 
deformation, 279 
Revolution, surface of, 8, 321 
de Rham, G., 34 2 
de Rham cohomology vector spaces. 

263 

with compact supports, 268 
de Rham’s Theorem, 263, 457 
Ricmann 
integrable, 283 
integral, 283 
sum, 283 

Riemannian metric, 308, 311 
usual, 312 

Right invariant >?-form, 400 
Right translation, 374 
Rinow, W, 342 
Roman surface, 17. 26 
Rosenlicht, M., 4 72 
Rotation group. 62 


Sard’s Theorem, 42, 294 
Scalar, relative, 134, 231 
Scalar density, 133 
Schwarz, H., 354 
Schwarz inequality, 303, 362 
Second countable, 459 
Section of a vector bundle. 73 
zero, 96 

Segment, initial, 462 
Self-adjoint linear transformation, 104 
Semi-definite, positive, 104 
Separate points and closed sets, 95 
Sequence 
exact, 419, 422 
of vector bundles, 103 
Mayer- Vietoris, 424 

for compact supports , 431 
of a pair, 433 
Shrinking Lemma, 5 1 
Shrinking Lemma, 60 
Shuffle permutation, 227 
Simplex 

of a triangulation, 427 
singular, 285 
Simply- connected, 287 
Lie group, 382 
Singular 
cube, 246 
simplex, 285 

Skew- symmetric, 201, 378 
Slice, 194 
Slice maps, 54 
Smooth, 28 
homotopy, 277 
manifold, 29 
piecewise, 312 
Smoothly 

contractible, 220 
homotopic, 277 
isotopic, 294 
Solid angle, 290 
Space filling curve, 58 
Spanned locally, 179 
Special linear group, 61 
Special orthogonal group, 62 
Sphere, 7 

Sphere bundle, associated, 451 



489 


Index 


Standard 

w-simplex, 426 
singular cube, 246 
Star-shaped, 221 
Steiner’s surface, 17, 26 
Sternberg, S., 42, ] 06 
Stokes’ Theorem, 253, 261, 285, 352 
Stone-Cech compactification, 468 
Structure constants, 396 
Subalgebra of a Lie algebra, 379 
Subbundle, 198 
Subcover, 50 
Subgroup 
Lie, 373 

one-parameter, 384 
Submanifold, 49 
C°°, 49 
closed, 49 
immersed, 4 7 
open, 2 

Successor ordinal, 464 
Sum of vector bundles, Whitney, 101 
Support, 33, 147 
Surface, 7 
area, 354 
integral, 239 
of revolution, 8, 321 
Sylvester’s Law of Inertia, 349 
Symmetric bilinear form, 301 
System of linear differential equations. 

171 

cr-compact, 4, 459 


Tangent bundle, 77 
Tangent space of M", 64 
Tangent vector 

inward pointing, 98 
of a manifold, 76 
of R B , 64 

outward pointing, 98, 260 
to a curve, 63, 66 


Tensor 

contravariant, 120 
covariant, 113 
even relative, 134, 231 
odd relative, 134, 288 
Tensor field 

classical definition of, 123 
contravariant, 120 
covariant, 113 
mixed, 121, 122 
Tensor product, 116 
Thom class, 442 

Thom Isomorphism Theorem, 456 
Topological 
group, 371 
imbedding, 14 
immersion, 14, 46 

Topologically isomorphic Lie groups, 
388 

Torus, 7, 8 
>?-holed, 7, 9 
Total space, 7 1 
Totally disconnected, 25 
Transitivity, 460 
Translation 
left, 374 
right, 374 

Triangle inequality, 303 
Triangulation, 426 
simplex of, 427 
Trichotomy, 461 
Trivial vector bundle, 72 
Tubular neighborhood, 345 
Two-holed torus, 8 


Vick, J. W, 3 


Wedge product, 203 
Whitney, H., 106 
Whitney sum, 101 
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CORRECTIONS FOR VOLUME I 


pg. 3, line 3—: change dj(x,y) < 1 to dj(x, y) < 1. 
pg. 14: relabel the lower left part of the central figure as 



pg. 1 9: replace the next-to-last paragraph with the following: . 

The set of points in a manifold-with-boundary that do not have a neighborhood homeomorphic to R" (but only one homeomorphic 
to H") is called the boundary of M and is denoted by BM. Equivalently, x e BM if and only if there is a neighborhood V of x and 
a homeomorphism (f> : V -> M" such that 4>(x) =0. If M is actually a manifold, then BM = 0, and BM itself is always a manifold 
(without boundary)'. 

pg. 22: Replace the top left figure with 



pg. 43: Replace the last line and displayed equation with the following: 

Since rank / = k in a neighborhood of p, the lower rectangle in the matrix 



pg. 60, Problem 30: Change part (f) and add part (g): 

(f) If M is a connected manifold, there is a proper map / : M — »■ R; the function / can be made C°° if M is a C°° manifold. 

(g) The same is true if M has at most countably many components. 

pg. 61, Problem 32: For clarity, restate part (c) as follows: 

(c) This is false if /: M\ — > R is replaced with /: Mi -* N for a disconnected manifold N. 
pg. 70: Replace the last two lines of page 70 and the first two lines of page 7 1 with the following: 

theorem of topology). If there were a way to map fibre by fibre, homeomorphically onto M x R 2 , then each v p would 

correspond to ( p , v(p)) for some v(p) e R 2 , and we could continuously pick w (p) e R 2 , corresponding to a dashed vector, by using the 
criterion that w(p) should make a positive angle with v(p). 

pg. 78: the third display should read: 


o = *(0) = t{fh) = Ap)m + Hp)t(f) = o + <(/). 

pg. 1 03, Problem 29(d). Add the hypothesis that M is orientable. 

pg. 117: After the next to last display, X^)(p) = A(p)(Xi(p), A* (/>)), add: 

If A is C°°, then A is C°°, in the sense that A(Xt , . . . , A*) is a C°° function for all C°° vector fields X ] , . . . , A*, 
pg. 118: Add the following to the statement of the theorem: If A is C°°, then A is also. 



pg. 119: Add the following at the end of the proof: 

Smoothness of A follows from the fact that the function Aj l ..,t k is A(d/dxi l d/dxj k ). 

pg. 131, Problem 9: Let F be a covariant functor from V 

pg. 133. Though there is considerable variation in terminology, what are here called “odd scalar densities” should probably simply be 
called “scalar densities”; what are called “even scalar densities” might best be called “signed scalar densities”. 

In part (c) of Problem 10, we should be considering the h of part (a), not the h of part (b)! Thus conclude that the bundle of signed 
scalar densities [not the scalar densities) is not trivial if M is not orientable. 

pg. 134. Extending the changed terminology from pg. 133, we should probably speak of the bundle of “signed tensor densities of type 
(;) and weight w” (though sometimes the term relative tensor is used instead, restricting densities to those of weight 1), when the 
transformation rule involves (det A) w , omitting the modifier “signed” when it involves | det A\ w . 

pg. 143. The hypothesis of Theorem 3 should be changed so that it reads: 

Let x e U and let <*], ai be two maps on some open interval / such that ai(/),a2(/) C U, 

af'(0 = /(ott(O) i = l,2 

ai(/o) = “2(^0) for some to e /. 

And the first sentence of the proof should be deleted, 
pg. 177. Problem 17, part (d) should begin: 

(d) Let and suppose that f wp = 0. For X P ,Y P e M p and .... 

pg. 198. In Problem 5, we must also assume that each A/ © A; is integrable. 
pg. 226. In the comutative diagram, the lower right entry should be “/-forms on N”. 
pg. 233. The reference “pg. Y375” refers to pg. 375 of Volume V. 
pg. 237. In Problem 26, replace parts (b) and (c) with: 

(b) Determine the 1 th component of uj x ■ ■ ■ x v„-i in terms of the (« - 1) x (n - 1) submatrices of the matrix 

/«i\ 


In particular, for R 3 , show that 

v x w = (u 2 m 3 — u 3 uj 2 , u 3 ^ 1 — i^tu 3 , v 1 w 2 — v 2 w l ). 

pg. 292. In Problem 20, the condition f/,- n Uj ^ 0 should be t/,- Pi ^ 0. 
pg. 408. Problem 16 (b) should read: “For any Lie group G, show that 

pp. 408-410. For consistency with standard usage, Aut should be replaced with Aut, and then replace End with End. In part (g) of 
Problem 19, add the hypothesis that H is a connected Lie subgroup. 

pg. 411. The display in Problem 21, part (c) should read: 

(-l) Am [to A fo A X]] + (-!)*' fa A [k A a>}} + (-l) ;m [k a [a> A Ij]] = 0. 



